
L A R G E S T  CLAIMS R E I N S U R A N C E  (LCR). 
A QUICK M E T H O D  TO CALCULATE L C R - R I S K  R A T E S  

FROM EXCESS OF LOSS R I S K  RA TES  

G .  B E N  I C F A N I ) E R  

S w i t z e r l a n d  

Let us denote  by E ( x )  the pure risk premimn of an unl imited 
excess cover with the retent ion x and by  H(x)  and re(x) tile cor- 
responding expected f requency and severity.  

We thus have E ( x )  = H(x) • re(x). 

H ( x )  is a non-increasing function of x and for practical  purposes 
we can assume that  it is decreasing; H ' ( x ) <  o. The equat ion 
H ( x )  = n has then only one solution x,~, where n is a fixed integer. 

Let  En denote  the risk premium for a reinsurance covering the 
n largest claims from the bot tom.  

Let  us define E ~  = n x  n -F E ( x , )  -= n(x~, + m(x~2 )). In tu i t ive ly  
we feel tha t  E;, is a good approximat ion  for E~,. 

We shall first show that  when the claims size distr ibution is 
Pare to  and the number  of claims is Poisson distr ibuted,  E;, is a 
good approxi lnat ion for E,,, being slightly on the safe side. We 
fur ther  include a proof given by G. Ottaviani  tha t  the inequal i ty  
E~, < E;t ahvays holds. 

In the Pare to  case we have 

H ( x )  = t ( ~  - F ( x ) )  = t • .v " 

where the Poisson paramete r  t s tands for the expected number  of 
claims in excess of I (equal to a sui tably chosen moneta ry  unit) and 

x 
. ,(.) - 

0 ~ - - I "  

The re tent ion xn over which we expect  9l clamls should satisfy 

n = H ( x n )  = t . xn  -= 

which gives 

OF 

t - -  n ' x~l 

TM 
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According to 13. Berliner [2] we have, when the number  of claims 
is Poisson dis t r ibuted 

p'  i -  
t 

where 
t 

Pt(n) = J'e - ~ .  u"- '  du. 
o 

Replacing the incomplete  Gamma function 
arr ive at 

P, 1) 3, £ = F we 

- - I  P(n) " p ~* + * -  

which formula was given by H. Ammete r  a l ready in 1964 [I]. 
Obviously E~z < E.,~ 

In all cases when t is large compared  to ~,, we have 

EE,a (,n, 0¢; l) very  close to i. 

If in a practical s i tuat ion l is too small we can ahvays increase t 
by decreasing the mone ta ry  unit, in other  words by  enlarging to 
the left the range of the Pareto  distribution.  

Insert ing l = nx.'=, as deduced above,  in E n, we obtain 

E ~  : ill lice • XTt " - -  . = - - I  P(n) r n + ~ - -  

However  

o¢ ~ P(n + I) 
- -  X n • 

-- I ~-- I P(n) 

Thus we have 

'n t/=. £(n, + I - -~ )  En 
E;, - P(n  + I) 
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Tabula t ion  of 

B E N K T A N D E R  

n ~ - - - 2  ~ - - - 2 .  5 ~ = 3  

I o.886 o.894 o.9o 3 

2 o.94o o.943 o.948 
3 o.959 o.961 o.964 
4 o.969 o.971 o 973 
5 o.975 o.976 o.978 

IO 0.988 0.988 0.989 

"File figures i l lustrate 

that the approximat ion  is good, 
that the approximat ion  is on the safe side, 
and that the approximat ion  is ra ther  mvar ian t  to variat ions of the 

pa ramete r  alpha within the given interval.  

The  safety margin in the app rox ima t ion - -E ; ,  replacing /~',,--is 
roughly of the form constant /n.  

This is i l lustrated below for alpha = 2.5 

E:-7 " "  E;, 
l /  

i o.894 o . i i  
2 o.943 o . I I  
3 o.961 o. i2 
4 o.971 o.I2 
5 0.976 o.12 

IO o.988 o.12 

We have thus shown tha t  in the Pareto  case 

En 
<7 - i  

and 

Eu < ~ n  < E ~ ,  = nx n + E ( x n )  = nx n + n 
X n 

o c - - I  

$ Z X l t  • - -  o~  • E(.~?i). o c - - I  
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Thus  
./3" ,~ 

E ( x , ; )  ~ '  ~'" 

This means that  the LCR risk premiunl is approx imate ly  equal 
to alpha times the risk premium of an X L  cover with a retent ion 
chosen in such a way that  the expected number  of claims is equal 
to the number  of LCR-claims protected.  

In the Poisson-Pmeto  case E;z gives a handy  and fmrly good 
approximatmn of E~. The reader is invited to examine other  claims 
size distr ibutions F(x) which are of importance in the practice.  

Most such distr ibutions will for all .~: > xo have m"(x) < o. We 
believe tha t  ~J('(x) < o will guarantee  that  E~, will be a good ap- 
proximat ion  of E n with E;~ > ET~. 

We now give a proof by G. Ot taviani  tha t  the inequal i ty  E~z < 
E;, is vahd  for any .~* and for a rb i t ra ry  distr ibution functions of the 
number  of claims and of the claim size. 

We do not even need the condit ion of section 2 tha t  the equation 
H(x) = n has only one solution since the proof will be valid for 
any  Xn, such that  H(x , )  = n. 

Let  s denote  the total number  of claims which occur and N = 
min (s, n). We thus allow for the possibility that  less than n claims 
O c c u r .  

Let  X,, be the set consisting of thc iV largest claims. 

Le t  
~(x , , )  = E ( N )  

, , (X, , )  < ',, ( I )  

Let  t,(X,,) = E,,/v(X~,) be the expected value of a claim in the 
set X~. 

Analoguesly we denote  by X;, the set consisting ol all claims 
exceeding x,,  the expected number  of claims exceeding x~ 1) 3 , 
,,(X;,) and the expected value of a claim in the set X;, by a(X;,). 

and 

\Ve thus have 

Let  

. , ( x ' , )  = ,~ (2) 

w(A~,)  = x,, + .re(x,,). 

Y~= X.~X~  
z , ,  : ( x , ,  . - . . .v ;~)  - -  x ; ,  
z ; ,  : ( x , ,  ~ x ; , )  - -  x , ,  
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v(Yn), ~(Y,,), ,J(Zu), ~(Z,,). v(Z'n), I*(Z;,) arc def ined analoguesly  to 
v(Xn) and  ~(Xn). F rom the above defini t ion it follows direct ly  
t ha t  

F(Zi) < .v,, and  (3) 

~,(z~) > .,-,,. (4) 

Thus  

and  

E,, = ,,(X~) • F(X~) = ' , (Yd F ( Y d  + ,,(Zd i.L(Z~) (5) 

E;,  = ,,(X;) • F (X; )  = ,,(Y;) F(Y, )  + ,,(z',)t4z;). (6) 

From (I) and  (2) it follows t h a t  

' , (Y0 + ,,(z,) = ~(x,)  < ,, = ~(x; )  = ' , (Y0 + ~(z;). 

Thus  
,J(Z 0 < v(Z~). (7) 

From (3) and  (4) it follows tha t  

~ ( z 0  < ~(z'o (8) 

and from (7) and  (8) 

, , ( z , ) .  v.(z,) < ,,(z;) ~(z~). (9) 

Adding u(Yd - F(Yd to both sides of (9) and using (5) and (6) 
leads to 

E n < E~, q.e.d. 
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