
WORKSHOP 

ON S T O P - L O S S  P R E M I U M S  FOR T H E  I N D I V I D U A L  M O D E L  

BY R. KAAS AND A E VAN HEERWAARDEN 

Um verstty o f  Amsterdam 

AND 

M J. GOOVAERTS 

K U. Leuven and Untverstty o f  Amsterdam 

ABSTRACT 

it is shown how the upper  bounds  for s top-loss  p~emmms (and a p p r o x i m a t i o n s  
to tml probabi l i t ies)  ob ta ined  by replacing the individual  model  for a por t fo l io  
of  risks by the collective model  can be improved  upon  at the cost o f  only  slightly 
more  compu te r  t ime. The method  used is s imply to keep a restr icted number  o f  
large risks as they are instead o f  a p p r o x i m a t i n g  them by a c o m p o u n d  Potsson 
d is t r ibu t ion  I n a r e a l - h f e e x a m p l e ,  the relat ive error  in the s top-loss  p remlum is 
shown to be reduced dras t ica l ly  by keeping only 10 out of  7d3 risks unchanged.  
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1. INTRODUCTION 

Cons ider  the individual  model  for the total  c la ims m one year  on a certain por t -  
foho conta in ing  /," contrac ts :  

/, 

(1) S =  ~ X,. 
I - I  

With th~s r andom var iable  S we can const ruct  a r andom var iable  S" having 
s top-loss  p remiums  at least as large as S (see, e g. KAAS, 1987, Th.  1 1.3), by 
replacing the r andom var iable  X, m (I) by a sum Y, of  N, independent  r andom 
varmbles  X} J) with the same d i s t r ibu t ion  as X,. 

(2) Y, = s ' =  Z Y,, 
l~l t = l  

where the r andom variables N, have Polsson (1) d i s t r ibu t ions  and are indepen-  
dent of  X} J). The  p r o o f  of  this s ta tement  goes as follows.  Cons ider  Theorem 
4.3.8 o f  GOOVAERTS et al (1984), which states that  one c o m p o u n d  d is t r ibu t ion  

precedes ano ther  in s top-loss  o rde r  if both the number  o f  clmms and the in- 
d ividual  terms are co r respond ing ly  ordered  First one apphes  this theorem to a 
count ing  d is t r ibu t ion  degenera te  on 11} to ob ta in  X, < Y, for all t, where the 
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symbol < denotes stop-loss order.  Next, applying the same theorem with both 
N~ and NE degenerate on [/¢1, we see that indeed S < S". 

We assume that the random variables X, are either equal to some amount  M, 
(with probabf lny q,), or zero, which is reallsnc m hfe-msurance apphcauons .  
Without  much loss o f  generahty we assume the amot, nts at risk M, to be integer- 
valued. 

The probabili ty distribution of  S can be computed  using convo lunon  If t 
denotes the h~ghest a lgument  of  interest, this process takes a number  of  oper- 
atLons proport ional  to k ' t ,  s111¢c the random variables X, can ha~,e only two 
values. The probabili ty distribution o f  S" is a compound  Possson distribution 
with parametel k = Eq, and c la im-amount  distribution P[  Z = z] = 
)..I, w, :Lq,/k To compute  thLs dlstrsbutlon, one might eLthel use Panjer ' s  
recurslve a lgornhm or the fast Fourier t ransform techmque The number  of  
operatnons revolved is p roporuona l  to t . m a x  M, foK Panje l ' s  recurslon and to 
b .  log b for the FFT technique, where b >/t  is a number  so large that P[S = b] 
is less than the requnred precision (see BERTRAM, 1981, ol KAAS, 1987). Since 
both t and b will be equal to E[S] plus some mulnples o f , V a r [ S ] ,  they have 
the same ordel o f  magmtude  fol large pol t fohos .  

In KAAS (1987) It LS shown by a numerical example that the stop-loss 
premiums of  S and S" are really qtnte close together. See also GERBER (1984) 
There remains, however, room for improvement .  

2. A B E T T E R - F I T T I N G ,  STII .L  T R A C T A B L E  M O D E L  

Our aim is to find a random variable S '  having stop-loss premiums higher than 
S, but not as high as S". Moreover  we want the stop-loss premiums of  S '  to be 
computable  m a time longer by only a constant  factor than the nine needed to 
compute  those o f  S", whatever the size o f  the portfolio.  

This Is achieved by mixing the techniques mentioned in Section 1 (Panjer and 
convolut ion) .  Define S '  as 

(3) s ' = Z  x , + Z  Y,, 
iE V t¢ V 

where V )s some subset of  {1,2, . , k l .  T h e p o l l c l e s m s e t  V r e m a m  unchanged,  
the others are replaced by a compound  Polsson distribution. From the addltiv~ty 
property of  stop-loss order (see GOOVAERTS et al., 1984), we see that the 
stop-loss premiums of  S '  are between those of  S and S". 

The distribution o f  S can be determined by first comput ing the probabili ty 
vector o f  the second sum of  (3), either by Panjer ' s  recurslon or by FFT, and 
subsequently adding the terms of  the first sum using convolut ion By taking the 
number  o f  elenaents I VI in Vsmal l  enough,  tile [ V [ . t  extla operauons  this 
requires do not add substantially to the number  o f  operat ions used in the first 
step. If we use Panjer ' s  recurslon, we may take [ V] to be o f  order max M,. With 
FFT we may (asymptoncaIly)  leave about  log b policies unchanged.  For large k, 
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the s t andard  dev lauon  of  S becomes neghglble compared  to E [ S ] ,  so we may 

l eplace log b above  by log k. 
Having decided upon how many elements  to include m V, the quest ion remains  

which policies we should leave unchanged  We cons ider  two cri ter ia  
Denote  by 7rz(t) the s top-loss  p r e m m m  with re tent ion  t of  an a rb i t r a ry  r andom 

var iable  Z. F rom GERBER (1984, Th.  3, and p rope r ty  (1)) it fol lows that  the so- 
called s top- loss  d is tance  (the max imum over all re tent ions o f  the abso lu te  dif-  
ference in s top-loss  p remium)  between S and S' sausfies 

i ,3] q,-~ M,  (4) max [Trs ( t ) -  7re(t)[ ~< 2 
t (  z t~ I 

Note that  7rs,(t)>1 7rs(t) for all t. To minimize this upper  botuld  the policies 
with maximal  q,ZM, should  be included in V. 

Ano t he r  o p u o n  ~s to mlmmize  the total  er ror  made  m lhe s top- loss  p r e m m m  
over all integer re tent ions  instead of  only its m a x i m u m .  Th~s can be done as 
follows First ,  It  Call be shown that  the means o f  S, S '  and S" are equal .  For  any 
non-negat ive  r a n d o m  var iable  Z we have 

(5) f I ( z - t )  dFz(Z) dr= ( Z - t )  dt dFz(z) 
0 t 0 

,e,:~ 

l , ,2 gEl(z) = ~E[ Z 2] I 
2 

0 

From E[S] =E[S']  and (5) we deduce  direct ly for the intergral  over all re- 
tent ions  o f  the difference in s top-loss  p remiums  for S '  and S: 

f 
oo 

(6) [ r r s , ( t ) - T r s ( t ) ]  dt=~[Var[S'] - V a r [ S ] l .  
0 

Also,  for an a rb i t r a ry  r andom var iable  Z with values only in [0, 1 . . . .  I we have 
by the plecew~se hnear l ty  o f  7rz(t) for non- in tegra l  values of  t, 

(7) 7rz(r) t i t =  2{Trz0) + 7rz0 + 1)1 =~Trz(0) + 7rz0). 
0 t = 0  t = l  

As 7rz(0) = E[  Z]  for non-negat ive  r andom variables  Z, for the le f t -hand side o f  
(6) we have 

f (8) 17rs'(t) - 7rs(t)l  dr= 17rs(t)-Trs(t)l. 
0 t = 0  

C o m b i n i n g  (8) and (6) we see that  the total  (absolute)  e r ror  in the s top-loss  
p remiums  is minimized making  the var iance o f  S '  as small  as possible.  The 
var iance o f  S equals  

(9) V a r [ S ]  = ~ q , ( l -q , )M,  z. 
t = l  
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For  the var iance  o f  S" we have 

(10) V a r [ S " ]  = ~] q,M~ = Var [S ]  + ~] q,2M,Z, 
/ = I  t = l  

and then of  course the var iance  o f  S '  can be writ ten as 

(11) Var[S'] = ~ q,(l -q,)M,Z + ~ q,M,Z= Var[S"] - ~ q,ZM, 2. 

To minimize the var iance of  S ' ,  the policies to be included m V are those with 
tile htghest con t r ibu t ions  to the var iance of  S". This means that  q~M, z should be 
maximal ,  or equivalent ly  q,M, should be maximal .  So, according  to this second 

cr i ter ion,  only  the pohc~es with the lowest risk p r e mmms  should be replaced by a 
c o m p o u n d  Pmsson  d is t r ibu t ion  

Intul t ,vely it is more  appea l ing  to dis t inguish the policies on their risk p r e m m m  
than on their value of  q,ZM,. Also,  since (4) gives only an upper  bound  to the 
max imum of  the er ror ,  we can expect  the error  in the tails to be less using the 
second cr i ter ion.  

3. NUMERICAL RESULTS 

We tested the p rocedure  ou thned  above  on a real-hfe por t fo l io  o f  w idow/o rphan  
pensions  with a s top- loss  coverage for each year ' s  losses. The da ta  consist  of  the 
capi ta l  lost in case of  death and the mor ta l i ty  rate of  t h e m s u r e d  To n-take exact 
c o m p u t a n o n  of  the probabf l t ty  funcuon  feasible we rounded  the capnals  to 
integers,  af ter  having appl ied  a scahng factor  The  resulting por t fo l io  (after  
removal  of  capt tals  equal to zero) had the lo l lowmg charactenst tcs"  

number of pohcles, k 743 
r a n g e o f t h e  risk capnals l l, ,501 
expected number of death~, 
)_,q, 1 71 
mean claml 3 18 
expected value of S 5 44 
variance ot S ,.15 41 

Table  1 gwes the er ror  in s top- loss  p remium made  by apply ing  the collective 
model .  Two sizes ] VI were invest igated:  I V I = I 0  and I V I = 2 0  Inclusion of  
pohc~es m these sets V was done  according  to both cri ter ia .  

The exact values of  the s top-loss  p r emmm,  again expressed as percentages o f  
E[S], are given m Table  2, together  with the relative errors  o f  the app rox ima t ing  
models .  Again  we see that the col lecnve model  S" is a good  approx~manon  to the 
mdw~dual model ,  but,  especial ly in the tads,  the extra  effort  caused by using S '  
ts cer ta inly  worthwhi le .  As expected,  the errors  for small  re tent ions 
( < E [ S ]  + , V a t [ S ] ,  say), were smal ler  using the first cr i ter ion,  but for bigger 
re tent ions  errors  resulted a lmost  as large as those for S". 
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TABLE I 

ERROR BOUNDS AND A(TUALI_~ OBSERVED ~']A\I,~I,\I ERROR (OVER A l l  REI-LNIlONS) IN S l O P  I OS'., 
PREMIUMS IOR S" AND S ' ,  ~..s \ PERCENFAC, E Ol E [ S ]  

s"  S',l v l=  I0 S',l v i=20 s ' , IV l=~o  S'.l v ' - 2 0  
l-Ir~,,[ Cr l ler lon Second Crl ler lon 

Total error I 06 0 78 0 62 0 68 0 54 
Error bound 0 18 0 15 0 14 0 16 0 14 
Ma',,.imal erroz 0 046 0 037 0 031 0 041 0 035 

TABLE 2 

S l O P  IO%% PREMIL\I'~ IOR THE INI)IVII)UAI MODEl S AS A PLR(ENTA(,E OI EIS], RI IAFIVI_ ERRORS 
(~' I00°/o) l o t  I FIE C O l l E C T I V E  MODEL S"  AND THE M I X E D  MOt)E l  S S '  ~, ITH i V l = I0  AND [ V l = 20 

Retention S S" S ' , I V ] = I 0  S ' , 1 V 1 = 2 0  S ' , I V I = I 0  S ' , l V l = 2 0  
First criterion Second crllellon 

0 I00 000 0 O0 0 O0 0 O0 
3 61 476 0 05 0 04 0 04 
6 38 345 0 12 0 I0 0 08 
9 24 846 0 18 0 14 0 II 

12 16 775 0 23 0 16 0 13 
15 11 744 027  0 18 0 15 
18 8 414 0 30 0 20 0 17 
21 6 062 0 34 0 22 0 19 
24 4 427 0 39 0 24 0 21 
27 3 246 0 45 0 27 0 23 
30 2 379 0 53 0 30 0 25 
33 I 727 0 64 0 36 0 29 
36 1 245 0 76 0 44 0 34 
39 0 887 0 91 0 56 0 41 
42 0612  I 11 073  050  
45 0 420 I 37 0 96 0 63 
48 0 280 I 75 1 31 0 82 
51 0 173 241 I 92 1 18 
54 0 108 3 29 2 77 1 66 
57 0 068 4 41 3 88 2 26 
60 0 044 5 77 5 24 2 97 
63 0 029 7 38 6 84 3 75 
66 0 019 9 21 8 64 4 59 
69 0 013 11 46 10 89 5 67 
72 0 009 14 20 13 53 6 98 
75 0 006 17 42 16 77 8 86 
78 0004 21 11 2031 11 28 
81 0 003 24 78 23 92 14 64 
84 0 002 28 64 27 81 19 20 
87 0 001 34 37 32 84 24 66 
90 0 001 42 79 41 ,48 33 17 

0 0 0  0 0 0  
0 05 0 04 
0 II 0 0 9  
0 15 0 12 
0 1'7 0 13 
0 18 0 14 
0 19 0 14 
0 19 0 14 
0 2 0  0 15 
0 21 0 15 
0 2 2  0 16 
024  0 17 
0 2 6  0 19 
0 29 0 20 
0 32 0 22 
0 37 0 25 
0 45 0 28 
0 58 0 34 
0 76 0 43 

96 0 51 
16 0 57 
33 0 61 
45 0 59 
52 0 58 
47 0 57 
42 0 20 
40 0 61 
39 0 64 
46 0 67 
61 0 76 
82 0 91 
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4 SOME I URTHER COMMENTS 

As pointed out by B. SUNDT at the XX A S T I N - C o l l o q u m m ,  Schevemngen 
(1987) the idea of sepala tmg lalge and small risks m the COlnputatlons need not 
be ~estncted to the case of l andom vailables X~ of purely hfe-mstuance type. In 
the next more comphcated case, lor instance, of  including both death lisk Mt 
with plobabfl l ty  qt and disability risk Qt ~,lth probabil i ty  t~ on policy k, we 
may app~oxnnatc  S by the compound  Polsson dlstxlbutlon S" with paramelm 
X -  E q t  + Z tt and el,ran amount  ¢hstiibut)on P I Z = z ]  - ( L i t  ~t~ :lq* + 
2.,la g, :Ira)IX Note, however, that t h e c o n s l d e l a n o n s o f h o ~  many pohcles to 
leave unchanged depend on the lact that convo lu tmn  with a two-valued ,Isk takes 
only O(t)  steps 

Another  quest ion raised at this col loquium by W. S. MEIJER IS how these 
computa t iona l  techmques relate to the techmques of s tochasuc smaulauon wMely 
used m pracnce. A ,ule of thumb ~s to use sin-relation only as a last resort and 

avoM It ~,henever the model considered admits  more exact procedures. Indeed, 
suppose we estimate the stop-loss p~emmm at a certain retention t by n pseudo- 
random dra~s  from the d~stnbut~on of S, or rather of Z = ( S - t ) +  T o a c l n e v e  
the same ie lanve accuracy of 1% as m Table 1, we have to take n so large that 

(12) I , V a r [ Z ]  = 0 0 1 .  
,n  El  Z] 

For t =  12~- E[S]  + , V a r [ S ]  and the above por t foho we obtained a value of 
n ~ 185,000, and for t = 18 = E[S]  + 2 ,Var [S ]  we even have to generate some 
400,000 rephcations of the por t loho,  which amount s  to about  300 mflhon 
andom drawings.  

a procedure for ob ta in ing  quick first esnmates we can recommend is to use the 
lamlhar  G a m m a  approx~manon to the d~stnbut~on of S (see, e.g. BOWERS el al., 
1987). The G a m m a  dis t r ibut ion admits an analytical expression for the associated 
stop-loss premiums.  We found that the relanve error m the stop-loss premium &d 
not exceed 7 2% 1Ol l e t ennons  in the lange (0, E[S]  + 3 , V a r [ S ] )  The NP- 
approximat ion  might be used too 

Instead of using convolut ion  to obta in  the exact dis t r ibut ion of the Individual 
model one might use the lectuswe a lgo lnhm described m Dr. PRll (1986). As 

was pointed out by KUON el al. (1987), his algori thm Is very tune-consuming.  
Wol th  ment ion ing  too is the algori thm of KORNYA (1983) tO approximate  the 
d l s t r ibunon  of S with a control lable  error bound  

It should be noted that our  method works best for portfolios of small to 
mte lmedla te  size, when the risk cap,tals are of the same order of  magnnude  as 
the re tennon  For really large portfolios,  the error reduction is less spectacular,  
though still significant 

We think one of the main advantages of our approach is that it can be 
explained easily not only to clients and managers,  bul also to those members of 
actuarial  depar tments  who have not sufficiently kept up with the latest 
developments  m risk theory. 
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