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The paper examines a type of insurance contract  for which secondary markets 
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for a borrower with default risk, to prepay a fixed rate loan A simple 
" m a t c h b o x "  example ~s presented with a spreadsheet treatment. 
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]. INTRODUCTION 

This paper attempts to illustrate, m a &screte tmae semng w~th a spreadsheet 
construction, the use of  a martingale measure for the pricing of traded 
securities subject to both interest rate risk and default risk We shall encounter 
several notions pertaining to the field of  insurance, and strong s~mdanties with 
classmal notions in this field Notme nevertheless that, when " p r e m i u m s "  and 
" r e se rves"  are mentioned, the reader is invited to think in terms of prices 
rather than present values. 

We shall emphasize the distraction between defining or describing securities 
and el,aluatmg them For this second task, we shall start from the risk-neutral 
probablhty of  the financial economics htterature (see HARRISON and KREPS 
(1979), DUFHE (1988) and HUANG and LITZENBERGER (1988)). This probabil-  
ity, xmphed by market considerations such as the absence of arbitrage 
oppor tunmes  between marketed securmes, reflects the market ' s  a tmude  
towards risk and, m the simple model presented, is supposed to be known:  its 
determlnanon is left for other research work 

I An earher version of this work has been prescnted at the ASTIN Colloquium, Montreux 1990, 
and at the Erasmus Umvers~ty Conference on Insurance, Solvency and Finance, Rotterdam 1991, 
under the Utle "Cre&t  Insurance with Prepayment O p t m n "  
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Fixed rate default-free loans introduce the notion o f  financial reserve 
(Section 2 3), while risky loans introduce both an insurance process and a 
insurance premium payments  proces, with the difference o f  the prices o f  these 
two securities being the proper  concept  o f  insurance reserve (Section 3 4). 
Prepaying a risky loan is a call on the sum of  the negative o f  the two reserves 
(Section 4.2) 

Notatton 1 {A} denotes  the indicator function o f  the event A, F, (or F, in the 
spreadsheet) denotes the set o f  events known to occur  or not by date t The 
three types o f  numbers .  ~, 7 and 9 refer to columns in respectwely each of  the 
three parts  "(~]~C,7,,ic ;., 'l~.'~lc :1;~;1~,1~ ' J~1 ~,,t ~,l~ ':~ ~_,LI ~. ~i~ ~ . . . .  Effect of  default risk" 
and " Value of prepayment optton" of  the spreadsheet presentation 

2. THE SHORT TERM INTEREST RATE PROCESS 

2.1. The discount factor process 

There are three trading dates t = 0, 1, 2, for bor rowing  or  lending money  on a 
default-free or  defaul t -prone basis In columns : ,  l ' i ,  and ,,',~ o f  the first 
spreadsheet :  (~)s~'l.iIic;~ i~,i~L~,~.~u.~::l;,~¢, ~,£ ~_~,;"~o~I~ ?i, i~, is given the short term 
spot rate process r(t), t = 0, 1, 2, where r(t) IS the market  rate o f  interest for 
borrowing or  lending from the date t to te next trading date t + l  on a 
default-free basis. The condit ional  one-period risk-neutral probabi lmes are all 
supposed to be 1/2 (see also ARTZNER and DELBAEN (1990a), ARTZNER and 
SHIU (1989), HARRISON and KREPS (1979) and HUANG and LITZENBERGER 
(1988)). 

The (generalized) dtscout factor process D Is defined m a recurrent way by 
the equahtles : 

D(0)  = 1 and, for t = 0 , 1 , 2 :  D ( t + l )  = ( l + r ( t ) )  -~ D(t). 

It is therefore a predtetable process (see ARTZNER and DELBAEN (1990a), 
DACUNHA-CASTELLE and DUFLO (1986)), that  is the actual value o f  D (t + 1) is 
part  o f  the reformat ion available at date t, which shows up in the setting o f  
D( I ) ,  D(2)  and D(3)  m columns ?~, '~I~! and ~e,: which, respectively, relate to 
dates t = 0, t = 1 and t = 2. One unit invested at date zero at the short  term 
rate, and rolled over at each trading date, becomes at date t, l/D(t) units, but 
it must  be already pointed out  that  in this model o f  stochastic interest rates, 
capl tahsat lon just described as rolling over, is not the inverse from actualisa- 
tlon, the second operat ion being defined tentatively, as '° valuing at date s, one 
unit available at future date t "  (see below) This could be a reason for the 
qualifying generalized in definition o f  D (we omit  it in the spreadsheet). 

2.2. Description and pricing of the zero-coupon bond price process 

It IS assumed that, for each " m a t u r i t y  d a t e "  t, the zero-coupon bond which 
provides, wi thout  risk o f  default,  one umt  at date t, is traded on the market.  In 
the absence o f  arbitrage opportuni t ies  between these bonds  and the capltalisa- 
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non process of  Section 2.1, the zero-coupon bond maturing at date t, has a 
("current  pr ice")  price B(s, t) at date s < t, in date s units, given by: 

B(s, t) = E[D(t)/D(s)IF~], or, for each s '  In [s, t] 

D(s)" B(.s, t) = E[D(s')" B(s'; t)[r~], 

that is, the (discounted) price is a martingale (see GERBER (1979), p. 34 and the 
conclusion of  TILLEY (1989)) w;th respect to the information structure and the 
assumed risk neutral probability measure (see ARTZNER and DELBAEN (1990b) 
3 2, ARTZNER and SHIu (1989), DACUNHA-CASTELLE and DUVLO (1986), 2 2 1, 
HARRISON and KREPS (1979) and HUANG and LITZENBERGER (1988), 8.4.8), 
this fact appears in the columns $,~., ;'~ and :'~ for, respectively, [s = 1, s '  -- 2, 
t = 3] a n d [ s  = 0, s '  = l , t  = 2 a n d  t = 3] The n a m e " m a r t m g a l e m e a s u r e "  
~s often given to the risk-neutral measure being used, because of  this property 
of  discounted prices under it. Notice that in columns "q~.3 and ~'e', the bond 
prices B(1; 2) and B(2,  3) are simply the reciprocals of  1 + r ( I )  and 1 +r (2 ) ,  
respecnvely. 

The price B(O, t) could also be considered a candidate for being the 
"discount  f ac to r"  from date t tot date 0, and the choice of  terminology is an 
open question. 

2.3. Financial reserve in a default free, fixed rate, loan 

The general princIple of  mathematically describing a security by what has been 
collected out of  possession of the security (see ARTZNER and DELBAEN (1990b), 
2.1, DUEVlE (1988), 16, p 148, HUANG and LJTZEN~ERGER (1988), 8 5, p. 229), 
leads to consider an adapted stochastic process S (see HUANG and LITZEN- 
BERGER (1988), 7 7, p. 189), where S(t )  stands for the sum of  all payments,  
discounted back to date 0, received from date 0 to date t included, out of  
possession of the security. 

This mathematical  description may be contrasted with a legal description as 
,n SHARPE and ALEXANDER (1990), p 3, where a security is defined as " the  
legal representatwn of  the rtght to receive prospective future beneftts under stated 
condmons". It is very important  to carefully distinguish between the security 
described by the process X, and the prlc,ng process PX, of the security 

The mathematical approach applies of  course to the cap~tahsatlon process of  
Secnon 21 as well as to zero-coupon bonds (see ARTZNER and DELBAEN 
(1990a)), where it can be considered as a good modellsatlon exercise. We shall 
start applying it to simple, default-free loans 

A default-free loan of  one unit, from date 0 to date 3, which ~s being paid for 
by payment of  fixed interest ,6' at dates 1, 2 and 3, together with repayment of  
principal at date 3, is essent,ally a default-Jree bond with maturity date 3; it is 
the building block of  more usual loans which contain an amornzat lon 
component  For simplicity we consider only the first type of loan, the exchange 
of the two securities. 

1 paid at date 0, and 

fl, fl and I +f l  paid at dates 1, 2 and 3 respectively. 
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The equahty of  the market prxces, at date 0 of these securmes, exchanged at 
date 0, by the lender and the borrover respectively, is a natural condmon in a 
fnctlonless market. It requxres that '  

1 = f l .B(0;  l )+f lB(0;  2 ) + ( 1 + f l ) B ( 0 ,  3), or, by Section 2.2. with s = 0. 

l = E [ f l . ( D ( 1 ) + D ( 2 ) + D ( 3 ) ) + D ( 3 ) ] ,  

which determines the market rate fl for tlus loan (see rows ~.~; to ,'4,,, columns 
"~ to 4). 

At a later date s, and depending on the evolution of the short term rate of 
Interest, the two securities may have different values: the l~nancial re.serve 
process FR is the difference between the market value of the commitments 
(habihtles) of  the lender which is I m current units (since the lender can recover 
the money lent at this current price on the market (see also ARTZNER and 
DELBAEN (1990a), 22  and ARTZNER and DELBAEN (1990b), 3.3 and Sec- 
tion 4.1 below), and the market value of the commltments of  the borrower 
This reserve appears m columns / ' ,  and ~,~; 

3 A RISKY, FIXED RATE, LOAN 

3.1. Description of the default by a stopping time 

An agent with default risk borrows one unit from date 0 to date 3, and may 
stop fulfilling his obllgauons from some random date a onwards The technical 
requirement on i~ is to be a stopping time (see ARTZNER and DELBAEN (1990a), 
3.1, ARTZNER and DELBAEN (1990b), 24, DACUNHA-CASTELLE and DUFLO 
(1986), 2 3.1), meaning that, by date t, the event {0 = t} is known to be true or 
not. For the interpretation, we notice that, m the worked example, the random 
variable 0 is dependent on the spot interest rate process r, but, for ease of  the 
spreadsheet use, not in the utmost generality, if default has not occured at date 
t, the (risk-neutral) conditional probability that it occurs at date t + 1 depends 
on the current value r(t)  but not on r ( t+ 1). see columns 7, 17 and 30 of the 
second spreadsheet Effect of default risk. It is also important to realize that 
the model does not make 0 a decision varmble, and does not cover moral 
hazard phenomena. 

As in Section 2.3, the type of  loan just considered is the budding block for 
the study of  risky loans with an amortization component The type we study is 
in fact a risky bond which will have level interest rate payments that we analyse 
as the sum of the level interest rate fl determined in Secuon 2.3 and a level 
default risk insurance premium n to be determined. 

3.2. Description and pricing of the loan's insurance viewed as a security 

The mathematical approach to defining a security ~s applied to the one which ~s 
lmphcit in the risky loan, namely the right granted to the borrower at date of  
default: to be dispensed of due interest and principal payments (m this smlple 
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model the lender has no recourse) This defines a security I, called the 
(cumulative, discounted) insurance process or rt.~l," process': 

I(0) = 0 (see column 5) and, for t = 0, 1, 2 (see columns 15, 28, 38): 

l ( t + l )  = l ( t ) + l { ~  = t+  I}-E[(fl  ( D ( t +  I ) +  + D ( 3 ) ) + D ( 3 ) ) I F , ]  

Notice that we had to prtce the loan in order to de/me I. Risky bonds, as well 
as risky loans m the case of  credit secuntizat~on, being traded on the market,  
we want to apply to the (discounted) prtee process PI  of  the imphclt security I, 
that is to the msurance prtces process, the general rule of  financml economics : 
"discounted dividends so far collected plus d~scounted current price form a 
mar t ingale"  (see ARTZNER and DELBAV.N (1990a), 2.1 and 3, ARTZNER and 
SHJU (1989), HARRISON and KREI'S (1979), HUANG and LITZENBERGER (1988) 
8.5 and 8.6) This provides the relations m columns 31, 18 and 8 (m this order), 
out of  the following equality, used for t = 2, 1 and 0 successively. 

P l ( t ) +  l ( t )  = E [ P I ( t +  l ) + l ( t +  l)lF, l 

3.3. Description and pricing of the insurance premium payments 

The level " insurance p r e m m m "  7r asked to the default prone borrower, is of  
the " p o s t - n u m e r a n d o "  type, since it is paid together with the interest/3 due for 
the past time period. This is a &fference with, for example, classical life 
insurance, and accounts for the non predlctablhty (see ARTZNER and DELBAEN 
(1990a), 3 I, as well as ARTZNER and DELBAEN (1990b), 4 3) of  the p r e m m m  
payments  proces.~ l-I, another  security, described Ill columns 6, 16, 29 and 39 by 
the relations : 

H(O) = 0 and for t = 0, 1 and 2. 

F I ( t + l )  = F l ( t ) + ~ . D ( t + l )  I { c 3 > t + l }  

The level premium g has yet to be defined, this has to do with the price of  
the security FI Since, at date 0, the security FI is given by the borrower, who 
will pay the premiums, in exchange for the securi ty/ ,  given by the lender, who 
provides the insurance coverage, a frtctlonless market  will reqmre the equahty 
of  the prices at date 0, of  FI and I, the first price being obtained as the 
expectauon (at date 0) of  all " fu ture  benefi ts"  g at date 1, g at date 2 and ~ at 
date 3, tinder "s ta ted  condi t ions"  namely these dates being smaller than 
default date ~. This gives the relation 

PI(O) = 7 r . E [ D ( I )  l { a >  I } + D ( 2 )  I { a > 2 ] + D ( 3 ) . I { 0 > 3 } ] ,  

as it appears in rows 31 and 32, columns 31 to 39. Thls reminds us of  the 
" 'eqmvalence principle" of  classical life insurance, but we have to notice the 
randomness of  discounting factors and the risk-neutral character of  the 
probablhty measure used. 

3.4. The insurance reserve process 

After the initial date 0, there is no further reason for the difference of  the price 
proee.sses of the insurance process I and the premium payments process 11, to 
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be zero. This difference is called the msurance reserve process and is denoted V 
(see columns 19 and 32). from its very definmon we see that, as m classical 
actuarml mathematics (BOWERS et al (1986), Ch 7) it has to do with 
conditional expectations of the difference of the cumulauve, &scounted, 
commitments of the " insure r"  (the lender, who has no recourse in case of 
default) and of the " insu red"  (the borrower, who has no more debt at date 8) 
Notice two differences: 

0) in order to define the reserve as a stochasuc process, a function of all dates 
and states of  nature, we do not restrict ourselves to the stochastic ume 
interval [[0, a[[, as actuarial mathematics does (see BOWERS et al (1986), 
p 192: "for  an insured surviving at the end of  t y e a r s " ) ,  

(fi) we use a risk-neutral probabdlty, m order to consider market values. 
reserves have to do with valuation 

4, THE PREPAYMENT OPTION 

4.1. Prepayment of  a default-free, fixed rate loan, as swap 
from fixed to variable rate 

We shall examine in this SecUon the value of the ophon which a fixed rate 
default-free borrower may ask to the lender: prepaying the loan We could 
have included this value into the net level payments due by the borrower but 
chose to separate ~t, for expository purpose 

If a default-free borrower prepays his loan at date t by paying the fair 
interest fl plus the principal, one current umt, he ~s m fact exchanging the 
following securmes : 

commitment of fixed rate payments of,fl at date t + 1,. ,1 +fl at date 3 

commitment of  variable rate payments o f r ( t )  at date t + 1,. , 1 + r(2) at date 3. 

The second security is indeed worth A( t )  where ,d fulfills the following 
equahttes : 

A( t )  = r ( t ) . O ( t + l ) + E [ A ( t + l ) l F , ]  for t + l  < 3 ,  

El(t) = ( l + r ( t ) ) . D ( t + l )  for t + l  = 3, and A(3) = 0, 

which allows us to conclude, by backwards mducuon, that El(t) = D(t )  for 
t < 3  (see also ARTZNER and DZLBAEN (1990a), 2.2 and ARTZNER and 
DELBAEN (1990b), 3 3). The prepayment of  the principal by the borrower at 
date t Is therefore equal to the current value, namely 1, of the second 
security. 

This exchange is called an interest rate swap (ARTZNER and DELBAEN 
(1990a), ARTZNER and DELt~AEN (1990b), 2.3, DUFVlE (1989), p. 269, TURN- 
BULL (1987)) The financml reserve at date t, as defined in 2 3, is preclscly the 
negative of  the market value (in date 0 umts) of this swap at date t When the 
financial reserve is negative, it ~s m the borrower's interest to prepay. 
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4.2. Prepayment of a risky, fixed rate loan and the two reserves 

The case of prepayment at date t by a default-prone borrower is more 
complex. It involves paying at date t the amount /~+zc+l 0.e. interest, 
insurance premium and principal) and, from then on, stopping any interest and 
insurance premium payment. This mlphes that, next to performing the swap 
transaction described in Section 4 1, the prepayer also engages m the follow- 
rag. 

and 

receiving from date t onwards the security FI' consisting of the level 
premmm payments n at the various dates t+  1,. ~ -  1 

giving up from date t onwards the security I ' ,  the coverage l(cq) at date cq 

This second transaction has the (discounted) market value given by a price 
difference, namely P F I ' ( t ) - P I ' ( t )  which Is equal to P F I ( t ) - P I ( t ) ,  that is to 
the negative of  the insurance reserve. 

A borrower prepaying at date t receives therefore the negative of the sum of 
the financial and insurance reserves, that is the quantity - F R ( t ) - V ( t ) .  

4.3. American prepayment option as an optimal stopping problem 

A rational borrower, allowed to prepay at someJtxed date t, t = l or t = 2, 
would do so only if, at thts date, the quantity - F R ( t ) - V ( t )  is positive, 
receiving the (discounted) "exercise gain "' 

G(t)  = 1 {0 > t}.max {0, - F R ( t ) -  V(t)}, 

(see columns 21 and 34 of the third spreadsheet' Value o fp ep a ym en t  optlon) 
Notice that we do not speak of  "prepayment  risk" in this case of  rational 
exercise, see ARTZNER (1990) for other cases 

We now define a new security S, by S~(~) = 0 If s < t, S ,(s)  = G(t)  lf s > t, 
for which the (ex dividend) pl'lce process would be PS,(s)  = E[S,(t)IF~] if 
s < t and 0 otherwise. 

If this borrower can prepay at any one of  the two dates, he faces the problem 
of choosing the stopping tmle z maximizing the expectation of G(z) this is an 
optimal stopping problem arising from the Amertcan type of  the swap option 
he has been granted (see ARTZNER and DEL~AEN (1990a), 2 3, DACUNHA- 
CASTELLE and DUFLO (1986), 5.1.3). 

The solution is described by computing the value PP(t )  of the prepayment 
option at date t, columns 9, 22 and 34, and by the condition of equahty 
between exercise gain and option value (no " time value") for rational exerclce, 
columns 23 and 35 
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5. CONCLUSION 

S t o c h a s t i c  p rocesses  a re  necessa ry  to describe c o m p l e x  c o n t r a c t s ,  m p a r h c u l a r  
w h e n  p a y m e n t s  r e v o l v e d  h a v e  severa l  sou rces  o f  r a n d o m n e s s ,  as for  e x a m p l e  m 
c red i t  r isk i n s u r a n c e  

F o r  the  prtcmg or  evaluation o f  such  c o n t r a c t s ,  a n s k - n e u t r a l  p robabd~ty  ~s 
the  tool  a l l o w i n g  a v e r a g i n g  d i s c o u n t e d  p a y m e n t s  to be cons i s t en t  wi th  prices o f  
re la ted  m a r k e t e d  con t r ac t s .  R e s e a r c h  has  to d o n e  for  spec i fy ing  such a 

p r o b a b i h t y  o u t  o f  s o m e  o b s e r v e d  m a r k e t  prices.  
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DI'OC¢~S 

FR¢2) = 

~2) - (I+18)* 

0.043969 

~.001322 

~.001787 

~.014957 

.'41 mgLt~l ~:) 37 

DATE 

t=3 ) 
',o 

m 

r~ 
> 

.q 
N 
Z 
r~ 

> 
Z 

G 

> 

Z 

(*) all oue-pe*tod ceediuoual risk ne~oaral p~ot=Ixhtes are 0.5 



1 2 

DATE I ~ o u n t  

2 t = 0 factor 

3 short rate D(I) = 

4 r ( O )  l/(l+r(0)) 

5 ( * )  

6 

7 

J ~  

~II 

12 

_13 

L I 4  

19 500% 

20 

21 

22 

Effect of defaull risk 

4 ~ ~ 7 

Bond Bond Cumulauve Cumulauve Risk Insurance 

price price dls~ounted d,scounted neutral prme 

B(0,2) = B(0~3) = mst wance pi'emmm probability process 

IMI) * D(I) * process process of  default PI(0) = 

E | B(I.2) l El B(I.3) ] I(0) ~(0) at lhe E[ I(I) + PI(I) ] 

next date 
(**) 

0 952381 0 9007/ 0 8460 0 0 0 165 0 263012 

:7.3 Dr2) + 
24 F i x ~ m e  B f o r ~ f a u t l f r e e l o a n - - ( I . E |  I ~ 3 ) ] ) / I E f D ( I ) ÷  13(3} 

2 5  8 = 5 7068% 

2 6  

2~ 

28 
2~ 

30 

32  

11I 

DATE l'hscounl Currenl Current 

t = 1 factor bond bond 

~ o r t  rate D(2) = price price 

tO) DO)/ B(I,2) = B(I,3) = 

( * )  ( l+ff l ))  I / ( l + r ( I ) )  (D(2 ) /D( I ) )*  

E [ B(2 ,3) /F  I 

7.00% 0 890076 0 934579 0 862943 

7.00% and payments default (**) 

4.50% 0.9114 09569 09136 

4..50% and payments default (**) 

E [ ~ 2 ) l =  09OO7 

(*) all one-period conditional risk neutral probabilites ate 0.5 (**) default at the end off the period independent of following spot shot-I rates 

E'n 

> 
Z 

> 
-< 

Z 
H 
© 

6 
Z 



I 
2 

4 
5 

6 
7 

iQ 

I I  

12 

13 

14 

15 

16 
17 
18 

D 

20 

21 
22 
23~ 

25 

2 7  

28~ 

~29 

!32 

Effect of default r isk 

I [  16 17 18 19 20 

CumulaUve Cumulauve Conditional Insurance Insurance Fmanoal 

d~scounted discounted risk price it.so-re reserve 

insurance premium neutral process process process 

proress process probability PI(1) = E [ V(I) = Pl(1) FR(I)  = 

I(I) = I(0) + i f ( I )  = if(0) of default I(2)-I(I) - E [ [](3) IMI) 

I{c3=1] * + n *  D( I )*  a t t he  + PI(2) - I f ( I )  - R* D(2) 

{ B * D(I) lloX>l } next date I F  I ] I F  I ] - (I+B) * 

+8 * D(2) (**) B(1;3) * 

+ (l+e)* D(1) 

• B(I,3) * 

D(1)) 

0 0 1194~8 0.120 0 148372 -0036046 0032834 

0 973898 0 0 0 

211 ;z2 2~124 ~ 26 27 
DATE Dzscount Current 

t=2 

short rate 

(*) 

factor bond imce 

I.~3) = B(2,3) = 

[.~2) / (t+~2~) l/(t+r(2)) 

11.20% 0 8004 0 8993 

11.20% and payrnenls default (**) 

5.55% 0 8433 0 9474 

5.55% and payments default (**) 

0 0 119438 0.060 0 086388 -0 120288 -0019370 

1 026102 0 0 0 

5.50% 0 8639 0 9479 

5.50% and payments default (**) 

4.00% 0 8763 0 9615 

4.00% and payments default (**) 

E I  D(3)] = 09460 

"r 

"0 

> 

N 
Z 

> 
Z 

m 

> 

Z 

(*) all one-period conditional risk neutral probabilites ar t  0.5 (**) default at  the end of the period independent of following spot short rates 



Effect of default risk 

Cumulattve Cumuhuve Conditional Insurance Insurance Fmanctal 

I I I I t = 3  discounted ] dsscounted .J. risk J _ _ . . _ L L  reserve J reserve 

tort .___~__ ~ neutra_____L 4___E__~__~___Ep__L__~  _~_~.t_  
ess _ e~s robabili PI 2 = ~ _ ~ V  2 = 

12 = 1 1  + 2 -- 1 ofdefault  b ~ 2 ~ ) - ~ . _ _ _ ~  

I ~=:2 * +n* 2 at the ~ 
B* 2 +  *1 o~>2 next date t 

I (**) [ ± 

t 0~3,06~ t 0.~ [ o o . 6 ~ t , o , ~ 9 ~ t  00439~ ~ _ H _ ~ _ ~  
0896902 0 119438 0 0 I I I I default" 

Cumuhnve Cumuhuve 

~scounted I dtscounted 

mnsuranct ~ 

13 = 1 2  +1 ~=-3 * ess 

0 0 331443 

0 846107 0 231062 

0 0 336817 

0 891398 0 231062 
] 0~,0~ t 0.0,0 [ 00~6,6t ~ 0 ~  L ~ 0 0 , ~ _ ~ _ _ _ ~ _ ~  

0942193 0 119438 0 0 I I I I default 

096~,66 ~ 0 ~  0.0~, [ 00~,~ t ~ 0 ~  i ~00,~ ~ _ ~ _ + _ ~ , ~ 0  0 ~ao,, o 

0.913156 0 233732 

0 0 343631 

0 926326 0 233732 

mmmm~J~mm~r, m m m u m m B ~ m m m u m m m m ~  

t .~. level defaultnsk I a>l * I +1 ~>2 * D 2  + mmm It = Pl 0 E ~._L[_~.L~__..~L]. 

i I 
(*) all one-period eoaditional risk neutral probabilites are 0..5 (**) default at the end of the period mdependem of following spot short rates 

7~ 

> 
Z 

7~ 

> 
..< 
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Z 
H 
0 

0 
Z 



5 

6 

7 

8 

9 

10 

13 

14 

15 

16 

17 

18 

19 5 00% 0 952381 0 9(J0722 0 845969 0 000000 

2O 

21 

22 

23 

24 F'L~ed rate [ for default free 

25 B = 

26 

27 

28 

29 

30 

J l  

32 

Value of prepa~,~em option 
1 2 3 4 5 ~ 6 7 8 9 

DATE l ~ o u n t  Bond Bond Cure ulat~v~ Cumulative Risk Insurance Value 

t = 0 factor price pnce discounted dLscounted neutral  pnoc of the 

short  D~I) = B(0:2) = B(0,3)-- insurance premmm probabil i ly process prepayment 

rate I/(l+r~0)) I~l )  * DO) * process pnx:ess of default  PI(0) = option 

r(0) E [ B(I,2) ] E [ B(I;3) ] I(07 l'I(0) a t  the E [ I(I) + Pl(I) ] PP(0) = 

( * ) n e x t  d a t e  E [ PP( I )  ] 
(**) 

0 0.165 0 263012 0.070650 

loan = ( 1 - E l  D ( 3 ) J ) /  E [ D ~ I ) +  D ~ 2 ) ÷ D ( 3 )  ] 

5 7068% 

I0 11 12 13 14 

DATE DLsco~nt Cunrent Current 

t = l  factor bond bond 

short ~2)  = IXlot ImC¢ 

rate  D O ) /  BO.2)=  B(l .3)= 

r ( l )  (l+r(I)) I / ( IH ' ( I ) )  (I~2)/DO) ) * 

( ' )  E [ B(2.3) /F I I ~ 

7.00% 0 890076 0 934579 0 862943 

7.00% and payments default (**) 

4 . 5 0 %  0911369 0956938 0913591 

4.50% and payments default (**) 

E[  D(2)] = 0 9(X~7 

(*) all one-period condmoaal risk neutral probabdttes are 0 5  (**) default at the end of  the perwd lndependent of  followlng spot short rates 

-o 

{... 
m 

> 

N 
Z 

Z 

Z 



Value of prel~yraent option 
15 16 17 18 19 20 21 22 23 

! Cumulative Cumulaave ' Conditional Insurance Insurance Fmancml Exerc,se 

2 discounted thscounted risk ImCe reserve reserve gain 

3 insurance premmm neutral process process process G(I) = 

4 ixoce:ss process probability PI(I) = E [ V(I) = PI(I) FRO)= 1{o>1 ~ * optton the 

5 I(I) = I(0) + I](1)= H(0) of default I(2~-I(I) - E [ H(3) DO) Max 

6 I{~-I~* + n *  D~I)* a t the  + Pl(2) - [I(I)  - 8 "  D(2) {0. Max{G0),  

7 (B* D0)  1~8>1} next date / F I ]  / F I ]  - (1+8)* -V(I)  E [ PP(2)/ 

s +~ * D(2) (**) 80 ,3)  * -FR(I)} 

9 + (I+.B)* D(1) 

i 0  B(I,3) * 
H ~i) 

12 

13 0 0.1194 0.120 0.148372 -0036046 003283.4 0003213 00229564 no 

14 0 973898 0.0000 0 0 0 0 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 0 

26 I 026102 

27 

2 8  I 
29 

30 i 
'31 

32 

[ ~4 25  26  27 

Value of Should DATE Dtscount Cm'~nt 

the you t = 2 factor bond lance 

prepayment prepay short D~3) = B(2;3) = 

rate D(2)/( l+r(2)i  I/(1+r(2)) 
PP(I) = loan? ,-(2) 

( * )  

F i l l  

11.20% 0800428 0899281 

11.20% andpaymenls default (**) 

5.55% 0843274 0947418 

5..55% andpaymenls 0e£a,h (**) 

0 119438 0.060 0086388 -0 120288 -0019370 0 139658 0 139658 yes 

0 0 0 0 0 

5..50% 0 863857 0 947867 

5.50% and pa)'mcnm default (**) 

4.00% 0876317 0961538 

4.00% and payments default (**) 

E [ D~3) ] = 0 S45969 

(*) all one-perlod condlttonal nsk neutral ,robabd,tes are 0.5 (** ) default at the end of lhe penod mdependent of  followmg spot short rates 

G 

> 
Z 

m 
> 

Z 

© 

5 
Z 



28 l 
1 Cumulauve Cumulative Conditlmml Insurance 

2 discounl~l discounted risk-neutral price reserve reserve 

3 ,naurance pt~mllum probabilit 7 process process process 

4 process process of default PI(2) = V(2) = FR(2) = 

5 I(2) = I(I ) + ]-I(2) = I"10) at the next E [ I (3)-  1(2) PIt2) - E [ I ~ 2 ) -  (1+8)* 

6 1{~=2) * + date / F 2 ]  [-[13) - I](2) D~3) 1{o~2} * 
7 (B*  D~2)+ ~*  I~2) (**) I F 2 ]  [ Max{0;, -V(2) 

8 I + B ) *  D~3)) * I[a>2] i -FR(2) } 

9 
I0 0 0.231062 0.060 0 050766 -0 043592 0 043969 0 000~00 

Value of prepayment opnon 
29 30 31 32 33 34 35 I161 37 38 39 l 

Insurance Financial Value of the Should DATE CumulaUve Cumulatlve i 

prepayment , you t = 3 &scounted &scotmted 

OlmOn prepay insurance prermum 

PP(2) = the l~cess  process 

o ( 2 )  = loan? If3) = I(2)  + r I ( 3 )  = I f (2 )  

1{o%3} * + 

i l  0896902 0 119.438 0 0 0 

12 

13 

14 

15 

16 0 0.231062 0.040 0 035656 -0065869 -0001322 0067191 

17 0942193 0.119438 0 0 0 

18 

19 

20 

21 

22 0 0 233732 0.035 0 03 ! 960 -0 072584 -0 001787 0 074370 

23 0.965166 0 119438 0 0 0 

24 

25 

D(3) * I{c3>3) 

no no default '  0 0.331443 

default : 0 846107/ 0.231062 

yes no default 0 0.336817 

default 0 891398 0 231062 

I 
yes no default '  [ 0 0.342068 

default 0 913156 0 233732 

26 

27 

28 0 0 233732 0.030 0 027/790 -0.078812 -0 014957 0 093769 yes no default '  0 0.34363 I 

29 0 97/8337 0 119438 0 0 0 default : 0 926326 0 233732 

30 

31 

32 

level defaultn~k pr~rmum n = P l ( 0 ) /  E [ I { ~ > I ] *  D~I)+  I{~>2} *D~2) + I{/~>3}* l~3)J 

= 0 125410 
(*) all one-period conditional risk neutral probobdltea are 0..5 (~'* ) default at the end of the permd Independent of followmg spot short rates 

:E 
[.- 

> 

N 
Z 
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r-  


