
Astin Bulletin 11 0980) 145-153 

AN E X T E N S I O N  OF AN I N V A R I A N C E  P R O P E R T Y  OF T H E  
SWISS P R E M I U M  CALCULATION P R I N C I P L E  * 

M. J. GOOVAERTS, 17. DE VYLDER, F.  MERTENS a n d  R.  HARDY 

Some of the results obtained in an earlier paper entitled "An Invariance property 
of the Swiss premium calculation principle" by F. De Vylder and lX{. Goovaerts 
(1979) are generalized. For that  purpose the notion of addit ivi ty and i terativity is 
extended. Some rather general characterization theorems for some premium 
calculation principles are obtained. 

I. INTRODUCTION 

In ref. [I] some characterization theorems for some kind of premium calculation 

principles are given. One of the main restr ict ions on the results consists in 
the fact tha t  in the case of the Swiss p remium calculation principle some nice 
propert ies  have been deduced only in the case the pa rame te r  z was a f ixed 
constant .  One considers the premium calculation principle 

( i )  E( (S - = v ( ( 1  - 

for different functions v, but for a given constant value of z. During ]fis stay 
at  the  Ins t i tu te  of Actuarial  Sciences of the catholic univers i ty  of Louva in  
Prof. H. Gerber  suggested us to examine the  case where not  only  different  
funct ions v bu t  also different  z-values are considered. In  the present  no te  we 
formula te  some ra the r  general charac ter iza t ion  theorems (in the f ramework  
of the Swiss p remium calculat ion principle). Le t  us first recall the definit ion 
of the original Swiss p remium calculation principle. Le t  v be a cont inuous 
s t r ic t ly  monotonic  real funct ion defined on = ] - oo, + oo [,  let  fu r ther  v', v" 
exist  in JR. Let  X be a real r andom variable.  Le t  ~e]R, then  we say tha t  
is the Swiss p remium associated to the risk X iff rc is the root  of equat ion  (1). 
General ly  ~ = r~(X, v, z) depends on X ,  v and z. 

Le t  fu r ther  

D2: class of discrete random variables X with s t r ic t ly  posit ive probabi l i ty  
masses in two dist inct  points  (but no elsewhere) 

B : class of bounded  r andom variables X (those with all p robabi l i ty  mass in a 
• finite interval)  

The  funct ion v is normalized iff v(o) = o, v'(o) = 1 b y  definition. 
Because re(X, v, z) = re(X, av + b, z) with a, b cons tants  and a # o, the  

funct ion v occurring in a Swiss premium ~ ( X ,  v, z) can be supposed to be 

* Acknowledgement:  This note has benefitted from a discussion with Hans Gerber and 
Hans Btihlmann. 
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normalized,  at least when v'o ~ o. This last condit ion is always satisfied in 
case the original Swiss p remium calculation is dealt  with (v'(x) > o, v"(x) f> o). 
This condit ion is not necessarily satisfied in case the more general Swiss pre- 
mium calculat ion principle s tudied in ref [ 1] is considered. 

Let  us still remark  tha t  all the s ta tements  made in the sequel will be shown 
to hold for ¥ X G D2 or X ~ B ,  but  often immedia te  extensions to larger sets D2 
and B are evident .  

We still recall a l emma obta ined  in ref. [lJ. 

L e m m a  

Let  z ~ [o, 1) and let v be cont inuous s t r ic t ly  monotonic.  Let  X G D2 have the 
dis t r ibut ion defined as follows: 

(2) p ( X  = a) = l - t  p ( x  = b) = t ( a < b ,  o < t <  1) 

Le t  r~(t) = r~(X, v, z). Then ~(t) takes any  value c G ] a, b[ when t varies in 
~o, I [ .  Moreover r:(t) is s t r ic t ly  increasing. This implies tha t  ~(t) is cont inuous 
on ]o, 1[. 

2. A SUFFICIENT CONDITION FOR AN INVARIANCE PROPERTY 

Theorem 1 

Let  vl, v2 be such tha t  v~, v~ > o, v~', v~' exist  and let z:, z~ e [o, I[. Then :  

(3) ~ (X,  v,, zl) = ~(X,  v~, z~) 

implies: 

(4) v:(x(I -z:)) I-~' = c v~(x(, -z~)) :-z' 

where c is some cons tant  independent  of x G ~ .  

Demons tra t ion  

Let  

(5) F x ( x )  = ( l - t )  H ( x - a )  + t H ( x - b )  a < b  

where  H(  ) denotes as usual the Hea~4side function.  

= re(X, vl, z~) = re(X, v2, z2) satisfies the following set of equat ions:  

( l - t ) v l  ( a - z l r c )  + l v : (b - z l rc )  = vl((1-z)rc) 

(6) (1- t)v~ ( b - ~ )  + l v , ( b - z ~ )  = v~((,-z~)~). 

These equat ions  can still be cast into the form:  
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(7) 
v ~ ( ( 1 - ~ ) ~ )  - v ~ ( b - z o . ~ )  i - t 

v ~ ( a - z ~ = )  - v ~ ( ( 1 - z ~ ) ~ )  t 

El imina t ion  of t gives:  

~ ( ( 1 - z O = )  - v , ( b - z ~ )  v ~ ( ( l - z ~ ) ~ )  - ~ ( b - z ~ )  

(8) v ~ ( a - a ~ )  - ~ ( ( 1 - z ~ ) ~ )  = v ~ ( a - z ~ )  - v 2 ( ( i - z ~ ) ~ )  

which hold f o r a < b ,  ¥ t e ] o ,  1]. 

Because  one is able (according to the  l e m m a  of p a r a g r a p h  1) to solve the  
sys tem of equat ions  (6) wi th  respec t  to t for each  given r~ ~ ]a, b [we conclude 

(8) to hold for every  a, b, r~ for which a ~< r~ < b. 

Now (8 ) can  be cast  into the fo rm • 

1 

(9) v ~ ( a - z ~ )  

v2(a - - z2~)  

Y a ,  b , ~  ( w i t h a  ~< ~ ~< b) 

1 1 

vl((l  - zx)zr) vl(b -z~rc)  

V2((I --Z2)~) v2(b -- Z2~) 

Tile condit ion (9) can still be cast  into the form 

1 

v i ( a - - z i x )  

= 0 

0 0 

v l ( ( l - z i ) r r )  - v l ( a - z l r ¢ )  v l ( b - z t r ¢ )  - 2vl ( (1-zx)~)  + v l ( a - z l r : )  

- a (~  - a ) ( ~  - b) 

- a (~  - a ) ( ~  - b) 

(10) = 0 

Tak ing  the  l imit  for ~ --~ a and  b ~ ~ - +  a the  following result  is ob ta ined :  

(i l) vi(~-~x) G'(x-z2x) = ~i'(x -z.~) G(x-~) 

Y x e N  

Hence  pe r fo rming  one in tegra t ion  with respect  to x (1~) i s  t r ans fo rmed  

into (4). 

R e m a r k s  

- I f  only  posi t ive  risks are considered (a, b > o) (4) holds only  ¥ x ~ JR+. 
- The  condi t ion (4) is t r a n s f o r m e d  into 

~i (x ( I -Z l ) )  ' -~ '  = G ( x ( I - z ~ ) )  1- ' '  

in case one considers normal ized  v~ and  v2. 
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- I n  fac t  cond i t i on  (4) is no t  a suf f ic ient  cond i t i on  as can  be  seen f r o m  the  
fo l lowing c o u n t e r  e x a m p l e  

I n d e e d :  let  vl(x)  = x 3 a n d  zl = 0,5 
v2(x) = x 5 a n d  z2 -- o 

a n d  cons ide r  

F x ( x )  = (t - t )  H ( x )  + t H ( x -  1) 

Clear ly  vl(x) ,  v2(x) sa t i s fy  (4) b u t  t he  c o r r e s p o n d i n g  p r e m i u m s  are  d i f fe ren t  
in case  t # l 

3" A NECESSARY AND S U F F I C I E N T  CONDITION FOR THE INVARIANCE PROPERTY 

T h e o r e m  2 

L e t  o ~< zl ~< z2 ~< I. S u p p o s e  t h a t  v~, v2 are  no rma l i zed ,  h a v e  c o n t i n u o u s  pos i t i ve  
d e r i v a t i v e s  a n d  t h a t  v[(o)  exists .  

I f  

0 2 )  ~ ( x ,  ~,, zl) = ~ ( x ,  ~2, zo.) 

for  all X e D~ t h e n  e x a c t l y  one  of t h e  fo l lowing s i t ua t ions  occurs  : 

i) zl = z2, vt = v2 

l 
ii) zl # z2 a n d  for  s o m e  c ~ o, v l (x)  = v~(x) = - (e c z -  1) (x ~ JR) 

c 

iii) Zl # z2, vl(x)  = v2(x) = x (x ~ JR) 

Conver se ly ,  each  of (i), (ii), (iii) i m p l y  t h a t  re(X, v~, z 0 = n ( X ,  va, z2) for  all  
X ~ B .  

D e m o n s t r a t i o n  

T h e  conve r se  p a r t  is ev iden t .  We  on ly  h a v e  to  p r o v e  the  d i rec t  p a r t  of t he  
t h e o r e m .  W e  a d m i t  (12) for  a l l  X 6 D2. 

j) H e r e  we  p r o v e  t h a t  v~ = v2. I n d e e d  f ro  m ( l  2) resu l t s  t he  i m p l i c a t i o n  va l i d  
for  a l l X  ~ D 2 ,  n E]R:  

E ( v ~ ( X - x ~ ) )  = v l ( ( I - z l ) ~  ) ~ E ( v 2 ( X - z 2 ~ ) )  = v 2 ( ( l - z 2 ) ~ )  

In  p a r t i c u l a r ,  for  zc = o :  E ( v l ( X ) )  = o ~ E ( v 2 ( X ) )  = o 

F o r  X d i s t r i b u t e d  as fo l lows:  

p ( X = x )  = to, p ( x = a )  = 1 - t o  (x # ~, o < to < l) 

where  t o is choosen  such  t h a t  =(to) = o a c c o r d i n g  to l e m m a  I we o b t a i n :  

to~l(~) + ( 1 - t o ) ~ ( ~ )  = o t0~.o(x) + ( ~ - t 0 ) ~ ( a )  = o. 
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T a k i n g  a = 1,  we see t h a t  we m u s t  h a v e  re(x) = b vl(x) for  s o m e  c o n s t a n t  b 
a n d  al l  x < o. S i m i l a r l y ,  for  a = - 1, we  c o n c l u d e  t h a t  v2(x) = cvl(x) for  s o m e  c 

a n d  al l  x < o. T a k i n g  le f t  a n d  r i g h t  d e r i v a t i v e s  a t  t h e  o r ig ine  we  f i n d  t h a t  b = 

C = 1. 

I f  z l  = z2 ,  we a re  in  case  (i) a n d  we  h a v e  f in i shed .  T h e r e f o r e  we  m a y  a s s u m e  

zl < z2 f r o m  n o w  on. W e  also w r i t e  v = vl = v2. 

j j )  N o w  we p r o v e  t h e  f o l l o w i n g :  

F o r  e a c h  X e De t h e r e  is a z o e]z  1, z2[ a n d  a no e ~ s a t i s f y i n g  

E(v(X-zo o)) = v((i-zo) o) 

a n d  ~ o E ( v o ( X -  Zo~o)) = ~oVo((1 - Zo)~o), 

(13) w h e r e  vo(x) = v'(x) - v'(o),  (x e ]R) 

I n d e e d ,  le t  X e D~ b e  f ixed .  F o r  o ~< z ~< 1 l e t  ~(z) b e  d e f i n e d  b y  

E(~(X-z~(z))) = v ( ( 1  - z)rc(z)) 

B y  an  a d e q u a t e  i m p l i f i c i t f u n c t i o n s  t h e o r e m  =(z) has  a c o n t i n u o u s  d e r i v a t i v e .  

D e r i v a t i o n  of  t h e  l a s t  i d e n t i t y  g ive s :  

- - ( X  - = - - ( ( ,  - 

T h e  a s s u m p t i o n s  i m p l y  t h a t  ~(z~) = ~(z2) a n d  t h e r e f o r e  t h e r e  is  a Zo ~]z l ,  z~ [ 

such  t h a t  n'(Zo) = o. T h e n  (13) fo l lows  for  no = Tc(Zo). 

j j j )  T h e  n e x t  s t e p  is to  p r o v e  t h a t  t h e  f a c t o r  no c a n  be  d r o p p e d  in  e a c h  

m e m b e r  of t h e  l a s t  r e l a t i o n  in  (13) e v e n  w h e n  no = o. I n d e e d ,  t h e  f i r s t  r e l a t i o n  

in  (13) s h o w s  t h a t  no = o is e q u i v a l e n t  to  E ( v ( X ) )  = o. T h e n  c o n s i d e r  t h e  

1 
v a r i a b l e s  X n  = X + - a n d  t h e  c o r r e s p o n d i n g  zn, nn  (n = l ,  2 . . . .  ). I t  is 

e v i d e n t  t h a t  ~n > ~o = o. G o i n g  o v e r  to  s u b s e q u e n c e s ,  we  m a y  a s s u m e  t h a t  

zn ~ z, ~n --+ ~. C o n s i d e r i n g  (13) for  X n ,  nn, zn, s i m p l i f y i n g  b y  ~n in  t h e  l a s t  

r e l a t i o n  a n d  l e t t i n g  n - - +  oo, w e  o b t a i n  ~ = 0 a n d  E(vo(X))  = o. 

j j j j )  I n  f ac t  we  p r o v e d  t h a t :  E ( v ( X ) )  = o ~ E(vo(X))  = o. T h e n  t h e  a r g u -  

m e n t  in  j )  shows  t h a t  vo = av for  s o m e  c o n s t a n t  a. R e m e m b e r i n g  t h e  d e f i n i t i o n  

of vo a n d  t h e  n o r m a l i z a t i o n  c o n d i t i o n s ,  t h i s  i m p l i e s  t h a t  we m u s t  b e  in  case  

(ii) or  (iii). 

R e m a r k s  

- T h e  c o n d i t i o n s  on  t h e  f u n c t i o n s  v~, v2 c o u l d  b e  w e a k e n e d .  

- T h e  t h e o r e m  2 has  p r o b a b l y  a v e r s i o n  for  n o n n e g a t i v e  r i sks  on ly .  

I f  t h i s  is  t h e  case,  t h e  c o r r e s p o n d i n g  d e m o n s t r a t i o n  m u s t  p r o c e e d  a l o n g  

d i f f e r e n t  l ines .  
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4" APPLICATION: GENERALIZED ADDITIVITY 

Definition 

The set {(v~, zl), (m, zz), (v, z)} is said to generate  addi t ive premium calculation 
principles in the generalized sense if: 

~ (X + Y, v, z) = re(X, vl, z~) + re(Y, v2, z2) 

wha tever  be the  independent  random variables X, Y e B. 

Theorem 3 
The set {(vl, zl), (v2, z2), (v, z) ) generates an addit ive premium calculation 
principle in the generalized sense if (v~, z~), (v2, z2), (v, z) give raise to the same 
exponential  premium calculation principle (containing the expected  value 
principle as limiting case). 

Demonstration 

Let  X e D~ and hence:  

(I3) v l ( ( , - z ~ ) ~ )  = t v , ( ~ - z l ~ )  + ( ~ - t ) v l ( b - z ~ )  

where we used the abbrevia t ion =x = ~:(X, v~, z~). 

Let  Y be the random variable with its total  probabi l i ty  mass 1 placed in 
the point  y and  hence:  

(14) ~ ( ( i - ~ 2 ) ~ )  = ~ ( y - z ~ 2 )  

where ~2 = ~(Y, v~, z2) = y 

Because of the addi t iv i ty  p roper ty  z: = r~ + y is the root of 

05)  v ( {1 -z )~ )  = tv{~ + y - z~) + {~-t)v{b + y - z ~ )  

Put t ing  v(x + ( l - z ) y )  = w(x) transforms (15) into 

(16) w ( ( 1 - z ) ~ l )  = t w ( a - ~ )  + ( I - t ) x ( b - z ~ , )  

Comparing (13) and (16) the following result is obta ined according to our 
theorem in section 2: 

Vi(X(1 --Z1)) 1-~ = C Zg)'(X(I --Z)) ]'-2~1 (17) 

Or: 

(~8) v i ( x ( l - z l ) )  1-~ = cv ' (x(1-z)  + y ( 1 - z ) )  '-~'. 

No restriction is imposed assuming v'~(o) = 1. Hence:  

(19) V'(X(1--Z) @ y ( l - - Z ) )  1-z'' = Vi(X(1--21)) 1-~ " v t ( y ( 1 - - z ) )  1-zl 
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Consequent ly  : 

Remarks  

v' (x) = e~'~ ~ >1 o 

v~(x) = e~'~ ~ >t o 

The demonst ra t ion  of theorem 3 only holds in case risks with an a rb i t r a ry  
sign are considered. 
Indeed  in case only posit ive risks are concerned the relat ion (17) only holds 
in c a s e x  ~]R + 
The  following addit ional  remarks  however  show tha t  the  theorem 3 also 
holds in case only posit ive risks are considered. 
Indeed  the demons t ra t ion  of theorem 3 shows tha t  for the  present  case 

v(x) = v , (x)  = ~ ( x )  = e ~  ~+ x e JR + 

However  (13) and (14) yields:  

l e ~(~-~)" = e -~( ' -~)v  v ( - z ~ z  + ( 1 - z ) y )  + (1 - t)e ~(b-~'° 

e a(1-z)È = Vl ( - -Z~)  + ( 1 - - t ) e  a ( b - z n ) .  

having pu t  a = o. 

Consequent ly  : 

'Ol(--Z~ ) --.= e a ( l - z )y  '/.)(--ZX + ( l - - Z ) y )  

valid for all posit ive rc and y. 
This equat ion ex tends  v(x) and v d x  ) to the  case where x e JR-. Clearly this 

implies tha t  both  v~(x) and v(x) are of the desired exponent ia l  form. 

5'  APPLICATION: GENERALIZED ITERATIVITY 

Defin i t ion  

The set {(vl, zl), (v2, z2), (v, z)} is said to generate  i terat ive premium calculation 
principles in the  generalized sense if for each X, Y E B the relat ions : 

(2o) 

(21) 

(22) 

(23) imply : 

E ( v l ( X - z i = ( X / Y ,  vl, z l ) ) /Y)  = v l ( (1 - z l )~ (X /Y ,  Vl, 2.1)) 

E(v2 (~ (X /Y ,  vl, zl)-z2rc*) = v2((1-z2)r~*) 

E ( v ( X - z ~ ) )  = V ( ( l - ~ ) ~ )  

TO* = ~X 

Theorem 4 
t t  

Let  v~, v~, v" > o ; v~', v 2 , v" >i o exist. Let  zl, z2, z ~ ]o, 1 [. 
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Then the  set {(vl, zl), (v2, z~), (v, z)} is i tera t ive  in the generalized sense if 

v l ( x )  = v~(x) = ~(~)  = ~(~) 

where ~(x) is a lineair funct ion of x or of e ~z with a > o. 

Remark" 

This result  will shown to hold as soon as z2 # o. I t  seems to be ra the r  difficult  
to show tha t  in case (v 2, z2) reduces to a mean  value principle one should have 
also o = zz = z and v2(x) = vz(x) = v(x). 

Demonstration 

Let  us consider:  

(24) Fvlx (x )  = y H ( x - a )  + ( 1 - y ) H ( x - b )  

X / Y  thus denotes  a Bernouilli  risk 

~ ( x / Y  = a)  = y 

(25)  # ( x / Y  = b) = ~ - y 

Let  ~z(y) = rc(X/Y, vl, z~ then :  

(26) ~( (~  - z l ) = ( y ) )  = y ~ ( a - z , . ( y ) )  + (1 - y ) v ~ ( b - z ~ = ( y ) )  

On the other  hand  one has:  

(27) Fx(x )  = r a n ( x - a )  + ( 1 - m ) H ( x - b )  where m = E ( Y )  

such tha t  the collective premium is obta ined  b y  solving 

(28) v(( l -z)rc(m))  = mv(a-z=(m))  + ( t - m ) v ( b z - n ( m ) )  

where =(m) = ~(X, v, z). 

I t e ra t ive ly  imply tha t  this p remium =(m) also is the root  of the equat ion 
de terming the i tera t ive  p remium:  

(29) v~((1-z~)~(m)) = ~ v2(rc(y) - z2Tc(m)) dFy(y)  
0 

This last equat ion can be cast into the form" 

(3o) [v~(=(y) - ~ = ( m ) )  - ~ ( (~  - ~ ) ~ ( m ) ) ]  d F y ( y )  -- o 
0 

together  with the condit ions:  

(31 ) ] d f y ( y )  = 1 
o 

(32) S ydFv(y)  = m 
o 
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which imply tha t :  

(33) v l ( ~ ( y )  - z ~ ( m ) )  - v~((1 - z ~ ) ~ ( , . ) )  - ~ y  - ~ = o 

where ~ and ~ are cer ta in  constants  ( independent  of y). As has been shown in a 
previous paper  ~2J, (33) can be t rans formed into:  

34)  v 2 ( ~ ( y )  - z ~ ( m ) )  = y v ~ ( ~ - z ~ ( m ) )  + ( 1 - y ) v ~ ( b - z ~ ( m ) )  

In  case z~ # o we can proceed in much  the  same way as in ref. E2J to conclude 
tha t  v2(x) has to be the exponent ia l  or a linear function.  

But  v2 being linear or exponent ia l  (34) can be cast into the form:  

(35) ~ ( ~ ( y )  - ~ ( y ) )  = y ~ ( ~  - z ~ ( y ) )  + ( 1 - y ) v ~ ( b - z ~ ( y ) )  

Comparing (28) with (35) allows us to apply  theorem I of section 2, such tha t  

v' (~( l -~) )~-~'  = ~ ( x ( 1 - , ~ ) ) ~ - ~  

which implies tha t  also v(x) denotes  an exponent ia l  or a linear function.  
Of course (35) can also be compared  with (26) and consequent ly  another  

applicat ion of theorem 1 provides  the desired result :  the normalized v~(x), 
v2(x) and v(x) coincide. The  proof of the converse is e lementary .  
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