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A B S T R A C T  

In most textbooks and papers that deal with the stochastic theory of life 
contingencies, the stochastic approach is restricted to the computation of 
expectanons and higher order moments. For a wide class of  insurances on a 
single life, we derive the dlstnbutmn and the probability density function of the 
benefit and the loss functions. Both the continuous and the &scrctc case arc 
considered. 
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I I N'I'RODUC'FION 

In the two recent actuarial textbooks of  GERBER (1986) and BOWERS et al 
(1987) the theory of hfe contingencies is built up in function of  the stochastic 
remmmng life time of the insured. 

This stochastic approach permits to define two important kinds of  stochastic 
functions for an insurance: the benefit function and the loss function at a 
certain time. The benefit function of an insured of age x at pohcy issue ~s 
defined as the discounted wtlue of  all the benefits to be paid by the insurer over 
the random future hfeume T, of the insured. The loss function at time s, given 
the insured ts alive at that tmle, is the discounted value of all the benefits to be 
paid by the insurer over the random future llfemne T, +~ of the insured less the 
discounted value of all the premmms to be pazd by the insured over the same 
period 

Most results of the tradmonal deterministic theory are obtained by consider- 
mg only the expected value of  the above defined functions. The net single 
premmm is defined as the expectanon of the benefit function The equivalence 
principle Js the reqmrement that the expected loss at time 0 equals 0. From this 
reqmrement the net premmms can be computed The net premmm reserve at 
Ume s is defined as the expectanon of  the loss function at ume s. 

BOWERS et al (1987) state that the probabdlsuc approach of hfe contingen- 
cies "admits  a rich field of  random variable concepts such as &strlbution 
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funcuon,  probability density function, expected value, variance and moment  
generating function" Nevertheless, the hterature on this probabdlStlC 
approach is mostly restricted to the computatmn of  moments  of  the benefit and 
the loss functions, see e.g. POLLARD and POLLARD (1969), WOLTHUtS and VAN 
HOEK (1984), GERBER (1986) and BOWERS et al (1987) 

DE PRIL (1989) gives a survey o f  the distribution functions (d.f.) and the 
probabdlty density functions (p.d f.) o f  the benefit function o f  most c o m m o n  
hfe insurances and annuities. 

In this paper we will consider the benefit and loss functions of  a "general 
msurance",  by which we mean a combmat lon  of  the commonly  used hfe 
insurances, endowment  insurances and life annuities It will be shown that 
these functions are random varmbles o f  a specml type The d f. and the p.d.f, o f  
a random variable o f  this type will then be derived. For completeness both the 
contmuous  and discrete case wtll be treated. 

2. C O N T I N U O U S  D E S C R I P T I O N  O F  S I N G L E  L I F E  C O N T I N G E N C I E S  

Let T, --- T be a contmuous  nonnegatwe random vartable representing the 
future lifetime o f  a hfe-aged-x 

Using the c o m m o n  actuarml notation, the d.f. o f  T can be written as 

(2 I) FT(t) = P r o b ( T  < t )  = / 0 t < 0 

t Iq~ = 1 - 1 p ~  t > 0 

T A B L E  1 

CONSTANTS I OR TIlE CONTINUOUS ACTUARIAL ]-UNCTIONS 

L ! = Life Insurance, E l = Endowment Insurance, L A = Life  A n n m t y  

Name Notatton a b c m n 

whole L I /T~ 0 1 0 0 oo 

n-year term L I /7~ . 7  0 I 0 0 n 

m-year deferred L 1 ,.1"4, 0 1 0 m m 

nl-year deferred ,hi ..T~ . 7  0 I 0 m n 
n - y e a r  term L I 

n - y e a r  p u r e  E I / t ,  ~ ~ 0 0 v" 0 n 

n-year E I .4x .-q 0 I v" 0 n 

m - y e a r  d e f e r r e d  ., A~ . 7  0 1 v '~+" m n 
n-year E 1 

whole L A d .  I /~  - 1/6 0 0 oo 

n - y e a r  t e m p o r a r y  L A d~ . 7  I/~ - I/~5 d,, 7 0 n 

m-year deferred whole L A ,,, ¢i~ i /" /3 - 1]6 0 m ov 

m - y e a r  d e f e r r e d  ,n l i e .  1 vml ~ - I]6 v m 6 . 7  m n 

n-year lemporary L A 
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with o q x =  0 and hm tq, = 1. 

The  p d . f  o f  T l s  given by 

(2 2) f T ( t )  = F~-(t) = I 0 t < 0 
( tP, /t~+l t > 0 

w h e r e / ~ ,  deno tes  the force o f  mor t a l i t y  o f  a life aged x 
F r o m  Tab le  1 it can be seen that  the benefit  funct ion o f  the c o m m o n  life 

insurances ,  e n d o w m e n t  insurances  and life annui t ies  on a single life aged x at  
pol icy  issue can be wri t ten as a s tochas t ic  var iable  o f  the form 

f 
O 0_< T < m  

(2.3) S = a + b v  r m < T < m + n  

c T > m + n  

where a, b and c are real numbers  and m and n are nonnega t lve  integers.  
Fu r the r ,  v = 1/(1 + t )  is the present  value fac tor  related to the annua l  va lua t ion  
rate  o f  interest  t. 

In Tab le  1 the fo l lowing no ta t ion  is used .  d = I n ( l + / )  is the force o f  
interest  assoc ia ted  with the va lua t ion  rate o f  Interest  t and  6,, ~ = (1 - ¢')/6 is a 
c on t i nuous  n-year  t e m p o r a r y  annu i ty  cer ta in  

A general  con t inuous  insurance  on a single life aged x at pol icy Issue is 
def ined as a c o m b i n a t i o n  o f  the hfe insurances,  e n d o w m e n t  insurances  and hfe 
a n n u m e s  cons idered  m Tab le  1 and where the p r e m i u m s  are pa id  by a 
c o m b i n a t i o n  o f  the hfe annmt ies  and pure  e n d o w m e n t  insurances  o f  
Tab le  I 

The  s tochas t ic  var iab le  descr ib ing  the benefit  funct ion o f  a general  cont in-  
uous  insurance  is a hnear  c o m b i n a t i o n  o f  r a n d o m  var iables  o f  the form (2 3) 
So it fol lows immedmte ly  that  this s tochas t ic  var iable  can be wri t ten as 

(2.4) S = a , + b ,  v r m ( i -  1) < T < h i ( I ) ,  I = 1, , n 

with T=-  T , ,  a, and b, ( i =  I . . . .  n) real numbers  and re ( t )  ( 7 =  0 . . . . .  n) 
nonnega twe  integers sat isfying 

(2.5) 0 ~ m(0)  < r e ( l )  < < re(n) ~ ~:~ 

It is easy to see that  the loss funct ion at  t imes s (s > 0), given survival  o f  the 
insured at that  hme,  can also be descr ibed by a s tochas t ic  varmble  o f  the 
form (2.4) with T - -  T ,+ ,  

The  p .d . f  o f  a r a n d o m  var iable  o f  the form (2.4) will be der ived in the 
fo l lowing theorem The  de l t a - funchon  will be deno ted  by A ( x )  to avoid  
confus ion  with the symbol  6 for the force o f  interest .  F o r  a s tudy o f  the 
de l t a - func t ion  see e g. PAPOUClS (1962) 
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T h e o r e m  1. Let  S be the s t o c h a s t i c  v a r i a b l e  d e f i ned  m (2 4) wi th  T -= 
De f ine  for  l = 1, . , n  

(2.6) m(t ) -  = a , + m l n  (b, v "'<' t~, b, v '''~0) 

(2 7) m(t) + = a , + m a x  (b, v ' ' ( ' -  I), b, v ' '~')) 

T h e  p.d. f ,  o f  S is g iven  by  

(2.8) f ( s )  = ~ G,(s) 
l = l  

with  for  t = 1 , . .  , n  

f A(s-a,)( , , , i ,  I )P : - -m0)P : )  " b , = 0  

(2.9) G,(s) = rc,)P= lU=÷rV)/IJ(s-a,)l 

0 

w h e r e  r(t) is g w e n  by  

I ( s-a, ) s-a, 
(2.10) r(i) = - In > 0 

3 b, b, 

: b, 4 : 0  a n d  m(t ) -  < s < m(t) + 

e l sewhere  

Proof .  U s i n g  the L a w  o f  T o t a l  P r o b a b l h t y  the  p d f. o f  S can  be wr i t t en  m the 
f o r m  (2 8) wi th  

G,(s) = f ( s [ m ( i - 1 )  < T < m(t))Prob ( m 0 - 1 )  < T < re(i)) 

F o r  b, = 0 ~t fo l lows  t ha t  

f ( s l m ( t - 1 )  < T < r e ( t ) )  = A ( s - a , ) .  

C o n s i d e r  n o w  the case  b, 4 : 0  W e  o b t a i n  

~fr(r(O)/(6(s--a,)) b, > O, a,+b, v '''(') < s < a,+b, v ''(' ,I 
I 

O,(.s) = ~fT(r(O)/(g(a,--s))  b, < O, a,+b, v '''° Ii < s < a,+b, v '''l') 

Lo • e l s e w h e r e .  

wi th  r(t) de f ined  m (2 10) 
So it fo l lows  t ha t  G,(s) 1s g w e n  by  (2 9). 

T h e  d f o f  S is d e r i v e d  in the next  t h e o r e m  T h e  f o l l o w i n g  n o t a n o n  will be 
used  : 

a n d  

( x ) +  = m a x  (0, x )  

0 x < O  

H ( Y )  = I • x ~ 0 
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Theorem 2. The d.f of  the random vartable S defined m (2 4) with T ~- T: is 
gwen by 

(2 12) F(s) = ~ (~o}q.--~o)q:)+ K,(s) 

where a(t)  and fl(t) (i = 1 . . . . .  n) are given by 

f S-- a t 
max O, m,n toO), ~ ~ -  

(2 13) a(i) = 

m0) 

F m ( l -  1) 

(214) f l( t)= ~ m a x { m ( t - l ) , - }  In(  s - a t  ) 3  bt ) 

[ m(t) 

Finally, Kt(s) (t = 1 . . . . .  n) is defined as 

H ( s -  at) 
(215) Kt(s) = 1 

b t < 0 ,  s < a t 

elsewhere 

bt<O 

b, > O, .~ > a, 

b t > O, s < a t 

b t = 0  

b , - ¢ 0  

Proof. Using the Law of Total Probability we find that 

(2.16) F(s) = ~ Prob (at+bt v r <- s and re(i-  1) < T < re(t)) 
t = l  

It follows that 

Prob (a,+bt v r _<s and m ( i -  1) < T < re(t)) 

"H(s-at) Prob (re(t-  1) < T < m(i)) 

 rob(max{m,,  
= 0 

Or 

< T < re(t)) 

Prob (m( i -  I) _< T < m(l))  

( I ' ' ( '  Prob re(i-  1) _< T < rain toO), 3 

" b , = O  

. b, > O, s > a, 

• b , >  O, s _ < a ,  

b , < 0 ,  s>_a, 

' b t < 0,  s < a~ 

Prob (a,+b, I 2T __<S and t o O -  1) _< T < toO)) = (.{,}q~-/~(oq:)+ K,(s) 
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with a(t) and ,8(i) defined In (2 13) and (2.14). 
N o w  (2.12) is obtained with the help of  (2.16) 

The p.d.f, and the d.f. o f  the benefit function o f  the insurances and annuities 
considered m Table  1 can be written m a simpler form as Is proven in the 
following corollary.  

Corollary 1. Let S be the stochastic variable defined m (2.3) with T ~ T , .  
Define 

(2.17) m -  = a + m i n ( b  v "', by ''+'') 

(2 18) m + = a + m a x  (b v m, b v m+'') 

The  p.d f. o f  S is given by 

(2.19) f ( s )  = mq, A (s)+ G(s) + m+,,P~ A (S-- c) 

where G(s) is defined as 

f A ( s - a )  (mP,-,,+,P~) : b = 0 
(2.20) G(s) = rPx lZ~+r/16(s-a)l " b 4= 0 and m -  < s < m + 

0 elsewhere 

with 

(2.21) r = - In - - - -  > 0 
d b b 

The d.f. o f  S Is gwen by 

(2.22) F(s) = mq, n(s)+(~q,-l~q~)+ g(s)+ m+,,p, H ( s - c )  

with 

(2.23) a = f  m a x { 0 '  m .n{  

[ , m +  n 

m+n, - - I n  " b < 0 ,  s < a  

elsewhere Im{ 
(2.24) fl = max 

t..m+n 

I 
m ,  - - -  In  

6 

(s;)} b_<O 

b > O , s > a  

b > O , s < a  
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(2.25) K ( s )  = I H ( s - a )  " b = 0 

t l . h # o  

Proof .  The  r a n d o m  varmble  S def ined m fo rmula  (2.3) is a specml case o f  the 
r a n d o m  var iab le  def ined by (2.4) with the cons tan t s  n = 3, al  = 0, bl = 0, 
a 2 = a, b2 = b ,  a 3 = c,  b 3 = 0, m(0)  = 0, m(1)  = m, m(2)  = m + n ,  
m ( 3 )  = ~ a n d  T ~ T , .  

Using  T h e o r e m s  1 and 2, af ter  some s t r a igh t fo rward  ca lcu la t ion  one ob ta ins  
fo rmulae  (2.19) and  (2.22). 

The  d.f. and  the p d.f. o f  all the con t inuous  Insurances and annui t ies  
considered In DE PRIL (1989) can be obtained by using Table 1 and Corol lary  1 

T A B L E  2 

CONSTANTS FOR THE DISCRETE ACTUARIAL FUNCTIONS 

L I = Life Insurance,  E I = E n d o w m e n t  Insurance .  L A = Life A n n m t y  

N a m e  Nota t ion  a b c m n 

whole L I A ~ 0 I 0 0 

n-year  te rm L 1 A~ .7  0 I 0 0 n 

m-year  deferred L 1 ,. A,  0 I 0 m 

m-year  deferred ml A~ ,,7 0 I 0 m n 
n-year  t e rm L I 

n-year  pure  E 1 A .  ,~7 0 0 v" 0 n 

n-year  E I A,  . 7  0 1 v" 0 n 

m-year  deferred .,i A,  ,,7 0 I v "+~ rn n 
n-year  E 1 

whole  L A due a ,  I / d  - l i d  0 0 oo 

whole L A ~mmedlate a~ Il l  - I / d  0 0 oo 

n-year  t e m p o r a r y  L A due a~ nn l i d  - l i d  a . 7  0 n 

n-year  t e m p o r a r y  L A a ,  47 I/t - I / d  a .  7 0 n 
l m m e d m t e  

m-year  deferred whole  L A ,,, a~, vm/d - l i d  0 m co 

due 

m-year  deferred ,,,lay vm/t - l / d  0 m 

whole L A immedia te  

m-year  deferred ,,, aT nn v ' / d  - I / d  v " a . 7  m n 
n-year  t e m p o r a r y  L A due  

m-year  deferred 
n-year  t e m p o r a r y  L A ,11 a ,  . 7  v ' / t  - 1/d v m a . 7  m n 
~mmedmte 
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3. DISCRETE DESCRIPTION OF SINGLE LIFE CONTINGENCIES 

Let K -= Kx be a nonnegat~ve r a n d o m  var iable ,  represent ing the number  o f  full 
years  to dea th  o f  a hfe-aged-x  

The  d i s t r ibu t ion  o f  K can then be wri t ten  as 

(31 )  F K ( k ) =  P r o b ( K < k ) =  k+lq, = I - - ~ + t p  ~ k = 0 , 1 , 2 ,  . 

with hm kq, = I 
k~oc 

The  p .d . f  o f  K is given by 

(3.2) f x ( k )  = kP,~--~+lP, = A q~ k = 0, 1,2, 

The  benefi t  funct ions  o f  the c o m m o n  dxscrete hfe insurances,  e n d o w m e n t  
insurances  and hfe annui t ies  on a single hfe aged x at  pol icy issue can be 
def ined as s tochas t ic  var iables  o f  the form 

f! • K = 0 , 1  . . . . .  m - I  
(3.3) S = + b v  K+l : K =  m , m +  l, , m + n - I  

• K =  m + n , m + n + l , .  . 

The  sui t ing values  for a, b, c, m and n are  given m Tab le  2 
The  fo l lowing no ta t ion  is used .  d = l - v ,  ~,,-~ = ( 1 - v " ) / d  is a discrete 

n-year  t e m p o r a r y  annu i ty  due and a,, ~ = (1 - v")/i is a discrete n-year  t empo-  
rary  annu i ty  immedia te .  

A general  discrete insurance  on a single l i fe-aged-x is def ined as a combina -  
t ion o f  the insurances  defined in Tab le  2 The  p remiums  are pa id  by a 
c o m b i n a t i o n  o f  the ]xfe annui t ies  and  pure  e n d o w m e n t  insurances  o f  
Tab le  2. 

The  benefi t  funct ion and the loss funct ion o f  a general  dIscrete insurance can 
be descr ibed  by a s tochas t ic  var iable  S o f  the form 

(3.4) S =  a , + b , v  g+l m ( t - l ) _ <  K < m( t ) ;  I = l , . . . , n  

with K - =  K,  for  the benefi t  funct ion and K - =  K,+,  for the loss funct ion at  
t ime s. Fu r the r ,  a, and b, (t = 1, . , n )  are real numbers  and m ( t )  
(i = 0, 1 . . . .  n)  are nonnega t lve  integers sausfy lng  

(3 5) 0_< m(0)  < r e ( l )  < .. < re(n)  < co 

In the fol lowing theorems  the p.d.f,  and the d.f. o f  S are  derwed.  

Theorem 3. The  p.d.f,  o f  the var iable  S def ined in (3 4) where K -= K z is given 
by 

(3.6) f ( s )  = ~ G,(s)  
i=l 
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where for i = I, . , n  the functions G,(s) are given by 

f (m(,-t~Pz--,,,(,)P=) A (s--a , )  . b, = 0 

(3.7) G, (s) . . . .  (,~-I 
2 kq:A(s-a,-b'v~+l) " b,-~O 

k=m(t- 1) 

Proof. For  r e ( t - l )  < K <  re(t)  and b, = 0 we gct that  S =  a, or  

f (slmO-1) _< g < re(t)) = A(s-a,) 
I f  m 0 -  I) < K < re(t)  and b, ~ 0 the possible values for S arc 

a,+b,v k+l k = m 0 - 1 )  . . . . .  m 0 ) - I  

with respectwe probabiht ies  
ktq,/Prob(m(t-I) < K < m( i ) )  

So we find for b, ~ 0 

f ( s lm( t - I )  < K < m(l)) Prob ( r e ( t - I )  < g < re(t)) 
m 0 3 -  I 

= Z kl q ' Z l ( S - a ' - b ' v k + l )  
k=mO- I) 

By using the Law o f  Total  Probabil i ty we obtain formula (3.6). 

Theorem 4. The d f. o f  the r andom variable S defined m (3 4) where K =- K. is 
given by 

(3 8) F(s) = ~ (~oN-.-~(,)q:)+ K,(s) 
t = l  

where for 1 = I . . . .  n the funct ioms a(t) ,  fl(t) and K,(s) are Dven by 

(3.9) a(t) = 
fm x{0 m°Im'   E 1 

m (z) 

' b, < 0, s < a, 

elsewhere 

(3 10) fl(t) = f 
ro(i- I) I 

'El 
b,<O 

• b , < O ,  s > a ,  

• b , > O ,  s < a ,  
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(3.11) K,(s) = I H(s-a,) . b, = 0 
( 1 b , ~ 0  

For a real number x, ]x[ denotes the smallest integer greater than or equal to x 
and [x] denotes the greatest integer less than or equal to x. 

Proof. For  m 0 -  1) < K < m(t) we find 

Prob(a,+b,v r+l <_ s and m ( i -  1) _< K < re(t)) 

I H(s-a,) Prob (m(i-  I) _< K < re(t)) b, = 0 ( (so )I} ) 
rob m a x { r e ( i - l ) ,  - In - 1  _ <K <m (O  b,>O,s>a, 

= b,>O,s<_a, 

I P r o b ( m ( i - l )  < K <  re(t)) b,<O,s>_a, 

( [  'n(S rob m ( i - l ) < K < m i n  mO), bl " b , < 0 ,  s < a ,  

Or 

Prob (at+b,  v x+l <_ s and m ( t -  1) < K < m0 ) )  = (~¢,)q:-B(,)q:)+ K,(s) 

with a(t),  fl(i) and K,(s) defined in (3.9), (3.10) and (3 II). 
By using the Law of  Total Probahlity we obtain the desired result. 

The p.d f and the d.f. of  the benefit function of  the discrete insurances and 
annuities considered in Table 2 can be written m a simpler form which is 
derived in the next corollary. 

Corollary 2. Let S be the stochastic variable defined in (3.3) with K z K, 
The p.d.f, o f  S is given by 

f (s)  = mq., A (s) + G (s) + m +,P~ A (s-  c) (3.12) 

with 

{ (mp,-m+,p.,)A(s-a) 

(3.13) G(s) = m+,-I 

Z kl qxA(s-a-bvk+l)  
k -  In 

T h e d . f  of  S i s  given by 

: b = O  

: b ~ O  

(3.14) F(s) = mq, H(s)+(~q~--~q,)+ K(s)+ m+,,p~ H(S-C) 



DISTRIBUTIONS IN LIFE INSURANCE 91 

w~th 

{ { E' f m a x  0, mm m + n ,  - j l n  b 

(3.15) ~2 
/ 
k m  + n 

b < 0 ,  S < ¢ I  

: elsewhere 

f m { l  
(3.16) f l =  max m, - 

( m + n  

, 
: b < 0  

: b > O , s > a  

: b > 0 ,  s<_a 

(3.17) K(s)  = I H ( s - a )  " b = 0 
( 1 b 4 : 0  

Proof. The proof  follows immediately from Theorems 3 and 4. 

The p d f and the d f. of  the discrete insurances and annuities considered in 
DE PRIL (1989) can be derlved with the help of  Table 2 and Corollary 2. 

4. EXAMPLE 

A person aged x purchases a combination benefit consisting of a n-year term 
hfe insurance of  I payable immediately on his death and a n-year deferred 
whole life annuity of  J per annum payable continuously while he survives 
beyond age x +  n 

Let the benefit functions of  the insurances and annuities defined m Table 1 
be denoted by adding a tilde to the usual deterministic symbols. The benefit 
function of the continuous general insurance defined above is then given by 

S =  I A , n T + J , , d ~  

By using (2.3) and Table I this benefit function can be written as a variable of  
the form (2.4) with T -  T~ : 

I v  T " O < T < n  f 
S 

V n - -  i~T 

L J - -  " T > _ n  
J 

From Theorem l it follows that the p.d f of  S is given by 

f ( s )  = Gi ( s )+G2(~)  
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with  

and 

{ r(I)P~, /l,+r(l)/(~S) 
GI(~)  = 0 

Gz(S)  = t ,(2)P_, / t , + r ( 2 ) / ( J v " - ~ s )  

t 0 

: Iv n < s < I 

elsewhere 

• 0 < s < Jv"/6 

: e l s ewhere  

r ( l )  = - - ( I / o  ~ ) l n ( s / I )  

r (2 )  = -- (1/~) [n ( v " -  (~ s ) / J )  

The d.f. o f  S fol lows from Theo rem 2 

F(s) = ( , q ~ - / ~ q , ) +  + ( ~ q , - , , q ~ ) +  

wJth 

a = / m a x  {0, r(2)} s < J v"/6 

oO .~ > J v"/~ 

{n • s < 0  
f l =  

max{0, r(1)} " s >  0 
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