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Insurance Companies
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ABSTRACT

Itis generally well established that new business produces higher
loss and expense ratios and lower retention ratios than renewal
business. Ironically, to add more new business, an insurer needs
higher profitability in order to generate the additional capital
needed to support its exposure growth. Irrational growth is one
of the top reasons for the insolvencies of property and casualty
insurance companies. This study presents a method to balance
the opposing forces of growth and profitability. The proposed
method is straightforward and can be effectively employed by
property and casualty insurers in their strategic planning process.
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1. Introduction

Long-term profitability and sustainable growth are
important goals of property and casualty (P&C) in-
surers. Marketing plans such as segmentation pene-
tration, new agency appointments, and new territory
entries are all subject to the overall growth strategy
of an insurer. For an insurer to grow, it must either
explore new markets or attract new customers in ex-
isting markets. However, such new business gener-
ally produces both higher loss and expense ratios,
and increases the overall operational risk of the com-
pany. Numerous case studies have shown that rapid
growth rates can cause serious financial problems for
a P&C insurer, reduce long-term value to its stake-
holders, or even result in bankruptcy. According to
A. M. Best (2004), 17.3% of P&C insolvencies from
1969 to 2002 were caused primarily by rapid growth.

D’Arcy and Doherty (1989; 1990) and Cohen
(2005) discuss the “aging phenomenon” of P&C insur-
ance markets in which new business usually generates
a much higher loss ratio than renewal business, often
resulting in an underwriting loss in the first year, but
improving loss ratios in subsequent years for the re-
tained portion of that cohort of business. Wu and Lin
(2009) examine eight lines of business on 25 books
with $28.7 billion of premium from 1995 to 2005
and demonstrate loss ratio improvements associated
with this aging phenomenon. They find that renewal
business produces loss ratios 7% to 18% lower than
new business, with an average loss ratio difference
of 13%. In addition to larger expected loss ratios, the
expenses associated with acquiring new businesses
(such as advertising, marketing, and underwriting)
are higher than for renewal business. Feldblum (1996)
suggests that an insurance company should price
risks to take into account the expected profitability
over the lifetime of the policy, including the loss ra-
tio, expense ratio, and retention level at each renewal.
An aggressive growth posture obviously means
a higher proportion of a book of business is made up
of new business, implying a higher combined ratio
and greater underwriting risk. Therefore, an insur-
ance company’s planned pace of growth should de-
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pend on whether the expected profit from insurance
operations is high enough to support the growth.
Without proper enterprise risk management, an ag-
gressive growth strategy cannot be sustained over a
long period, and may result in significant underwrit-
ing losses. P&C insurers may operate in the following
cycle: reduce rates aggressively to be competitive;
grow the book rapidly; see loss ratios deteriorate;
increase the rates to alleviate underwriting losses;
and watch sales go down because rates become less
competitive.

Other academic researchers have found that in-
creasing sales growth and improving per-unit profit
margins can be conflicting goals. Aghion and Stein
(2008) discuss that, given the constraints on man-
agement time and other resources, doing more in
one dimension often implies doing less in the other.
Harrington, Danzon, and Epstein (2008) investigate
medical malpractice markets and show that insur-
ance companies often sacrifice profit margins by cut-
ting price excessively in the soft market to maintain
sales volume. Ma (2009) shows that profitability will
be eroded significantly when a high growth target is
achieved by lowering underwriting standards.

Actuaries have long realized that growth rates in-
fluence an insurer’s loss, reserve, profit, and surplus,
and have studied these effects using traditional ac-
tuarial and accounting methods. Muetterties (1979)
presents an accounting model to calculate the nec-
essary profit margin to keep pace with increasing
premium growth. Based on rather conservative as-
sumptions, he concludes that at least a 5% before-tax
underwriting margin is necessary to maintain the re-
lationship of premium to surplus. Niswander (1984)
measures the trade-off between two conflicting goals:
surplus growth based on profitability and exposure
growth based on competitive rates. Because the av-
erage age of loss within an exposure period may
change over time as a result of growth, McClenahan
(1987) examines the impact of changes in exposure
growth on loss development patterns, and proposes
a method to adjust the development factors. To date,
only D’Arcy and Gorvett (2004) have studied opti-
mal growth from the perspective of the managers of
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insurance companies. They determine the optimal
growth rate by maximizing the market value of a
P&C insurance company. In their work, a three-factor
econometric model is proposed in which an insurer’s
market value is determined by its surplus, net writ-
ten premium, and combined ratio. The model param-
eters are derived through linear regressions using data
from fifteen publicly traded firms. They then run a
series of dynamic financial analysis (DFA) simula-
tions for a variety of growth rates using the Dynamo
software.! The D’Arcy and Gorvett (2004) study
represents a significant milestone in pioneering the
research on optimal growth for P&C insurers, but
several aspects of their work may limit the benefit
of their analysis for the entire P&C insurance indus-
try. First, their method requires market values, which
are only available for “stand-alone” P&C companies
that are publicly traded. Mutual, reciprocal, subsid-
iary, and privately-held P&C companies do not have
observable market values. As D’Arcy and Gorvett
point out, very few of the more than 3,000 P&C in-
surers are both “stand-alone” and “publicly-traded.”
Second, their approach is sensitive to stock prices of
insurance companies, which can be very volatile. For
example, excluding data from AIG, D’ Arcy and Gor-
vett (2004) found that the optimal growth rate does
not exist (negative growth will lead to higher market
values); while including AIG data, the optimal solu-
tion is about 10%. Third, their study is based on so-
phisticated dynamic financial analysis (DFA), which
requires significant resources and can be difficult to
understand.

In this study we examine the numerical relationship
between organic growth rates and the corresponding
profitability and capital needs using an approach that
requires less extensive data. Analytical models are
derived based on an economic equilibrium model.
In the optimization process, we incorporate practi-
cal constraints for the growth of P&C insurers. This

'The software is publicly available at Casualty Actuarial Society and
Pinnacle Actuaries websites, www.casact.org and www.pinnacleactu
aries.com.
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paper extends and improves the previous study in
three major aspects. First, it provides the maximum
growth rate as well as the optimal growth rate under
the predetermined constraints. Second, D’ Arcy and
Gorvett (2004) discuss that optimal positive growth
may or may not exist, but they do not investigate
the conditions for the existence of optimal growth.
We investigate this issue and find that the existence
of an optimal growth rate depends on the relative
weighting assigned by a company’s management to
their two goals of increasing surplus and increasing
sales. When the weight on surplus is above a certain
threshold, a positive optimal growth rate does not ex-
ist: an insurer can increase the expected value of the
enterprise by increasing premium rates and improv-
ing profit margins while shrinking premium volume.
Third, from the perspective of implementation, the
models are developed using simpler assumptions and
formulas than those deployed in Dynamo by D’ Arcy
and Gorvett (2004) and are therefore relatively easy
to understand and apply. Additionally, all of the data
required to use this method should be readily avail-
able from a P&C company’s actuarial database, and
the calculations involved are easy to program in a
spreadsheet, so that the proposed methods can be
quickly implemented by P&C companies in their
strategic financial planning.

This paper is organized in a straightforward manner.
Section 2 discusses the relationship between growth
rates and combined ratios, and introduces the concept
of an equilibrium new business percentage (ENBP).
Section 3 investigates the capital constraint on growth.
Section 4 develops a conceptual framework for deter-
mining the optimal growth rate that maximizes the
expected enterprise value. Section 5 provides a case
study. The numerical relationship between growth
rate and underwriting profit is presented. The con-
strained maximum growth rates and the optimal
growth rates are calculated under various scenarios
of market cycles, underwriting performances, and
constraints. Section 6 offers a summary of the main
conclusions drawn from this analysis. The appendix
extends the model by subdividing the renewal book
into multiple segments.
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2. Growth rates and
combined ratios

Let P" be the market price at time 7 If an insur-
ance company does not deviate from the market
price, its renewal business (RB) loss ratio would be
L?, where subscript r represents RB and superscript
m represents market price. Let dp, denote the percent-
age difference of a company’s price from P”. The
actual price of the insurer is P = P" x (1 +dp). L  is
then the company’s actual RB loss ratio at time ¢ and
is given by L = L"/(1 + dp). The company’s actual
RB combined ratio is then Cm = L;’;/(l +dp) + E .,
where E_ is the expense ratio for renewal business.?
Using the same notation, the variables for loss, ex-
pense, and combined ratios for new business (NB) are
denoted by Ln‘t, Em, and CM = L:':t/(l +dp) + E”‘t,
where L" is the NB loss ratio if the company prices
at the market level. As noted in the introduction,
Ln’t > Lm, and En’t > Em, meaning that CM > Cm. Let G,
be the exposure growth rate. By the law of demand in
economics, insurance demand decreases as the price
increases. Therefore the growth rate G, for an insur-
ance company is a decreasing function of its price dif-
ferential dp,

G =o+B=*dp, 2.1

with B < 0 to reflect decreasing demand with higher
prices. Depending on market conditions, o can be
positive or negative. In a hard market, o is positive,
and an insurance company is able to rapidly grow its
exposure at the market price. Even if it prices mod-

o, . .
erately above market (0 < dp, < — E), it can write more

accounts and grow its exposures. In a soft market, o
can be negative. Under this scenario, if an insurance

>The expense ratio has two components: a variable expense ratio which
is generally independent of premium, and a fixed expense ratio which is
inversely proportional to the size of sales. To simplify the illustration,
we assume that the entire expense ratio is independent of premium. This
assumption ignores the concurrent benefit from growth of reducing the
fixed expense ratio. The approach can be easily expanded so that the
fixed expense ratio is a decreasing function of premium while the vari-
able expense ratio is a constant.
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company prices at the market rate level (dp, =0, G, =
o < 0), it will reduce its exposure.

Let A, and 1 — A, denote the proportions of the
overall book of business that NB and RB represent at
time ¢, respectively. To grow in an absolute sense, an
insurance company needs to attract more customers
than those that fail to renew, so A, is an increasing
function of the growth rate G,. Define R and R to
be the retention ratios for renewal and new business.*
According to Wu and Lin (2009), R >R, . Again, by
the law of demand in economics, retention ratios are
decreasing functions of a company’s price differen-
tial with market prices at time 7, so

R, =W +6 *dp,

R, =W, +86, =dp, (2.2)"

Let the written exposure in period /~1 be Q . The
written exposure in period ¢ with annual growth G, is

0,=0,(1+G). (2.3)

By expressing total exposures as the sum of NB and RB
exposures, the following formulations will allow us to
solve for the new business percentage, A, in terms of
retention and growth rates. To start, the new business
exposures written in period ¢ can be expressed as

0,.=0A=0,(1+G)A. (2.4)

The new business exposures written in underwriting

period 71 that are retained in period t are QR =

Q A, R  and the renewal business exposures writ-
nt

ten in underwriting period 7—1 that are retained in ¢ are

Q);tfer,t = Q[71(1

written in underwriting period ¢ is then

—A_)R_. The total renewal business

0,=0,A.R,+0_ (1-A )R, (2.5)

’The renewal rates vary depending on the age of the policies. To simplify,
we split a book of business into NB and RB. The model can be expanded
to allow multiple segments of the whole book by policy age, such as new
business, first renewal, second renewal, and so on.

“Except for price, many other variables also affect retention, including
service, claims satisfaction, advertising, rewards (disappearing deduct-
ible), etc.
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Table 1. Required NB percentage to achieve 15% overall growth when 10% of the

current book of business consists of NB

RB Exposure NB Exposure RB % (A) NB % (1-A) Exposure
Year (1) (1) (2) (3) = (1)/5) (4) = (2)/5) (5) = (1) + (2)
1 0.900 0.100 90.0% 10.0% 1.000
2 0.890 0.260 77.4% 22.6% 1.150
3 1.009 0.314 76.3% 23.7% 1.323
4 1.159 0.362 76.2% 23.8% 1.521
5 1.333 0.416 76.2% 23.8% 1.749

The total exposure at time ¢ is the sum of both the NB
and RB exposures:

0=0,+0,. (2.6)

Substituting (2.3), (2.4), and (2.5) into (2.6), we get

0,.,(1+G)=0,,(1+G)A +Q A R,

+0.,(1-A_)R.. 2.7)
In a certain state with stable growth and retention,
NB and RB exposures could achieve an equilibrium
where A, will remain constant through time: A =A_ .
In this situation, we name A, the Equilibrium New
Business Percentage (ENBP). Substituting A, for A |
in Equation (2.7) and canceling Q | from both sides,
we can derive the percentage of NB required to gain
a specific growth rate G, as

_ 1+G,—-R,
1+G +R,—R,
R

=]-— (2.8)
1+G,+R,—R,

t

The following example illustrates the ENBP con-
cept. Consider a company whose current portfolio
consists of 10% new business and that plans to grow
its total written exposure by 15% annually. The annual
retention rates for new and renewal business are 80%
and 90%, respectively. The renewal business in the sec-
ond yearis 0.1 * 80% + 0.9 * 90% = 0.89. If the growth
follows the plan, the total exposure in year two is 1.15,
and new business needs to be 1.15 — 0.89 = 0.26. The
NB percentage is 0.26/1.15 = 22.6%. The renewal
business in the third year is 0.89 * 0.9 + 0.26 * 0.8 =
1.009. For 15% annual growth, the overall exposure
is 1.15% = 1.323, and the volume of new business is
1.323 — 1.009 = 0.314. Following this procedure,
Table 1 shows the required new business percentages
for the next five years if the company wishes to grow
its exposure by 15% annually.

Similarly, Table 2 reports the required new busi-
ness percentages if the current NB percentage is
25% of the book. By comparing Tables 1 and 2, it
is clear that in equilibrium, A is determined by the
planned growth rate and retention rates of NB and
RB, and that it is independent of the current NB and
RB composition of a book of business. However, this

Table 2. Required NB percentage to achieve 15% overall growth when 25% of
the current book of business consists of NB

Year (1) RB Exposure NB Exposure RB % (A) NB % (1 -A) Exposure
1 0.750 0.250 75.0% 25.0% 1.000
2 0.875 0.275 76.1% 23.9% 1.150
3 1.008 0.315 76.2% 23.8% 1.323
4 1.159 0.362 76.2% 23.8% 1.521
5 1.333 0.416 76.2% 23.8% 1.749
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Figure 1. Growth impact curve
A

Combined
Ratio

does not imply that the current mix of NB and RB is
irrelevant to the growth plan.

When the current growth is slow (e.g., NB is 10%
of total business), the required NB growth in the
second year is 0.26/0.1-1 = 160%. The 15% growth
plan is aggressive. On the other hand, when the cur-
rent growth is rapid (e.g., NB is 25% of total busi-
ness), the required NB growth in the second year is
0.275/0.25—-1 = 10%. The 15% growth plan is rela-
tively easy to achieve.

Now let us evaluate the impact of the growth pattern
on the company’s combined ratio. Let b, denote the dif-
ference between the NB and RB combined ratios,

L -L

=C -C == (E —E ). 2.
b=C,6—C, v +(E,-E,)) (2.9)

Thus, b, is a measure of the performance of new busi-
ness relative to renewal business. The company’s
combined ratio, C, can be written as

C =AC,+(1-A)C,=C,+Ab.  (2.10)

Substituting (2.8) into (2.10), the combined ratio
C, at growth rate G, is

nt o nt

' 1+G +R, —R,

(1+G —R,)b,
=C, + it (2.11)
‘" 1+G +R,-R,

(1+G -R,)C,+R,C
C = .)€,

Equations (2.10) and (2.11) demonstrate the posi-
tive relationship between the combined ratio and the
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growth rate, which can be illustrated by the growth
impact curve in Figure 1.

3. Capital constraint on growth

The growth of an insurance company is generally
constrained by internal and external conditions such as
surplus, stock market valuation, shareholder demands,
and insurance market conditions. This implies that
companies facing different constraints will have dif-
ferent growth strategies. Hagstrom (1981) discusses
that the availability of surplus constrains the growth
of an insurance company. Baker, Powell, and Veit
(2003) show that firms follow stock market signals
to adjust their business strategies. Wang et al. (2011)
demonstrate that profitable growth is difficult to
achieve in a soft market, and cycle management is a
crucial consideration for an insurance company when
determining its growth strategy.

Past studies have shown that surplus capacity can
constrain the growth of an insurance company and
that changes in insurance surplus affect the indus-
try’s capacity for bearing risk (Davis 1979; Hag-
strom 1981; Gron 1994; Winter 1994; Cummins and
Danzon 1997). To support growth, regulators and rat-
ing agencies require the insurance company to hold
additional capital to maintain its financial rating. In
this section, we illustrate our methodology by as-
suming a simple capital constraint: to maintain a tar-
get premium-to-surplus ratio.’ Consider an insurance

SThe method can be expanded to incorporate more complicated capi-
tal constraints, such as maintaining a financial rating (a predetermined
Best’s Capital Adequacy Ratio, or BCAR) at a predetermined probability.
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company in a growth equilibrium that has a target
premium-to-surplus ratio K . It writes one unit of pre-
mium in underwriting year ¢ and is growing its expo-
sure at G, annually. Assume the market price at year
tis P = 1. dp, is the company’s percentage price dif-
ference with the market. So its actual price at year 7 is
P =1+ dp. Written premium is the product of writ-
ten exposure Q and price P, thatis, 1 =0 * (1 +dp).
Moving Q, to the left side of the equation, the written
exposure at year ¢ is

1
1+dp,

0, 3.1

The written exposure at year t+1is @ = Q * (I +
G ,)). Substituting (3.1) into the equation,

_1+G,,

= . 3.2
0., I+ dp, (3.2)
At time #+1, the market price is
Pl =F"*(1+T,), (3.3)

where T is the market rate change from year ¢ to

1
t+1. To simplify the illustration, we assume T, = 0,
which implies P! = P". Let dp, be constant with time:
dp,=dp,,, = dp. The insurer’s actual price at 1+1 is
then P =P *(1+dp, )=1+dp. The total written

premium in year f+1 is

+G

1 t+1
wP _Q“”)_T:E;*u+@”)

=1+G.. (3.4)

The written exposure at year —1 is

1
N
(I1+dp)(1+G,)

1
1+G,”

(1+dp)

(3.6)

The written premiums at ¢ and #+1 are 1 and 1 + Gt+ "
respectively. Assuming annual policy terms and as-
suming uniform writing of policies throughout the

year, the earned premium in calendar year ¢ is

EP =0.5%(WP_ +WP)

1
+G), 3.7

t

:0.5*(1+
1

and the earned premium in calendar year #+1 is

EP, =0.5%(WP+WP,,)

t+1

=0.5%(1+G,, +1). (3.8)

The underwriting profitin yearzis EP * (1 - C). We as-
sume that policyholder-provided funds (from unearned
premium reserve and loss reserve) are proportional
to written premium, and shareholder-provided funds
are equal to surplus. Let S, be the surplus at the be-
ginning of year 7. The total funds available for in-
vestment are

I =L*WP+5S, (3.9)

where A is the fund-generating coefficient. Let Y be
the yield on investment, 7 and 7, be the tax rates on
underwriting and investment profit, respectively, and
D, be the dividend payout ratio. The retained profit
after taxes and dividends in year ¢ is

[EPx(1-C)*(1-1,)

m_[+LK*U—n) }*U—DJ. (3.10)

0 1
== . 3.5
Q'1+Q (1+dp)(1+G,) G-
The surplus at the beginning of year t+1is § =S,
The written exposures at £ and +1 are and Ti-nt. To maintain the target premium-to-surplus ratio
1+dp in policy year r+1,
1+G, respectively. The written premium at year
rdp™ P P ’ Wwe, _WPx(1+G.,)
] = <K, (3.11)
—1is S S+,
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Figure 2. Maximum growth rate under the premium-to-surplus

constraint

Combined
Ratio

»  Growth

Substitute (3.10) into (3.11) and solve for C:

WP #(1+G,, ) K, *S,

—K #I1 %Y *(1-1)%(1-D,)
C<l- . (3.12)
EP #(1—-t,)*(1-D,)* K,

Inequality (3.12) implies that in order to grow the
business while maintaining the target premium-to-
surplus ratio, an insurance company needs to achieve
a profit rate better than a certain threshold to support
the growth. Inequality (3.11) can also be rewritten as

K (S +m)
< A T
WP,

t

G -1. (3.13)

Inequality (3.13) implies that there is a certain bound-
ary that constrains an insurance company’s growth;
beyond a certain growth rate, an insurer will not be
able to maintain its target leverage ratio. The growth
limit curve D in Figure 2 shows this constraint. In
order to support growth, an insurer has to keep its
combined ratio below curve D. The faster the growth,
the higher the profitability that is required to support
the growth. Recall from Figure 1 that the growth im-
pact curve S indicates that faster growth will lead to
a higher combined ratio. The intersection at point M
between curves D and S is the maximum growth un-
der the premium-surplus leverage constraint. All the
points below M on curve S are below the growth limit
curve D. If an insurer grows more slowly than M, its
premium-to-surplus leverage ratio will remain under
the target. All the points above M on curve S are also
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above the growth limit curve D. Therefore growth
faster than M will make the expected premium-to-
surplus ratio higher than the target level.

4. Optimal growth

In general, an insurance company’s value is an in-
creasing function of its surplus, volume of sales, and
profitability. In the stock market, ratios such as price-to-
book, price-to-sales, and price-to-earnings are widely
used parameters in a company’s valuation. Insurance
companies’ combined ratios are often volatile, so any
valuation based on earnings will also be unstable as a
result. D’Arcy and Gorvett (2004) run multiple re-
gressions using observed market values as the depen-
dent variable and surplus, net written premium, and
combined ratio as explanatory variables, and find
that the coefficient for the combined ratio variable is
significant for only one out of 15 companies (Accep-
tance). For the other 14 companies examined in the
study, all 15 companies combined, and all companies
excluding AIG, the coefficient of the combined ratio
variable is not significant at the 5% level. However,
as we all know, if the combined ratio is low, earnings
will be high and the surplus will increase accordingly.
From this aspect, the impact of the combined ratio on
market value is correlated with surplus. After control-
ling for the effect of surplus, the combined ratio is no
longer a significant variable in estimating the market
value of the insurer. As a result, we assume that an
insurance company’s expected enterprise value is a
function of surplus and net written premium only, and
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exclude the combined ratio variable from D’ Arcy and
Gorvett’s (2004) formula

Vi =WaoxS, +(1-W)sn=Wp,, 41’
where ¢ is the expected price-to-book ratio, 1 is the
expected price-to-sales ratio, n is the planning or
evaluating horizon, and W is the weight on surplus-
indicated enterprise value. To simplify the formu-
lation, we assume the growth rate is constant with
time, thatis, G, = G. In Equation (4.1), surplus at year
t+n, S, is a decreasing function of the growth rate,
S . =S8(G,n); while written premium, WP =(1+ G)",
is increasing with G. The optimal growth rate is the
one that maximizes the expected enterprise value at
year-end n:

MGaxW*q)*S(G,n)+(1—W)*n*(1+G)”. 4.2)

Market appetite to surplus and growth varies over
time. Aghion and Stein (2008) find that the stock
market pricing rule impacts management’s growth
strategy. When the stock market is more interested
in growth, managers may pay more attention to sales
volume. When investors in the stock market prefer
profit margins, managers take the cue and adapt their
strategies accordingly by cutting costs. The study
demonstrated that management’s tendency to give
the stock market what it wants can lead to excess
volatility in business operations. Ma (2009) exam-
ines Aghion and Stein’s catering theory on public
P&C companies and confirms that insurers devote
more effort to growth when the stock market places
greater value on growth, and that the managerial
“short-termism” from following stock market pref-
erences can exert a destabilizing influence on insur-
ance pricing and the insurance market cycle. Based
on those studies, the authors do not attempt to esti-
mate empirical weights implied by the stock market.
We suggest that practitioners use a weight that rep-

°The expected enterprise value can also be viewed as the utility function
of an insurance company’s management.
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resents management’s long-term view of the balance
between exposure growth and surplus growth.

5. Numerical analysis

To illustrate the framework, we perform a case study
on a hypothetical insurance company. Key parameters
are selected based on the authors’ experience.

G =2%—1.5%dp. (5.1)

At the market price level, an insurance company
will grow its exposure 2% annually, which is close
to the average annual GDP (gross domestic product)
growth.” The retention rates of renewal and new busi-
ness are

R, =84%—-0.2+*dp,
R,=78%—0.3*dp,. (5.2)°
At the market price level, the retention ratio of RB is
84%, 6% higher than that of NB. This retention dif-
ference between RB and NB is consistent with Wu
and Lin (2009). At a 2% annual exposure growth rate,
the equilibrium NB percentage by Equation (2.8) is
A=1- 0.78 =18.8%. The NB loss
1+0.02+0.78-0.84
ratio is assumed to be 75%, which is 13% higher than
that of RB. The difference in loss ratios between NB
and RB is also consistent with Wu and Lin (2009). The
NB expense ratio is assumed to be 37%, while the RB
expense ratio is 32%. At market price levels, NB, RB,
and whole book combined ratios are 112%, 94%, and
97.4%, respectively. If the price is 4% below the mar-

ket, the company will improve retention, attract more
new business, and grow 8% a year. If it charges 4%
above market, it will reduce retention, attract less new
business, and shrink 4% annually. Table 3 exhibits

"The average real GDP growth from 2000 to 2009 is 1.82% according to
the Bureau of Economic Analysis, www.bea.gov/.

fNew business conversion in general is sensitive to dp, a company’s
price difference relative to industry. Retention is less sensitive to dp,.
This relationship is reflected by the magnitude of the coefficients of dp,
in Equations (5.1) and (5.2).
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Table 3. Equilibrium NB percentages, loss and combined ratios by growth

Exposure NB RB Whole
Growth dp Retention Retention ENBP NB LR RB LR NB CR RB CR Book CR
8.0% —4% 79.2% 84.8% 22.7% 78.1% 64.6% 115.1% 96.6% 100.8%
6.5% -3% 78.9% 84.6% 21.7% 77.3% 63.9% 114.3% 95.9% 99.9%
5.0% —2% 78.6% 84.4% 20.8% 76.5% 63.3% 113.5% 95.3% 99.1%
3.5% -1% 78.3% 84.2% 19.8% 75.8% 62.6% 112.8% 94.6% 98.2%
2.0% 0% 78.0% 84.0% 18.8% 75.0% 62.0% 112.0% 94.0% 97.4%
0.5% 1% 77.7% 83.8% 17.7% 74.3% 61.4% 111.3% 93.4% 96.5%
-1.0% 2% 77.4% 83.6% 16.6% 73.5% 60.8% 110.5% 92.8% 95.7%
-2.5% 3% 77.1% 83.4% 15.5% 72.8% 60.2% 109.8% 92.2% 94.9%
—-4.0% 4% 76.8% 83.2% 14.3% 72.1% 59.6% 109.1% 91.6% 94.1%

ENBP, NB, and RB retention ratios, and NB and RB
loss and combined ratios for dp, values between —4%
and 4% (with the corresponding growth assumptions).
It is clear that lower prices will drive faster growth,
higher retention, and higher combined ratios. This is
consistent with the theoretical derivation in previous
sections and with real-world observations.

The fund-generating coefficient is assumed to
be 1.2. So investment funds available from the un-
earned premium and loss reserves are 120% of writ-
ten premium. The investment yield is assumed to be
4%. The tax rate on investment and underwriting in-
come is 35%.° The dividend payout ratio is assumed
to be 30%, which is close to the actual S&P 500 pay-
out ratio in the 2000s.'° Year O written premium is 1.
The target premium-to-surplus ratio is assumed to be
1.5. The surplus at the beginning of year 0 is 0.667,
so that the premium-to-surplus ratio at the starting
point is 1.5.

The target premium-to-surplus ratio can vary by
time, and it may not be the initial ratio. For example,
an insurer with a low premium-to-surplus ratio might
be willing to increase its leverage for a period of time
when it adopts a high growth plan in a hard market;

’In practice, insurance companies often hold a large amount of municipal
bonds exempt from tax. Practitioners can adjust the approach easily by
applying separate tax rates on investment and underwriting incomes.
"“Dividend payout ratio is not a constant in the growth decision making.
For example, a company may be able to reduce the dividend level to sup-
port more rapid growth.
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it then slows down the growth and targets a lower
premium-to-surplus ratio when the market turns soft.
The case study can be easily adjusted to incorporate
time-varying target leverage.

Tables 4 through 6 show five-year underwriting and
investment profits, surplus, premium, and premium-
to-surplus ratios if a company grows at 2%, —4%, and
8% (which correspond to scenarios that the insurer
consistently prices at, 4% above, and 4% below the
market). Table 7 shows the same statistics at the con-
strained maximum growth rate of 5.52%. If the growth
is below the threshold, as shown in Tables 4 and 5, the
company will generate more profit than is required to
support the growth. Surplus will grow faster than pre-
mium; the expected premium-to-surplus ratio will go
below 1.5 and decrease with time. Table 6 shows an
example of what happens if the growth rate is faster
than 5.52%. In this case, the company will generate
less profit than is required to support the growth. Sur-
plus levels cannot keep up with the pace of premium
growth, and the expected premium-to-surplus ratio
will go above 1.5 and continue to increase with time.
Table 7 shows that if the insurer grows at 5.52%, the
expected premium-to-surplus ratio will remain at 1.5,
which is what we expect, as that is the growth solu-
tion to maintain a constant premium-to-surplus ratio,
given our input assumptions.

Table 8 reports the combined ratios on the growth
impact and growth limit curves. Figure 3 shows the
two curves visually. To achieve faster growth, an
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Table 4. Five-year profits, surplus, and leverage ratios at 2% growth

Beginning Inv uw Total Tax  AfterTax  Payout Retained End Prem/
Year Surplus WP EP Investment ~ Yield  Profit  Profit  Profit Rate Profit % Profit Surplus  Surplus
0 0.667 1.000 0.990 1.867 4.0% 0.075 0.026 0.101 35% 0.065 30% 0.046 0.712  1.500
1 0.712 1.020 1.010 1.936 4.0% 0.077 0.027 0.104 35% 0.068 30% 0.047 0.760  1.432
2 0.760 1.040 1.030 2.008 4.0% 0.080 0.027 0.107 35% 0.070 30% 0.049 0.809  1.369
3 0.809 1.061 1.051 2.082 4.0% 0.083 0.028 0.111 35% 0.072 30% 0.050 0.859 1.312
4 0.859 1.082 1.072 2.158 4.0% 0.086 0.028 0.114 35% 0.074 30% 0.052 0.911 1.260
5 0.911 1.104 1.093 2.236 4.0% 0.089 0.029 0.118 35% 0.077 30% 0.054 0.965 1.212
Table 5. Five-year profits, surplus, and leverage ratios at -4% growth
Beginning Inv uw Total Tax  After-Tax Payout Retained End Prem/
Year Surplus WP EP Investment  Yield  Profit Profit ~ Profit  Rate Profit % Profit Surplus  Surplus
0 0.667 1.000 1.021 1.867 4.0% 0.075 0.060 0.135 35% 0.088 30% 0.061 0.728  1.500
1 0.728 0.960 0.980 1.880 4.0% 0.075 0.058 0.133 35%  0.086 30% 0.060 0.788 1.319
2 0.788 0.922 0.941 1.894 4.0% 0.076 0.055 0.131 35%  0.085 30% 0.060 0.848 1.169
3 0.848 0.885 0.903 1.910 4.0% 0.076 0.0563 0.130 35%  0.084 30% 0.059 0.907 1.043
4 0.907 0.849 0.867 1.926 4.0% 0.077 0.051 0.128 35%  0.083 30% 0.058 0.965 0.936
5 0.965 0.815 0.832 1.944 4.0% 0.078 0.049 0.127 35%  0.082 30% 0.058 1.023  0.845
Table 6. Five-year profits, surplus, and leverage ratios at 8% exposure growth
Beginning Inv uw Total Tax  After-Tax  Payout Retained End Prem/
Year  Surplus WP EP Investment  Yield  Profit Profit Profit  Rate Profit % Profit Surplus  Surplus
0 0.667 1.000 0.963 1.867 4.0% 0.075 -0.008 0.067 35% 0.044 30% 0.031 0.697  1.500
1 0.697 1.080 1.040 1.993 4.0% 0.080 -0.008 0.072 35% 0.047 30% 0.033 0.730  1.549
2 0.730 1.166 1.123 2.129 4.0% 0.085 -0.009 0.076 35% 0.050 30% 0.035 0.765  1.598
3 0.765 1.260 1.213 2.276 4.0% 0.091 -0.010 0.082 35% 0.053 30% 0.037 0.802  1.648
4 0.802 1.360 1.310 2434 4.0% 0.097 -0.010 0.087 35% 0.057 30% 0.040 0.841 1.697
5 0.841 1.469 1.415 2.604 4.0% 0.104 -0.011 0.093 35% 0.061 30% 0.042 0.884  1.747
Table 7. Five-year profits, surplus, and leverage ratios at maximum allowable growth 5.52%
Beginning Inv uw Total Tax  After-Tax  Payout Retained End Prem/
Year Surplus WP EP Investment  Yield  Profit  Profit  Profit Rate Profit % Profit Surplus  Surplus
0 0.667 1.000 0.974 1.867 4.0% 0.075 0.006 0.081 35%  0.053 30% 0.037 0.703 1.500
1 0.703 1.055 1.028 1.970 4.0% 0.079 0.007 0.085 35%  0.056 30% 0.039 0.742 1.500
2 0.742 1.114 1.084 2.079 4.0% 0.083 0.007 0.090 35% 0.059 30% 0.041 0.783 1.500
3 0.783 1.175 1.144 2.193 4.0% 0.088 0.007 0.095 35% 0.062 30% 0.043 0.827 1.500
4 0.827 1.240 1.207 2.315 4.0% 0.093 0.008 0.100 35% 0.065 30% 0.046 0.872 1.500
5 0.872 1.308 1.274 2.442 4.0% 0.098 0.008 0.106 35% 0.069 30% 0.048 0.920 1.500
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Table 8. Combined ratios on growth impact
and limit curves

CR on Growth CR on Growth
Growth Impact Curve Limit Curve
9.00% 1.0137 0.9403
8.50% 1.0108 0.9481
8.00% 1.0078 0.9558
7.50% 1.0049 0.9634
7.00% 1.0020 0.9711
6.50% 0.9992 0.9788
6.00% 0.9963 0.9864
5.52% 0.9936 0.9936
5.50% 0.9934 0.9939
5.00% 0.9906 1.0014
4.50% 0.9878 1.0089
4.00% 0.9849 1.0165
3.50% 0.9821 1.0238
3.00% 0.9793 1.0311
2.50% 0.9765 1.0385
2.00% 0.9738 1.0459
1.50% 0.9710 1.0531
1.00% 0.9682 1.0603
0.50% 0.9655 1.0675
0.00% 0.9627 1.0746

insurance company needs to reduce prices and at-
tract more NB. Both actions will result in a higher
combined ratio. The combined ratios on the growth
impact curve, as shown in Table 8 and Figure 3,
represent this relationship. When the growth rate is
zero, the combined ratio is 96.3%. When the growth
rate is 9%, the combined ratio will increase 5.1% to
101.4%. The company will switch from an under-
writing profit to an underwriting loss if it grows
faster than 6.5%. When growth is zero, an insurer
can maintain the target leverage ratio at a 7.5%
underwriting loss. Under this scenario, the invest-
ment income offsets the underwriting loss, the net
income is zero, and the surplus stays the same af-
ter one underwriting period. The premium does not
change either, so that the insurer will maintain a
stable leverage ratio. If the insurer plans to grow at
9% annually, it needs to increase its surplus at the
same pace. The corresponding combined ratio on
the growth limit curve is 94.0%, which implies that
the company has to achieve a 6% underwriting profit
so that it can retain a net profit (after tax and dividend)

Figure 3. Empirical growth impact and limit curves
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that is equal to 9% of its surplus. Unfortunately, a
9% growth in reality will result in an underwriting
loss of 1.4%, according to the growth impact curve.
At 5.52% growth, the combined ratios on the two
curves are equal. If growth is faster than 5.52%, the
growth impact curve is above the growth limit curve;
that is, the actual combined ratios will be higher than
those required to maintain the target leverage ratio.
Following such aggressive growth, the premium-
to-surplus ratio will penetrate the target leverage, as
shown in Table 6. Therefore, 5.52% is the maximum
allowable growth rate under the leverage constraint.

Insurance capital requirements vary by line of busi-
ness. Volatile lines (such as coastal homeowners) in
general require more economic capital to pay losses
from worst-case scenarios, and the target premium-to-
surplus ratios can be less than one. Alternatively, sta-
ble lines (such as standard personal auto) require less
capital, and the target leverage ratios can be greater
than two. Table 9 shows that, if the insurer’s target
leverage ratio decreases from 1.5 to 1.0, its maximum
growth under the constraint decreases from 5.52% to
4.54%. If the target leverage ratio increases to 3.0, it
can grow 7.63% annually while still keeping its ex-
pected leverage ratio at the target level.

It is well known that companies with superior risk
selection skills can outperform the industry in both
profitability and growth. Assume an insurer can iden-

tify the most profitable segments and can write that
business at a loss ratio significantly lower than the in-
dustry average. In this case, it can lower its price to be
competitive while still being very profitable. As shown
in Table 9, if the insurer can improve loss ratios by 5%
at market price (NB LR = 70% and RB LR = 57%)
through better risk selection, its maximum allowed
growth rate increases from 5.52% to 8.00%. Alterna-
tively, if the company is adversely selected against and
loss ratios deteriorate by 5% (NB LR = 80% and RB
LR =67%), the constrained maximum growth declines
from 5.52% to 3.07%. If the insurer can improve loss
ratios by 10% (NB LR =65% and RB LR =52%), it
can grow as fast as 10.51% without penetrating the tar-
get 1.5 premium-to-surplus ratio. Some personal auto
insurers (such as Progressive) were able to achieve su-
perior growth and profitability using advanced analy-
tics in risk selection. Table 9 shows that if an insurer
can produce a loss ratio 10% better than the industry
average in the presence of a less restrictive capital
requirement (with a target leverage ratio of 3), it can
obtain a significant competitive advantage, grow at a
stellar 15.55% annual rate, and achieve an outstanding
combined ratio of 94.36% so that surplus can grow at
the same rate as sales.

It is also well known that insurance companies can
produce lower loss ratios and achieve faster growth in
a hard market. Wang et al. (2011) shows that loss ratios

Table 9. Constrained maximum growth under various loss ratio assumptions and

leverage constraints

NB LR at RB LR at Target Leverage Combined Constrained
Market Price Market Price Ratio dp Ratio Maximum Growth
80.0% 67.0% 1.0 -0.49% 102.81% 2.74%
80.0% 67.0% 1.5 -0.72% 103.01% 3.07%
80.0% 67.0% 3.0 -1.19% 103.43% 3.78%
75.0% 62.0% 1.0 -1.69% 98.80% 4.54%
75.0% 62.0% 1.5 -2.35% 99.36% 5.52%
75.0% 62.0% 3.0 -3.75% 100.57% 7.63%
70.0% 57.0% 1.0 -2.90% 94.68% 6.35%
70.0% 57.0% 15 -4.00% 95.58% 8.00%
70.0% 57.0% 3.0 -6.36% 97.55% 11.55%
65.0% 52.0% 1.0 -4.12% 90.46% 8.18%
65.0% 52.0% 1.5 -5.68% 91.67% 10.51%
65.0% 52.0% 3.0 -9.04% 94.36% 15.55%
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Table 10. Constrained maximum growth under extreme market conditions

NB LR at RB LR at Target Constrained
Market Market Market Leverage Combined Maximum
Cycle Price Price Ratio alpha dp Ratio Growth
Soft 87.0% 74.0% 1.5 -2.0% -0.51% 109.23% -1.24%
Normal 75.0% 62.0% 1.5 2.0% -2.35% 99.36% 5.52%
Hard 63.0% 50.0% 1.5 6.0% -4.16% 88.94% 12.23%

in soft and hard markets can differ by as much as 25%.
Consistent with Wang et al., we assume that the loss
ratios in extreme soft/hard markets are 12% worse/
better than that of the normal market. If the market
is very hard, an insurer can grow its exposure by 6%
while maintaining a market price level (o0 = 0.06 in
Equation 2.1). In a very soft market, an insurer will
shrink by 2% at the market price (o0 =—0.02). Table 10
illustrates the impacts of market cycles on loss per-
formance and constrained maximum growth. In an
extreme soft market, the maximum allowable growth
rate is negative. The insurer has to reduce its size to
maintain the target leverage ratio. In an extreme hard
market, the insurer can grow by over 12% annually
while still maintaining the leverage ratio.

Following D’Arcy and Gorvett (2004), we calcu-
late the optimal growth rate that maximizes the ex-
pected enterprise value at the end of the fifth year. The
expected price-to-book ratio and price-to-sales ratio
are assumed to be 1.2 and 0.8, respectively. Table 11
shows the expected enterprise value at the end of the
fifth year by various growth rates and weights on book
value. If the weight on book value is high (W >77%), a
company can increase its value through rate increases
while shrinking its business. This is because the profit
and surplus growth will create enough enterprise value
to offset the reduction from the written premium loss.
This case is equivalent to the regression scenario ex-
cluding AIG in D’ Arcy and Gorvett (2004). Under this
condition, there is no positive optimal growth and the
insurance company would need to reduce its sales vol-

"As of July 12, 2011, the straight averages of price-to-book ratios and
price-to-sales ratios of four large P&C insurance companies (Travelers,
Allstate, Progressive, and CNA) are 1.16 and 0.80, respectively.
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ume in order to increase its expected enterprise value.
When the weight on book value is low (W < 74%),
the company can increase its value through aggressive
growth and rate cuts. In this case, the expected enter-
prise value is increasing with growth, leading to an
optimal exposure growth greater than 8%. An insurer
can maximize its expected value through aggressive
growth because the gain in premium will more than
offset the loss in surplus and profit. This is equivalent
to the regression scenario including AIG in D’Arcy
and Gorvett (2004), in which the optimal growth rate
is about 10%. When the weight on book value is be-
tween 74% and 76%, the optimal growth is between
0% and 8%. As shown in Table 11, when W = 76%,
a 2% exposure growth provides the highest expected
value of those reported scenarios. When W="75%, 5%
growth offers the highest value. When W > 76.5%, a
positive optimal growth rate does not exist.

Table 12 shows the optimal growth rates for
weights on book value between 74.5% and 77.5%.
Two constraints are added in the optimization: the
expected premium-to-surplus ratio is no larger than
1.5 and the exposure growth is not less than —3%.
When W=74.5%, the leverage constraint is enforced
so that the optimal growth rate is the maximum allow-
able growth rate of 5.52%. When W =77.5%, the min-
imum growth constraint is applied so that the optimal
growth is —=3%. When 75% < W < 77%, the constraints
do not impact the optimization. Figure 4 demonstrates
the optimal growth rate visually for W =76%. As the
growth rate increases from —4% to 1.94%, the growth
creates more enterprise value than the loss from the re-
duction of book value. The expected enterprise value
increases steadily until it reaches its peak value 1.092.
When the growth is faster than 1.94%, the increase
of enterprise value from growth cannot offset the loss
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Table 12. Optimal growth rates under constraints by weights on book values

Weight on Exposure 5th Year-end 5-year Cumulative Maximum
Book Value Growth dp Surplus Growth Expected Value
74.5% 5.52% -2.35% 0.9205 30.84% 1.0898
75.0% 5.06% -2.04% 0.9268 27.99% 1.0901
75.5% 3.53% -1.02% 0.9467 18.94% 1.0908
76.0% 1.94% 0.04% 0.9656 10.08% 1.0920
76.5% 0.31% 1.13% 0.9833 1.53% 1.0936
77.0% -1.44% 2.29% 1.0005 -6.97% 1.0957
77.5% -3.00% 3.33% 1.0146 -14.13% 1.0982

from the reduction of book value, and so the expected
enterprise value decreases with growth.

6. Conclusions

Profit and growth are often two conflicting goals
of insurance companies. It is common knowledge
that profit and growth often move in opposite direc-
tions. Rapid growth may diminish underwriting per-
formance, reduce profit, and even cause bankruptcy.
When facing underwriting losses, management may

Figure 4. Optimal growth rate when W = 76%

have to slow down the rate of growth. Slow or negative
growth may improve underwriting profit and increase
surplus. A higher volume of surplus will reduce the
premium-to-surplus ratio and result in a lower return
on equity, which may give management incentives to
grow the business and increase the leverage ratio.
Insurance companies need to grow rationally by bal-
ancing these two contradictory forces. On one hand,
growth will drive up the combined ratio because new
business generally produces higher loss and expense
ratios. But on the other hand, rapid growth requires
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insurance companies to generate more underwriting
profit and additional capital. The faster the growth,
the lower the combined ratio needed to support such
growth.

In this study, the author proposes a straightforward
method to calculate a constrained maximum growth
rate and optimal growth rate. Compared with the pre-
vious study (D’ Arcy and Gorvett 2004), the proposed
approach has three advantages: (1) it is easier to un-
derstand and implement; (2) all the required data is
readily available in the actuarial database of insurance
companies; (3) it discusses further the conditions for
the existence of a positive optimal growth rate. The
flip side of those advantages is that the approach is
in a deterministic framework'? and therefore cannot
provide valuable stochastic insights of DFA models,
such as the risk frontier and distributional statistics in
D’ Arcy and Gorvett (2004).

Under growth equilibrium, the combined ratio is
an increasing function of the growth rate. This is the
growth impact curve. To maintain a target premium-
to-surplus ratio, higher capital and underwriting profit
is needed so that surplus can keep pace with premium
growth. The faster the growth, the lower the com-
bined ratio that is required. This is the growth limit
curve where the combined ratio is a decreasing func-
tion of growth. The growth impact curve shows that
the profit margin will decrease with growth from the
perspective of underwriting performance. The growth
limit curve represents the need for the profit margin to
increase with growth from the perspective of capital
management. The growth limit curve enforces a con-
straint on growth: the combined ratio needs to be be-
low the curve so that the expected premium-to-surplus
ratio will not penetrate a certain target level. The inter-
section of the growth impact and limit curves is the
maximum growth rate under the leverage constraint.

To obtain the optimal growth rate, an insurance
company is assumed to maximize its expected en-
terprise value, which is a weighted average of its

21t is not difficult to add stochastic components to the equilibrium
model. However, by introducing stochastic underwriting and investment
performance, the approach will lose its appealing simplicity.
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book value and sales volume. The methodology and
the results of our case study on optimal growth are
consistent with D’Arcy and Gorvett (2004). When
the weight on book value is beyond a certain thresh-
old, the impact of surplus dominates that of written
premium: an insurance company will increase its ex-
pected enterprise value by raising premium rates and
reducing its exposure. In this case, positive optimal
growth does not exist.

This paper studies the constrained maximum and
optimal growth rates under certain market conditions
for an insurer with a stable pricing strategy and a con-
stant utility function. In practice, market conditions,
pricing strategies and utility functions of insurance
companies continuously change with time. While
growth is approaching its equilibrium under a spe-
cific environment, the market condition changes. An
insurance company may adjust its pricing strategy ac-
cordingly. This implies that growth may never reach
equilibrium in the real world. Nevertheless, knowing
the theoretical boundary (the maximum growth rate
under the leverage constraint) for growth can help in-
surance companies to reduce enterprise risks due to
irrational growth. Knowing the optimal growth rates
conditional on management’s utility function can
help management to make a growth plan that is con-
sistent with their evaluations of the relative impor-
tance of surplus and sales volume. The calculations
of constrained maximum and optimal growth rates
are straightforward and can be effectively employed
by property and casualty insurers in their strategic
planning process.
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Appendix

Model Extension to Multiple Levels of Renewals

The proposed model in the main section of this paper
simplifies the aging phenomenon into two classes:
new and renewal books of business. The loss ratio
of renewal business generally continues improving
with policy age (D’ Arcy and Doherty 1990). Reten-
tion also increases as renewal policies become older.
A natural extension of the model is to subdivide re-
newals into multiple segments.

In the case study example, at the market price
level, the NB and RB retentions are 78% and 84%,
respectively, and the NB and RB loss ratios are 75%
and 62%, respectively. Assume that an actuarial prac-
titioner would like to further divide the RB book into
two subgroups: first two renewals and the remainder.
Let RB1 denote the first renewal, RB2 denote the
second renewal, and RB3+ denote policies that are of
age three years or older. Assume the retention ratios
of RB1, RB2, and RB3+ are 82%, 82%, and 85%,
respectively; and the loss ratios of RB1, RB2, and
RB3+ are 65%, 65%, and 60%, respectively. To ex-
tend the model, we need the equilibrium percentages
for NB, RB1, RB2, and RB3+.

Using the same logic as in the main section, sup-
pose the exposures of NB, RB1, RB2, RB3+ are 0.10,
0.09, 0.08, and 0.73, respectively. Again, assuming the
book would grow at 2% per year at the market price
level, the convergences of equilibrium percentages are
demonstrated in Table Al. In year 1, the RB1 expo-
sure (0.078) is equal to the prior year’s NB exposure
(0.1) multiplied by the new business retention ratio
(78%); the RB2 exposure (0.074) is the prior year’s
RB1 exposure (0.09) multiplied by the RB1 reten-
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tion (82%); the RB3+ exposure (0.686) is the sum of
the renewals from the prior year’s RB2 (0.08%82%)
and RB3+(0.73*85%) books. The total RB exposure
(0.838) is the sum of RB1, RB2, and RB3+. To grow
the business by 2%, the NB exposure in year 1 (0.182)
needs to be the exposure from the target growth (1.02)
less the total RB exposure. Continuing the process, the
percentages of NB, RB1, RB2, and RB3+ will con-
verge at year 8. At equilibrium, NB is 18.7% of book,
RB1 is 14.3%, RB2 is 11.5%, and RB3+ is 55.5% of
book. If the starting exposures of NB, RB1, RB2, and
RB3+ are 0.20, 0.15, 0.10, and 0.55, respectively, the
convergence will be faster, and will arrive at the same
equilibriums at year 6, as shown in Table A2.

LetA, . A, A, and A, be the equilibrium percent-
ages of NB, RB1, RB2, and RB3+, respectively; and
letR,,
RB1 is from the prior year’s new business:

R, R,, and R, be the respective renewal rates.

A=A, *R,/(1+G). (A1)
RB2 is from the prior year’s RB1:
A=A #R/(1+G). (A2)

RB3+ is from the prior year’s RB2 and RB3+:

3

A =(A*R+A *R)/(1+G). (A3)

Finally, the sum of the percentages from various lay-
ers should be equal to one.

A,+A+A+A =1 (A4)
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Table Al. Equilibrium percentages convergence of case 1

NB RB1 RB2 RB3+ RB Total
Year Exposure Exposure Exposure Exposure Exposure Exposure NB % RB1 % RB2 %
0 0.100 0.09 0.080 0.730 0.900 1.000 10.00% 9.00% 8.00%
1 0.182 0.078 0.074 0.686 0.838 1.020 17.85% 7.65% 7.24%
2 0.191 0.142 0.064 0.644 0.850 1.040 18.33% 13.65% 6.15%
3 0.196 0.149 0.116 0.600 0.865 1.061 18.51% 14.02% 10.98%
4 0.202 0.153 0.122 0.605 0.880 1.082 18.67% 14.15% 11.27%
5 0.206 0.158 0.126 0.614 0.898 1.104 18.70% 14.28% 11.38%
6 0.211 0.161 0.129 0.625 0.916 1.126 18.70% 14.30% 11.48%
7 0.215 0.164 0.132 0.637 0.934 1.149 18.71% 14.30% 11.49%
8 0.219 0.168 0.135 0.650 0.952 1.172 18.71% 14.31% 11.50%
Table A2. Equilibrium percentages and the convergence of case 2
NB RB1 RB2 RB3+ RB Total

Year Exposure Exposure Exposure Exposure Exposure Exposure NB % RB1 % RB2 %
0 0.200 0.15 0.100 0.550 0.800 1.000 20.00% 15.00% 10.00%
1 0.192 0.156 0.123 0.550 0.829 1.020 18.77% 15.29% 12.06%
2 0.195 0.149 0.128 0.568 0.845 1.040 18.76% 14.36% 12.30%
3 0.199 0.152 0.122 0.588 0.862 1.061 18.74% 14.35% 11.54%
4 0.203 0.155 0.125 0.600 0.880 1.082 18.71% 14.33% 11.53%
5 0.207 0.158 0.127 0.612 0.897 1.104 18.71% 14.31% 11.52%
6 0.211 0.161 0.130 0.625 0.915 1.126 18.71% 14.31% 11.50%

The four equilibrium percentages can be obtained by
solving the four equations above:"

(1+G) (1+G-R,)
(1+G)(1+G-R)+(1+G)(1+ G- R)R,,
+(1+G-R)R,R +R,R *R,

NB

— ANB RNB

I+ G (A5)

ANB RNB Rl

(1+G)

AR, ,RR

NBT"NB” 172

(1+G) *(1+G-R,)

In practice, it might be easier to solve for the equilibrium percentages
numerically in a fashion similar to that used in Tables Al and A2.
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Once the equilibrium exposure percentages for
various layers of new and renewal business are de-
rived, we can calculate the whole book’s combined
ratio as a weighted average of the multiple layers. In
this specific case, the equilibrium loss, expense, and
combined ratios at 2% growth rate are 64.1%, 32.9%,
and 97.0%, respectively. The new combined ratio for-
mula will replace Equation (2.11) in the main section
and the calculations after it will remain the same.
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