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ABSTRACT

This paper offers a methodology for calculating optimal
bounds on tail risk probabilities by deriving upper and
lower semiparametric bounds, given only the first two mo-
ments of the distribution. We apply this methodology to de-
termine bounds for probabilities of two tail events. The first
tail event occurs when two financial variables simultane-
ously have extremely low values. The second occurs when
the sum of two financial variables takes a very low value.
In both cases we are finding bounds for actual or physical
probabilities of these events rather than probabilities for
a pricing or risk neutral measure. We use sum of squares
optimization programs to obtain the desired bounds. To
illustrate our ideas, we present several numerical exam-
ples. This approach is suitable in the situations when it is
difficult to make exact distributional assumptions due to,
for instance, scarcity and/or high volatility of data. Even
in the situations when distributional assumptions can be
made, this approach can be used to check the consistency
of those assumptions.
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1. Introduction

Modeling extreme events like the U.S. stock
market crash in 1929 and catastrophe insurance
losses is certainly a major task for risk managers.
In such events, typically, complete information of
the underlying distribution is not available. In-
stead, one has only partial information such as
estimates of mean, variance, covariance or range
based on a relatively small sample. Moreover,
the sample may contain no extreme observations.
While it is almost impossible to obtain accurate
tail risk measures based on incomplete informa-
tion, one can use limited information to com-
pute bounds on the tail risk measures. This paper
presents a method to obtain bounds on tail prob-
abilities using only moment information for two
kinds of extreme events based on two random
variables. These problems are called semipara-
metric bound problems or generalized Tcheby-
shev bound problems.

Scarf (1958) applies these ideas in inventory
management and Lo (1987) applies them in
mathematical finance. Other applications in fi-
nance focus on option pricing in the well-known
Black and Scholes (1973) setting (Merton 1973,
Levy 1985, Ritchken 1985, Boyle and Lin 1997,
Bruckner 2007, Schepper and Heijnen 2007)
and other asset pricing and portfolio problems
(Gallant, Hansen, and Tauchen 1990, Hansen
and Jagannathan 1991, Ferson and Siegel 2001,
Ferson and Siegel 2003).

The purpose of this paper is to apply the semi-
parametric bounds approach to estimate the tail
probability of joint events which, in many cases,
cannot be reliably estimated by traditional sta-
tistical methods (e.g., the parametric approach).
In particular, our approach is useful in the sit-
uations when it is very difficult or inappropri-
ate to make distributional assumptions about ran-
dom variables of interest, among others, due to
scarcity and/or very high volatility of available
data. Our approach also aims at tackling the prob-
lem of estimating the likelihood of extreme (tail)
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events for which we have very few observations
of outliers. Traditional methods do not work for
such tasks because these approaches typically
produce a good fit in those regions in which most
of the data reside but at the expense of a good
fit in the tails (Hsieh 2004).

To address this problem, instead of assuming
full knowledge of the distributions of the random
variables of interest, we show how to numerically
compute upper and lower bounds on the prob-
abilities Pr(X; <t and X, <t,) and Pr(w,X; +
w, X, < a) for some appropriate values of #,1,,
wi,Wy,a € R, when only second order moment
information (means, variances, and covariance)
and the support of random variables X; and X,
are known. Our approach explicitly considers
correlations between variables when estimating
the bounds. Incorporating variable correlations
is important because many models (e.g., mod-
els of risk-based capital and enterprise risk man-
agement) often involve several random variables,
most of which are correlated. For example, let
X; and X, stand for a random discount factor
and a random future insurance payment. If the
insurance payment X, is subject to economic in-
flation, it will be correlated with the interest rate
which determines the discount factor X;. As an-
other example, the variables X; and X, can be
the returns of two stocks, both of which respond
to security market forces.

Following the work of Smith (1990), Cox
(1991), Brochett, Cox, Golany, Phillips, and
Song (1995), Zuluaga (2004), Popescu (2005),
and Bertsimas and Popescu (2005), we obtain
a range of possible values for each of our tail
risk measures, corresponding to every distribu-
tion that has given moments on a given support.
This range can be considered as a 100% con-
fidence interval for the tail risk measure. Gen-
erally, semiparametric bounds are robust bounds
that any reasonable model must satisfy. It is
worth pointing out that the bounds provide “best-
case” estimates and “worst-case” estimates of the
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probabilities of extreme events. They would be
useful for very risk-loving and very risk-averse
investors. Moreover, in situations when distribu-
tional assumptions can be made, they provide a
mechanism for checking the consistency of such
assumptions, as well as an initial estimate for
cumulative probabilities regardless of any model
specifications.

The remainder of the paper is organized as fol-
lows. In Section 2, we formally state the semi-
parametric bound problems considered here and
explain the methodology for solving them. Sec-
tions 3 and 4 show how the desired semipara-
metric bounds can be numerically computed with
readily available optimization solvers. We present
relevant numerical experiments to illustrate the
application of our results. In Section 5, we dis-
cuss the possible extension of our methodology
to obtain bounds when only confidence intervals
on moments are given. Section 6 concludes the

paper.

2. Preliminaries and notation

For a function ¢(x;,x,) of two random vari-
ables with joint cumulative distribution function
F(X;,X5), its expected value is

Erlo(X;,X3)] =/D¢(X1,Xz)dF(x1,x2),

where the set D C R? is the support of random
variables X and X, and [,dF(x|,x,) = L.

The semiparametric upper bound of Ep[¢(X|,
X,)] given up to second order moment informa-
tion can be expressed as follows:

p=max Ep[é(X;,X,)]
subject to  Ep (X)) =, i=1,2,
Er(XD) =pu?,  i=12,

Er(X,X) = o,
F(x,,x,) a probability distribution on D,
2.1)
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where y;, ul(.z) and 4., are the given first and sec-
ond order non-central moments of X; (i = 1,2), D
is the given support of the distribution and p de-
notes the upper bound value. In order to simplify
our presentation, let’s assume for the moment
that the “point estimates” of the moments of the
interested random variables are known. Later, in
Section 5, we will show how our results can be
adapted in a straightforward fashion to take into
account the situation in which confidence inter-
vals rather than point estimates of the moments
are known.

The corresponding semiparametric lower
bound problem is analogous, except that the ob-
jective function is

p =minEg[o(X,X5)], (2.2)

with the same constraints as (2.1).

Notice that from the definitions of p and p in
problems (2.1) and (2.2), the interval [p,p] is a
sharp (or tight) 100% confidence interval on the
expected value of ¢(X;,X,) for all joint distri-
butions of X; and X, with the given moments
and support. It follows that for any p’ > p and
p' < p, the interval [p/,p'] is also a 100% con-
fidence interval, although not necessarily sharp.
Our aim is to numerically compute useful 100%
confidence intervals for relevant choices of the
function ¢(X;,X,), balancing computational ef-
fort
and tightness of the confidence interval, using
recent advances in optimization.

In particular, given #,,#, € R* and non-negative
random variables X; and X,, we compute 100%
confidence intervals on the probability of the ex-
treme events X; <t; and X, <t,, by setting
o(X1,X5) = Lix, <) and x,<1,} and D = R*2, where
I is the indicator function of the set S. Simi-
larly, given wy,w,,a € R, we compute 100% con-
fidence intervals on the probability Pr(w;X; +
W2X2 <a), by Setting (b(Xl’XZ) = H{le1+n/2X2§Et}>
and D = R2. In the second case, we strengthen
the bounds in problems (2.1) and (2.2) by adding
an additional moment constraint, Ex[(X; — X;)"]
=~ where x™ = max{x,0}. That is, we strengthen
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the bounds by only considering distributions of
X, X, that can replicate the expected payoff v
of an exchange option on X; and X,. This il-
lustrates how additional information can improve
the semiparametric bounds. More details are
shown in Sections 3 and 4.

The following is the dual of the upper bound
problem (2.1) (see, e.g., Karlin and Studden
1966; Bertsimas and Popescu 2002; and Zulu-
aga and Pena 2005):

2

(Yoo + Y10k + Yor 1o + yzoﬁb(l )
2

+ )’02M(2 "+ }711,“12)

subject to  p(xy,x5) > P(x1,%,),
(x1,%,) € D. (2.3)

d = min

for all

The dual of the lower bound problem (2.2) is

2
d = max (Yoo + V1ot + Yoo + Yaohi”

+ yow(zz) +Y11/12)
subject to  p(x;,x) < d(x1,X,),
for all (x;,x,) €D, 2.4)
where the quadratic polynomial p(x;,x,) is de-
fined as
P(xX1,X3) = Yoo + Y10X1 + YorX2 + )’20)‘%
+ YooX3 + Y111 Xy
It is not difficult to see that weak duality holds
between (2.1) and _(2.3), or between (2.2) and
(2.4); that is, p<d (or p>d) (Bertsimas and
Popescu 2005, Theorem 2.1, p. 785). Further-
more, strong duality holds, i.e., p = d (or p= d),

if the following conditions are satisfied (Zuluaga
and Pena, 2005, Proposition 4.1(ii)):
ProposITION 1. If problem (2.1) is feasible and
there exist Yo, Yo1>Y10» Y20 Yo2: Y11 Such that
p('xl’xZ) > ¢(XI,X2), fOr all ('xl’xZ) € D,
then p = d. Similarly, if problem (2.2) is feasible
and there exist Yoo, Yo1>Y10, Y20, Y02, Y11 Such that

p(x]’-x2) < QS(X],XZ), fOV all (xl’x2) € D,

then p =d.
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Notice that for the two problems to be solved
in Sections 3 and 4, ¢(x;,x,) is an indicator func-
tion bounded on [0, 1]. Therefore, the inequality
p(xy,X,) > ¢(xy,x,) for problem (2.1) holds if we
set ygo > 1 and y;; =0 for all (i, ) # (0,0). Sim-
ilarly, setting yyp <0 and y;; =0 for all (i,)) #
(0,0), the inequality p(x;,x,;) < ¢(xy,x,) holds for
the lower bound problem (2.2). Thus, as long as
problem (2.1) or problem (2.2) is feasible when
¢(x1,x,) 1s an indicator function, strong duality
p= d (or p = d) holds. Therefore one can solve
(2.3) (or (2.4)) to obtain the desired semipara-
metric bounds. Before explaining how to solve
(2.3) and (2.4), we introduce the following well-
known definition and theorems relevant to the
discussion to follow.

DEermNiTION 1 (SOS polynomials).
ial

A polynom-

p(x) = p(xy,...,x,) = Z ag,. i) el

.....

is said to be a sum of squares (SOS) if
px) = [q;(0)]
i

for some polynomials g;(x) = g;(x{,...,x,).

THEOREM 1 (Diananda 1962). Let p(x,...,x,)
be a quadratic polynomial. If n<3, then
p(xy,...,x,) >0, for all xq,...,x, >0 if and only
ifp(x%,...,xﬁ) is a SOS polynomial.

Theorem 1 states that to check if
2
P(x1,X2) = Yoo + YioX1 + Yo1X2 + YaoXi
2
+ Yoo X3 + Y11X1%;

is positive for all x;,x, >0, one can check
whether

N 2 2 4
P(XT,X3) = Yoo + Y10XT + Yo1X2 + YaoX]
4 2.2
+ Yoo Xy + Y11X1X35

is a SOS. Here we present Diananda’s Theorem
in a form (shown as Theorem 1) that will be
suitable for our purposes, instead of presenting
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it in its original form. Parrilo (2000) and Zulu-
aga (2004) discuss the equivalence of the original
version of Diananda’s Theorem and Theorem 1.

Loosely speaking, in order to solve (2.3), or
(2.4), we break the constraint

p(x1,x;) = (or <) o(x,x,),

for all (x;,x,) €D

into a number of constraints of the form

pi(xy,x,) >0, for all  (x;,x,) € R*?,

i=1,...,m  (2.5)

where p;, i = 1,...,m are suitable quadratic poly-
nomials whose coefficients are linear functions
of the coefficients of p(x;,x,). Theorem 1 im-
plies that (2.5) is equivalent to

pi(x3.x3) is a SOS polynomial,  i=1,...,m.

As we will show in detail in Sections 3 and 4,
this allows us to reformulate problems (2.3) and
(2.4) as SOS programs; that is, as an optimization
problem, the variables are coefficients of poly-
nomials, the objective is a linear combination of
the polynomial coefficients, and the constraints
are given by the polynomials being SOS. A de-
tailed discussion about SOS programming is be-
yond the scope of this article, but the key fact is
that these SOS programs can be readily solved
by recently developed SOS programming solvers
such as SOSTOOLS (Prajna, Papachristodoulou,
and Parrilo 2002), GloptiPoly (Henrion and
Lasserre 2003), or YALMIP (Lofberg 2004).
These SOS programming solvers enable us
to find the desired bounds on problems (2.1)
and (2.2). This approach has been widely used
to solve semiparametric bound problems in
other areas (see, e.g., Bertsimas and Popescu
2002; Boyle and Lin 1997; and Lasserre
2002).

Parrilo (2000) and Todd (2001) show that any
SOS program can be reformulated as a semidefi-
nite program (SDP). Specifically, SOS program-
ming solvers work by reformulating a SOS pro-
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gram as a SDP, and then applying SDP solvers
such as SeDuMi (Sturm 1999). However, the
SDP formulations of SOS programs can be fairly
involved. To make it easy to present and repro-
duce our results, throughout the article we use
SOS programming formulations instead of di-
rectly reformulating problems (2.1) and (2.2) as
SDPs.

3. Extreme probability bounds

In this section, we consider the problem of
finding upper and lower bounds on the probabil-
ity Pr(X, <t, and X, <t,) of two non-negative
random variables X; and X,, attaining values
lower than or equal to 7,7, € R* respectively,
without making any assumption on the distribu-
tion of X; and X,, other than the knowledge of
the first and second order moments of their joint
distribution (means, variances, and covariance).

3.1. SOS programming formulations

The upper semiparametric bounds for this
problem come from problem (2.1) with ¢(X{,X5)
= Iix, <t and x,<1,) and D = R*2 (Section 2):

PExtreme = Max Ep [H{X. <1, and ngtz}]
Ep(X) = i=12,
Br(XD) =,
Er(X1X5) = 12,
F(x;,x,) a probability

distribution on R*2,

subject to

i=1,2,

(3.1)

Similarly, the lower semiparametric bounds for
this problem can be obtained by setting the ob-
jective function of problem (2.2) as follows:

DExtreme = minE [H{Xl <t; and Xzifz}]’ (3.2)

with the same constraints as (3.1).
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Before obtaining the SOS programming for-
mulation of these problems, let us first exam-
ine their feasibility in terms of the moment in-
formation. Using Theorem 1 and convex duality
(Rockafellar 1970), one can show that problems
(3.1) and (3.2) are feasible (i.e., they have so-
lutions), if the moment matrix > is a positive
definite matrix (i.e., all eigenvalues are greater
than zero) and all elements of 3 are greater than
zero, where the moment matrix X is

Loy

2
S=lu wP

2
Mo fy2 M(z)

Now we derive SOS programs to numerically
approximate pg,eme and Pesireme With SOS pro-
gramming solvers.

3.1.1. Upper bound
To derive a SOS program for problem (3.1),
we begin by stating its dual explicitly:

2

(Yoo + Y10k + YorHo + Y20M(1 )
2

+ }’02H§ )+ Y11H12)

dExtreme = min

subject to  p(x;,x,) > H{xlétl and x,<1,}>

for all x;,x, > 0. (3.3)

To formulate problem (3.3) as an SOS pro-
gram, we proceed as follows. First notice that
the constraint in (3.3) is equivalent to

forall 0<x,<f,0<x,<1,

for all x;,x, > 0. (3.4)

p(xla-XZ) Z 17
p(xl’XZ) Z 0’

While the second constraint of (3.4) can
be directly reformulated as an SOS constraint
using Theorem 1, the first constraint is difficult to
reformulate as an SOS constraint. That is, there is
no linear transformation from 0 <x; <t
0<x, <t to R*2 (that would allow us to use
Theorem 1). Thus, we change the problem to
obtain a SOS program that either exactly or
approximately solves problem (3.4). Specific-
ally, consider the following problem related
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to (3.4):

_ _ 5
dExireme = MiN (Yoo + Y10k + Yor 1o + y20M(1 )

2
+ YOzu(z '+ Yi1h12)
subject to  p(x;,x,) > 1,
for all X1 S tl,.xZ S tz

P(xl ,Xz) >0,
forall x; >0, x, >0. (3.5)

We relaxed the requirement that x; and x, are
non-negative in the first constraint. Notice that
the constraints in (3.5) are stricter than those in
(3.4) since the first constraint of (3.5) includes
more values of x; and x,. Thus, ‘_Zfaxtreme is a (not
necessarily sharp) upper bound on EzExtreme; that
iS, diixtreme > dExtreme'

After we apply the substitution x; — #; —xy,
X, — 1, — X, to the first constraint of (3.5), the
constraints of (3.5) can be rewritten as

p(ty —x1,5 —x,) —1 >0, for all x;,x, >0

p(x1,x5) >0, for all x;,x, > 0.

(3.6)

To finish, we apply Theorem 1 to the con-
straints (3.6) and conclude that (3.5) is equivalent
to the following SOS program:

_ _ 5
dExireme = MiN (Yoo + Y10k + Yor 1o + y20M(1 )

+ )’02M(22) +V11#12)
subject to  p(t; —x3.t, —x3) — 1
is an SOS polynomial
PO, 3)
is an SOS polynomial.
(3.7)

The SOS program (3.7) can be readily solved
with an SOS programming solver. Thus, if prob-
lem (3.1) is feasible, we can numerically ob-
tain a (not necessarily sharp) semiparametric up-
per bound on the extreme probability, Pr(X; <
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t1, Xy < 1) < djgremer by solving problem (3.7)
with an SOS solver.
3.1.2. Lower bound

The dual of the lower bound problem (3.2) can
be expressed as
(Yoo + Y101 + Yor o + )’20M(12)
+ yozﬂgz) +Y11412)

dExtreme = max

/ —
dExtreme = max

subject to

subject to  p(x;,x,) < H{xlﬁtl andxy<ty}>
for all x;,x, >0. (3.8)

The constraint in problem (3.8) is equivalent

to

p(x;,x) <1, forall 0<x <t,0<x <t

p(x1,x,) <0, forall x;>1, x,>0

p(x1,x,) <0, forall x;, >0, x,>1t. (3.9
Proceeding in the same way as for the

upper bound problem, we now change the prob-
lem to obtain an SOS program that either exactly
or approximately solves problem (3.8). Specifi-
cally, consider the following problem related to
(3.8):

diixtreme = max
subject to  p(xy,x,) <1,
p(xl7x2) S 0’

p(xy,x,) <0,

Notice that the constraints in (3.10) are stricter
than those in (3.8). Thus, dfyeme 1S @ (nOt nec-
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essarily sharp) lower bound on dg,me; that is,
_iExtreme < dExtreme'

Applying the substitutions x; — #; —x;, x, —
t, —Xx, to the first constraint of (3.10) and x; —
ty + X1, X, — 1, + X, to the second and third con-
straints respectively, it follows that problem
(3.10) is equivalent to the following SOS pro-

gram when Theorem 1 is applied:

2 2

(Yoo + Y10k + Yor o + yzoﬂg = yozu(z i Yi1k12)
1= plty — x7,1, — 3)
—p(t + x%,x%)

— p(xt,ty +x3)

is a SOS polynomial
is a SOS polynomial

is a SOS polynomial. 3.11)

Following the same route, we can also derive
the upper and lower bounds on the joint survival
probability Pr(X; >¢#, and X, >1,) of two non-
negative random variables X; and X,. The details
are shown in Appendix A.

3.2. Example of extreme probability
bounds

We select from the NAIC database a major
property/casualty insurance company, which we
call insurer A. Suppose the insurer faces the
problem of managing its risk of unexpectedly
high claims and simultaneously unanticipated
poor asset returns. This leads insurer A to cal-
culate the bounds on Pr(R <t, M <t,) given
moment information, where R is the company’s

2 2
(Yoo + Y1ot1 + Yoo +)’20/~L(1 ) +)’02M§) +Y11/12)

for all X1 St], X9 Stz
forall x; >, x,>0

forall x; >0, x, >1,. (3.10)

return on its invested assets and M is the margin
on its insurance business.
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The return R; of asset i in insurer A’s portfo-
lio is equal to B,/B, ; —1 where P, ; and B,
denote the prices of asset i at the beginning and
the end of the period. Insurer A’s asset portfolio
return R is the weighted average return of six as-
set classes: stocks, government bonds, corporate
bonds, real estates, mortgages, and short-term in-
vestments; that is

6 6 P,
R=> wR; =) w (Pl’ — 1)
i=1 i=1 i—1

6
:Zwi Pi’t —1:X1—1,
B

i=1

where w; is the weight of asset class i (i = 1,2,
...,6) in the portfolio and X; = 3%, wP, /P, 1.
The following inequalities are equivalent:

R<t) <= X, <t; + 1. (3.12)

We make this shift from asset returns to price
ratios to apply our SOS results because we need
non-negative random variables.

The margin on the insurance business is de-
fined as

M=1-CR=1-LR—-ER,

where CR is the combined ratio, LR is the loss
ratio and ER is the expense ratio.! So M is the
profit from the underwriting business.

Following a standard measure in the insurance literature (Cum-
mins 1990; Phillips, Cummins, and Allen 1998; Yu and Lin 2007),
we calculate the economic loss ratio as

12
+2 PVF, x NLI,

LR = B
o1 NPE,

where PVF, is the present value factor for future losses for loss cat-
egory k, NLI; is the net loss incurred for category k, and NPE, is
the net premium earned for category k (k = 1,2,...,12). According
to the NAIC classifications, we classify insurer A’s business into 12
categories. The twelve insurance business categories include farm-
owners and homeowners multiple peril; private passenger auto li-
ability; workers compensation; commercial multiple peril; medical
malpractice; special liability; special property; automobile physical
damage; fidelity and surety; other; financial guarantee and mort-
gage guarantee; and other liability and product liability. The present
value factor PVF, is calculated from the industry liability payout
factor for loss category k and the term structure of interest rates.
The interest rates are the risk-free rates estimated from the U.S.
Treasury spot-rate yield curves (Data source: the Federal Reserve
Bank of St. Louis’ Federal Reserve Economic Data (FRED)).
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In order to reformulate the condition M <t,
so that the condition fits our SOS results, we re-
place M <t, with X, <t, + 1 where X, =M + 1.
Using this with (3.12) we get the following:

PI‘(R S tl’ M S tz) = PI‘(XI Stl + 1, X2 Stz + 1).

The weights w; of different asset categories
were calculated from the quarterly data of the
National Association of Insurance Commission-
ers (NAIC). We used the quarterly returns of the
Standard & Poor’s 500 (S&P500), the Lehman
Brothers intermediate term total return, the do-
mestic high-yield corporate bond total return, the
National Association of Real Estate Investment
Trusts (NAREIT) total return, the Merrill Lynch
mortgage backed securities total return, and the
U.S. 30-Day T-Bill as proxies for insurer A’s
stock returns, government bond returns, corpo-
rate bond returns, real estate returns, mortgage
returns and short-term investment returns, re-
spectively. Based on insurer A’s quarterly losses,
expenses, and premiums, we calculate the mo-
ments of X; and X, as follows:

E(X,) = 1.0442,
E(X,) = 1.1555,
E(X;X,) = 1.2086,
Var(X,) = 0.0063,
p=0.1387.

E(X?) = 1.0967
E(X3) = 1.3715
Cov(X,,X,) = 0.0021
Var(X,) = 0.0364

Insurer A’s average margin on its insurance busi-
ness (E(M) = 0.1555) is higher than its average
asset return (E(R) = 0.0442), while the margin is
more volatile (Var(M) > Var(R)). Moreover, the
asset return and insurance margin are somewhat
positively correlated (0.1387). This implies that
occasionally insurer A’s insurance business and

Similarly the expense ratio is calculated as follows:

12
NE
_ k=1"""Tk
ER= 2 pw
o2 NPW,

where NE; and NPW/,_are the net expenses and net premium written
for the line of business k, respectively.
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Figure 1. The upper left plot shows the upper bound of the joint probability Pr(R <z, M <r,) where R is the
invested asset return and M is the insurance business margin of insurer A. The upper right one is the bivariate
normal cumulative probabilities with the same moments. The ratio of the upper bound to the bivariate normal
cumulative joint probabilities is shown in the lower left graph. The lower right one is a zoom-in plot of the ratio,
illustrating a special case of Pr(R <0, M < 0). The vertical axis of the upper graphs is the probability. It is the ratio
for the lower graphs. The two axes at the bottom in all graphs represent the value of return R and the value of

insurance margin M.
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investment performances move in the same di-
rection.

Next we compute bounds on the tail prob-
ability Pr(R <t;, M <t,) using SOS program-
ming. Then we compare it to the bivariate nor-
mal cumulative joint probability with the same
moments. The upper left plot in Figure 1 shows
the upper bounds of the joint probability Pr(R <
t;, M <t,) for different values of #; and #,, and
the upper right one is the corresponding bivari-
ate normal cumulative joint probabilities. Since
we are looking at low values of #; and #, corre-
sponding to joint extreme events, it is not sur-
prising that our calculated lower bound is zero
over this range of their values. The ratios of the
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upper bounds to the bivariate normal cumula-
tive joint probabilities are shown in the lower
graphs.

The ratio is large when ¢, and ¢, are low. For
example, consider the event that insurer A has
negative investment earnings and simultaneously
it has an aggregate loss on its insurance business.
In addition to the case with zero investment and
insurance returns, this is stated as R<0, M <
0. From the lower right graph of Figure 1, we
see that for #; = 0 and ¢, = 0, the upper bound is
about 7.2 times higher than the cumulative joint
normal probability. This means that the actual
joint distribution may have a much fatter tail than
the joint normal distribution. In other words, an
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extreme event may be more likely to occur than
the normal distribution suggests.

4. Value-at-risk probability bounds

Here we find upper and lower bounds on the
probability that a portfolio wX; + w, X, (wy,w,
€ R™*) attains values lower than or equal to a € R,
given up to the second order moment informa-
tion (means, variances, and covariance) on the
random variables X;,X, (X;,X, € R).

4.1. SOS programming formulations

Finding the sharp upper and lower semipara-
metric bounds for this problem can be formu-
lated by setting ¢(X;,X5) = Lo X, +w,X,<a}s and
D = R2. To obtain tighter bounds (see numerical
results in Section 4.2), we include the informa-
tion of the expected payoff v of an exchange
option on the assets; that is, we add the mo-
ment constraint Ex[(X; — X,)*] = v (where x* =
max{0,x}) to illustrate how to incorporate addi-
tional information. This is the resulting semipara-
metric upper bound problem:

Pyar = Max
subject to

EF(XI'Z) =

and pg,., are the upper and lower bounds
of problems (2.1) and (2.2) with ¢(x;,x,) =
(x; —x,)™ (which can be readily computed using
SOS techniques (Zuluaga and Pena 2005).

The dual of problem (4.1) is

C_ZVaR = min (Yoo + Y1ok1 + Yor ko + Y20M(12)
+ YO2M(22) + Y1112 + Y07)
subject to  p(x;,x,) + yo(x; —x,)*
> Ly, +wyxy<al>

for all x;,x, €R. (4.3)
Similarly, the dual of problem (4.2) is:
dy,r = max (Yoo * Y10k + Yor ko + )’20M(12)
+ YOzﬂ(zz) + Y1112 +Yo7)
subject to  p(x;,x,) + yo(x; —x,)*

< Ly 2, +wyx, <as

for all x;,x, eR. (4.4)

A straightforward generalization of Proposi-
tion 1, and the discussion after Proposition 1
shows that if problems (4.1) and (4.2) are fea-

EF[H{W1X1+W2X2SG}]
Er(X;) = 1

i=1,2,
i=1,2,

Ep(X;X5) = w9,
EF[(X1 —X2)+] =7

F(x;,x,) a probability distribution on R?.

The corresponding lower bound problem has
the same constraints as (4.1) and its objective
function is

Pyr = minEF[H{lel+w2X2§a}]' 4.2)

Problems (4.1) and (4.2) have solutions if and
only if the moment matrix ¥ is a positive semi-
definite matrix and p . <7 < Pgych, Where p._
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(4.1)

sible, then py,g = dy,g and p,, . = dy,g. Thus,
if problems (4.1) and (4.2) are feasible, we can
solve (4.3) and (4.4) to obtain the desired bounds.
Finally, notice that setting y, =0 in (4.3) and
(4.4) is equivalent to solving the semiparametric
bounds (4.1) and (4.2) without using information
about the exchange option expected payoff.
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4.1.1. Upper bound
The upper bound problem (4.3) is equivalent to

‘_ZIVaR = min
subject to  p(xy,x;y) + yo(x; —x5) > 1,
p(x1’x2) 2 1,
P(x1,x3) + yo(xy —x5) >0,
p(xl’XZ) Z 0,

In order to use Theorem 1, we will use the
following transformations:

X1 =3
X2=Z1+ZZ

Wzt (W W2 a

a—Wztz
=14 y=—"—-1
W1+W2
a—WltI p "
7y = ——— — Zr =
2 W1+W2 2 2 2

(4.6)

Applying the upper left transformation in (4.6)
to the first and third constraints of problem (4.5)
and applying the upper right transformation in
(4.6) to the second and fourth constraints of prob-

2 2
(Yoo + Y101 + YorHa + Y2001 + Y0203 + ¥11012 + VoY)

for all x;,x, with wx; +wyx, <a,x; >x,

for all x;,x, with wx; +wyx, <a,x; <x,

for all x;,x, with x; >x,

for all x;,x, with x; <x,. 4.5)

Now applying the lower left and right trans-
formations in (4.6) to the first two constraints
of (4.7) respectively, these two constraints are
equivalent to

(r LAeowh
pP{h W1+W2 2

a— Wltl

s — 1t | +ypt; > 1,
Wi+ w, 2) Yol1 =

for all

(a—Wztz ¢
wq + Wy

t,>0,14>0

a— W2t2

, —H+t | >1,
1W1+W2 1 2>_

forall 7, >0, t,>0. (4.8)

Finally, the last two constraints in (4.7) are
equivalent to

P(zZ) +25,25) + Yoz; >0, for all z,>0,z,>0
DP(Zy — 29, —2) + Y92 =0, forall z;,>0,z,>0
(21,2 +25) >0, for all z,>0,z, >0
p(=z,,—2, +2,) >0, for all z; >0,z, >0.

After applying Theorem 1, we obtain the SOS
formulation for the upper bound of problem
(4.3):

dy,r = min(yo + Yot + Yoo + )’200%

lem (4.5), the constraints in (4.5) are equivalent 2
*3) .3) q + Y0203 + Y1101 + Yo7) (4.9)
to
p(ZI + Zz,Zz) + yOZI 2 1, f0r all ZI’Z2 Wlth WI(ZI + Zz) + szz S a,Zl Z 0
(21,21 +20) > 1, for all z;,z, with w;z; +wy(z; +20) <a,2, >0
P(zy +25,20) + Y021 2> 0, for all z;,z, with z;, >0
p(Zl,Zl + Zz) Z O, f0r all ZI’ZZ Wlth Z2 Z 0. (4.7)
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subject to the following being SOS polynomials:

2

a— w,t
pli+ —

W1+W2

2
PR U

2 2
s —t5 ) +yot7 — 1
2w, +w, 2) Yol

2 2
a—wylh _p a—wyly 221
I 1+

(@} +23,23) + Yoii
P =23, -23) + Yozt
p(z3.28 +23)
p(=z,—2f +23).

4.1.2. Lower bound
The lower bound problem (4.4) is equivalent
to

subject to the following being SOS polynomials:
1= pa} +23.23) — Yozi
1= p@i —23.-23) = Yozt
1 —p(zi.zf +23)
1 —p(—z,—z +23)

2 2

a—w,t a— w,t

—pld+ Ll 41, LL 4 2) —yt?
W1+W2 W1+W2

2 2

a — Wht a — Wht:

— 22 4 ¢ 22 2415 ).
W1+W2 W1+W2

4.2. Example of value-at-risk probability
bounds

Given a specified tail probability 3, the weights
w; and w,, as well as the moment information

dy,r = max (Yoo + Y10H1 + Yor#2 + ¥200T + Y0203 + Y1012 + o)
subject to  p(xy,x5) + yo(x; —x,) <1, for all x;,x, with x; >x,
p(x;,x) <1, for all x;,x, with x; <x,
p(x1,%5) + yo(x; —x,) <0, for all x;,x, with wix; +wyx, <a,x; > x,
p(x1,x,) <0, forall x;,x, with wix; +wyx, <a,x; <x,. (4.10)

Here we will use the following extra transfor-
mations:

ty
)

wizgt (W Wz= 2

2 =t 7= —22 4
L= P w +w, !
a—Wlt1+t
H=—— =
2T wiw, 2 2 =h
4.11)

Following steps analogous to those taken in
Section 4.1.1 for problem (4.5), we obtain that
problem (4.4) is equivalent to

dy,g = max(yo + Yyt + Yoo + yzo‘T%

+ yosz% +y11000 +Yy)  (4.12)
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on X, and X,, the value-at-risk bound problem
finds the upper and lower bounds on a where
Pr(w, X, + w,X, <a) = 3. To solve this problem,
we find bounds on Pr(w; X + w, X, < a) for dif-
ferent values of a and then solve the inverse prob-
lem for bounds on a given .

We first calculate the semiparametric VaR
probability bounds given only the mean, vari-
ance and covariance of the two components of
the portfolio. Then we add one more constraint
that the expected value of the exchange option
between X; and X,, Ex[(X; — X,)*], must equal
~. The following example shows that the VaR
bounds with exchange option information are
tighter since we add more constraints to the op-
timization.

We analyze a portfolio investing in the S&P
500 Index and the Dow Jones U.S. Small-Cap
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Figure 2. Comparison of VaR probability bounds with and without exchange option information.
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1 1 1 1
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Bounds on Pr(1/3"X, + 1/3"X,+1/370.01<= a)

Index. Suppose we invest 1/3 of our assets in
the S&P 500 Index, 1/3 in the Dow Jones U.S.
Small-Cap Index, and 1/3 in a risk-free fund pay-
ing a flat 0.01 percent per day. Thus, our portfo-
lio daily returnis (1/3)X; + (1/3)X, + (1/3)0.01.

The moments are based on the daily histori-
cal log-returns from February 24, 2000 to Oc-
tober 24, 2007. There are 1,923 observations in
our sample. Let X; and X, be the log-return of
the S&P 500 Index and Dow Jones U.S. Small-
Cap Index in percentage per day (X;(r)=
1001og(S;(t + 1)/S;(¢)) for day t). Their moments
are as follows:

E(X,) = 0.0059,
E(X,) = —0.2117,
E(X,X,) = 1.4161,

E(X?) =1.2158
E(X3) = 112.8609
Cov(X,,X,) = 1.41736
Var(X,) = 1.2158,  Var(X,) = 112.8160
p=0.1210,  E((X,—X,)") = 0.4464.
(4.13)

Apparently, the Dow Jones U.S. Small-Cap In-
dex is much more volatile than the S&P 500
(112.8160 percent vs. 1.2158 percent).

We now calculate the upper and lower bounds
for the probability when the portfolio return falls

VOLUME 4/ISSUE 1

1
01 10 15

below a given level q, i.e.,
Pr((1/3)X; + (1/3)X, +(1/3)0.01 < a).

The corresponding bounds are shown in Figure
2. The lines with —o— represent the upper and
lower bounds on the VaR probability, without
using the exchange option information. These
bounds are obtained by setting y, = 0 in Equa-
tions (4.9) and (4.12). The lines with —— rep-
resent the upper and lower bounds on the VaR
probability, using the exchange option informa-
tion. Obviously the exchange option information
tightens the VaR probability bounds significantly.
These semiparametric upper and lower bounds
apply to all possible joint probabilities, includ-
ing the bivariate normal joint probability. The
VaR probability corresponding to a normal dis-
tribution with the same first and second order
moments is drawn with the broken line in the
middle. Interestingly, the normal VaR probability
lies outside the tighter bounds using the ex-
change option information. This means that the
normal model does not satisfy the constraint
Brl(X) —X5)" 1 =1.

Here we use the VaR probability bounds in
Figure 2 to obtain the upper and lower bounds
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of the VaR itself, with and without the exchange
option price constraint. Figure 2 gives us an idea
of how likely the return of this portfolio will be
lower than a in 1 day under different conditions.
Consider a 5% VaR. We look at the horizontal
line through the 0.05 level on the vertical axis—
it intersects the —o— curves at a values of —16
and 1. The best we can say is that

—16% < VaRO.OS < 1%

per day. Then reading the curves with the ex-
change option information (——), we find that

—6.2% < VaRy g5 < 0%

per day. Clearly the additional information great-
ly improves our knowledge of future possible
outcomes.

5. Semiparametric bounds given
confidence intervals on moments

Thus far in this paper we have assumed that
the moments information is given in the form of
point estimates of the moments of the random
variables of interest. In practice, it is typical to
have not only a point estimate but also a con-
fidence interval estimate on a moment, which
provides information about the accuracy of the
point estimate. Therefore, an important question
is how to adapt the results presented so far in or-
der to handle the situation in which the moment
information is given in the form of confidence in-
tervals on the moments. To answer this question,
consider the following general upper semipara-
metric bound problem:

max {Eplo(Xy,....X,)1}

Eplfi(Xy,-... XD = 0,
j=1,....m,

subject to

F(xy,...,x,) a probability
distribution on D C R"*, (5.1)
where o j=1,...,m, represent the moments.

Assume now that instead of knowing the point
estimates of the moments, we have an estimate
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of the moments in the form of confidence
intervals. Loosely speaking, assume that the
estimates are given in the form 5j IS [&._,5—;] =
[&j—éj,&j+6j], where 6, j=1,...,m, is the
point estimate. With these estimates, one can
compute a 100% confidence interval on the ex-
pected value of ¢(X,...,X,) over all distribu-
tions of the random variables with moments
within the confidence intervals by solving the

problem

max {Eplo(Xy,....X,)]}
67 <EplfiXps.. . X,) <67,

j=1,...,m,

subject to

F(xy,...,x,) a probability
distribution on D C R". (5.2)

Using the same duality arguments discussed
in Section 2, under suitable conditions (similar to
Proposition 1), the objective value of the problem
above can be found by solving the following dual
problem:

m
min {)’0 +> 0o —yj‘&j)}
j=1

m
subject to  yo + > _(v7 =y )fi(xpse.00x,)

j=1
> O(X)y. s Xy)s
for all (x,...,x,) €D,
iy €RY, j=1,...m,
Yo €R. (5.3)

Note that the dual of the original problem (5.1)
is:

m
min {y0+2yjaj}
j=1

m
subject to  y, + Zyjfj(xl,...,xn)
j=1

> P(Xq,. .. X,)s
for all (x,...,x,) €D,
yJER, j=0,...,m.

54)
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In both problems (5.3) and (5.4), the objec-
tive function is linear, and all the constraints are
linear except for the first constraint of the prob-
lem. In fact, the difficulty of solving any of these
problems comes from the first constraint, which
is the “same” for both problems. For the par-
ticular semiparametric bound problems we have
considered here, we have shown how to address
this first constraint using SOS techniques. Be-
cause the difference between these two problems
is the addition of extra variables that are linear
in the objective and in the extra constraints, hav-
ing an SOS formulation for the original prob-
lem given point estimates of moments means that
an SOS formulation for the problem with con-
fidence intervals on moments can be obtained
in straightforward fashion by accordingly chang-
ing the objective of the SOS formulation of the
original problem, and adding the adequate linear
constraints. The resulting SOS formulation can
then be efficiently solved using SOS optimiza-
tion softwares such as SOSTOOLS. As an exam-
ple, the SOS formulation (3.5) to obtain a semi-
parametric upper bound for the extreme prob-
ability Pr(X; <t, and X, <t,) can be modified
as follows, in order to consider the situation in
which only the confidence intervals on the mo-
ments are available:

min (Yoo + Y{oi1 + Vo145 + Yool

made for all the SOS formulations of semipara-
metric bound problems considered in the paper.

It is important to note that in our discussion
above we have assumed that the confidence inter-
vals have been obtained independently for each
moment. Developing SOS formulations for rel-
evant semiparametric bound problems consider-
ing more complex (dependent) confidence inter-
vals will be the topic of future work.

6. Conclusions

In this paper, we have illustrated a new op-
timization technique known as sum of squares
(SOS) programming to find optimal bounds for
the probability of extreme events involving two
random variables, given only the first and sec-
ond order moment information. An interesting
aspect is that we work solely under the physical
measure. This avoids the difficulty of estimating
moments of the risk-neutral distribution.

We extend the application of classical moment
problems (or semiparametric methods) to finance,
insurance and actuarial science by examining two
extreme probability problems, both taking into
account correlations between random variables.
The first problem allows us to put “100% confi-
dence intervals” on the probability of joint ex-

@ @+

+ + +
+ Yooty © T V1112

N ) RN ) R
— Y10k —Yorla —Yaolty —Yoals —Yiiki2)

subject to  p(t; —x3.t, —x3) — 1

p(x3,x3)

is a SOS polynomial,
is a SOS polynomial,

o= o+ = o+ — - — +
Y10>Y10:Y01> Y012 Y205 Y20:Y02>Yo2: Y11- Y11 €R™,

Yoo e R.

Above, the {-}* and {-}~ in the moments, rep-
resent the upper and lower bounds of the con-
fidence interval used to estimate the moments.
Similar straightforward modifications can be
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(5.5)

treme events. The second finds VaR probabil-
ity bounds on the sum of two variables, given
up-to-the-second moment information. In each
case the moment information is given by point
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estimates, which are based on historical obser-
vations or judgements from scenario analysis.
We provide the examples to illustrate the poten-
tial usefulness of moment methods in assessing
probability of rare events. We also show that the
proposed method can be modified in a straight-
forward fashion to obtain semiparametric bounds
based on confidence intervals rather than point
estimates of the moments.

There are other applications where our ap-
proach could be useful. For example, this ap-
proach can be used to estimate the default prob-
ability of fixed-income securities where incom-
plete knowledge on the enterprise and economic
factors drives the credit risk. In other areas such
as inventory and supply chain management, this
approach can be applied to find inventory poli-
cies that will be applicable to different (unknown)
demand distributions in the future. Even when
the distributions of the random variables are as-
sumed to be known, this approach can be imple-
mented to measure sensitivity of a joint proba-
bility, VaR, or other variables to model misspec-
ification as in Lo (1987) and Hobson, Laurence,
and Wang (2005).

Some important issues for future research
clearly deserve more investigation. For example,
it will be interesting to analyze the bounds on tail
distribution given the moments of extreme values
instead of the moments of the whole distribution.
A further question involves to what extent our
results would change if we incorporate distribu-
tion class information (e.g., continuous, symmet-
ric, unimodal, etc.) in our bound problems. We
leave these questions for future research.

Appendix A. Bounds on
Pr(X; > 11, Xo > 1)

Finding the upper and lower semiparamet-
ric bounds on the probability Pr(X; > and
X, >1t,) can be (respectively) formulated as the
following optimization problems, obtained by
setting in problem (2.1) (Section 2) ¢(X;,X,)
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= H{X1 >1, and X,>1,} and D = R*2:

(EF(H{X1 >t, and Xzztz}))
i=1,2,

PSurvival = Max
subject to  Ep(X;) = u;,
Br(XP)=p?,  i=12
Ep(X,X5) = 112,

F(x,x,) a probability

distribution on R*?, (A.1)
and
Psurvival = min (EF(H{X1ZI1 and Xzzfz}))
subject to Ep(X;) = 1, i=1,2,
Ep(X) =p®,  i=12,
Er(X1X3) = 1112,

F(x;,x,) a probability

distribution on R*?.  (A.2)

The sufficient feasibility conditions in terms
of the moment constraints are the same as that
of its complementary problem of bounds on
Pr(X, <t;, X, <t,) (see Section 3.1). Now we
derive SOS programs to numerically compute
Psurvival @nd pg . by using SOS programming
solvers.

A.1. Upper bound

We obtain the dual problem of (A.1) as fol-
lows:
_ ‘ 5
dgyryival = MiN (Yoo + Y10k + YorHa + }’20M(1 )
2
+ )’02M§ L Yi1t12)

SubjeCt to p(xl,XZ) Z ]I{XIZZI andx22t2}’

for all x;,x, >0. (A.3)

The constraint in (A.3) is equivalent to

px; +1t,x+1,)—1>0, for all x;,x, >0

p(xy,x5) >0, for all x;,x, > 0.
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When we apply Theorem 1 to the above inequal-

ities, then the problem (A.3) is equivalent to:

dSurviva] = min

subject to  p(xT +1;,x5 +1,) — 1

p(x7,x3)

A.2. Lower bound
The corresponding dual problem of (A.2) is

2

(Yoo + Y10k + Yor o + )’20#(1 :
2

+y02M(2 ) +Y11M12)

dSurVival = max

subject to  p(x1,xp) < Ty >/ anda, >}

for all x;,x, >0. (A.5)

We rewrite the constraint in problem (A.5) as

p(x1,xy) <1, forall x; >1t,x,>1,

p(.xl,X2) < 0, for all X1 > 0,0 < Xy < t2,
forall 0<x; <t,x,>0.

(A.6)

p(xl’xz) S 0’

Using a similar technique as in Section 3.1, we
change the problem to end up with a SOS pro-
gram that approximately problem
(A.6). Specifically, consider the following prob-
lem related to (A.6):

solves

/ —
dSurVival = max

subject to  p(x;,x,) <1,
p('xl ,XQ) S Oa
p()ﬁ ,xz) <0,

The constraints of (A.7) are stricter than those
of (A.6) since the last two constraints of (A.7)
include more values of x; and x,. Thus, d§,vival
is a lower bound on dg yivas that is d§yival <
dsurvival- Using substitutions x; — ¢ + x, t, + x,
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— X, + 1, to the first constraint of (A.7) and x, —
ty —X,, X; — t; —Xx; to the second and third con-

2 2
(Yoo + Y10k + Yor o + yzou(l ) +YO2M(2 ) +V11H12)

is a SOS polynomial

is a SOS polynomial. (A4)

straints respectively, it follows that problem (A.7)
is equivalent to the following SOS program when
Theorem 1 is applied:

2
duryival = Max (Yoo + Y101 + Yor o + )’20/~L(1 )
2
+ )’02,@ )+ Yi1t12)
subject to 1 — p(t; + x7,1, + x3)

is a SOS polynomial

— Pty = 23)
is a SOS polynomial
- p(tl - X%,X%)
is a SOS polynomial.
(A.8)
A.3. Examples
To focus on the joint right-tail events, we set

both #; and 7, at very high levels. It doesn’t make
too much sense to figure out the upper bound

2 2
(Yoo + Y10k + YorHa + yzoM% = yon(z '+ Yi1k12)

forall x; >1t,x,>1,
for all X1 2 O,XZ S tz,

for all X1 S t] s Xo Z 0. (A.7)

of Pr(X; >t, X, >1t,) when the two variables
are negatively correlated. In this case, we will be
asking for the highest probability of both vari-
ables to be very large. This should be near zero
above the mean of the random variables since
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Figure 3. Bounds on Pr(X; >1,, X, >1,). The left and right graphs show bounds with covariance of X, and X,
equals 0.5 and —1, respectively. The vertical axis stands for probability, and the horizontal axis is the number of
standard deviations from the mean, z. That is, 1, = 1, +zo; and 1, = i, + zo,.

¢¢¢¢¢¢¢¢¢ CoviX, X 05

1 T— OO

8 F3 4 2 0 2 4 6 8
No. of standard deviations (2)

they are negatively correlated. Therefore, the up-
per bounds on joint survival probabilities make
more sense for two random variables that are
positively correlated, or have a low negative cor-
relation.

Considering the following example:

E(X) =1
E(X,) =1
E(X?) =3
E(X3) =3

E(X,X,) = 1.5.

The bounds of the above example is drawn in
the left plot of Figure 3. In this case, Cov(X;,X5)
=0.5. On the other hand, if E(X,X,) =0, the
covariance between X; and X, equals —1. We
get the right plot in Figure 3, which confirms
our previous prediction that when the two vari-
ables are negatively corrected, upper bounds on
the joint right-tail events do not make sense.
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