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A B S T R A C T  

In this paper, we will cover the bonus-malus system m automobile insurance. 
Bonus-malus systems are based on the distribution of the number of  car 
accidents Therefore, the modelling and fitting of that d l smbuhon  are consid- 
ered. Fitting of data Js done using the Polsson mverse Gaussmn distribution, 
which shows a good fit Building the bonus system is done by minimizing the 
insurer's risk, according to LEMA~RE'S (1985) bonus system. 
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As LEMmRE (1976) put ~t, bonus-malus systems are based on the random 
variable number of  claim N (frequency), irrespective of  their amount  To begin 
with, we must adapt  a Polsson process which ts not homogeneous The 
heterogeneity aspect is introduced by mixing the Poisson distribution The 
parameter  2 m the Po~sson dlstrlbuhon is considered a random variable. A 
s~mdar contention is made by BESSON and PARTRAT (1992). 

Let us assume that the expected frequency of clmms vanes within the 
portfoho. Let us further assume that any parucular  risk m the portfoho has a 
Polsson dlstnbut~on of  clama frequencies with mean A, where A is itself a 
random variable with dlstnbutton representing the expected risks inherent m 
the given portfoho The distribution function of A Is given by U(A) and the 
unconditional distribution of  claim frequencies of  an indlwdual drawn from the 
portfoho ~s mixed Polsson. N has a Polsson distribution with probability 
funcUon 

with 

An 
fg(nlA) = e -A n = 0, 1, 2 , . .  

tl I 

E(N) = E(A) Var (N) = Var(A)+E(A)  

It IS obvious that mixed Polsson varmtes have a variance exceeding the mean 
(unhke the Polsson where mean and variance are equal) This state of  fact, 
which ~s usually the case m practical s~tuatlons, is normally desirable from the 
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insurer's standpoint m that mixed &stributlon can be thought of  as being 
" s a f e r "  than the original Polsson. 

One interesting distribution for A is the reverse Gaussmn. It has thick tails 
and It also provides the advantage of  hawng closed form expression for the 
moment  generating funcuon It is a reasonable d~strlbuhon for modehng in 
many insurance situations. The probability density function of an inverse 
Gaussian distribution is, 

f ( 2 )  tt _ [(~_,,)2] - e t 2p~ j ,  2 > 0  
\/2fff12 3 

The distribution function ~s, 

+ e p 0 5  ~ 2 '  F(2) = / 2 > 0 
k,/ J 

where 4 ( . )  is the standard Normal  (with mean 0 and variance 1) distribution 
functmn. 
The mean and variance are 

E(A)  = /a Var (A) = ~fl 

The Poisson mixed over the inverse Gaussian is thus obtained and called the 
Polsson inverse Gausslan. One can obtain the probabllmes from the probabil- 
Ity generating function which is 

& I I -  v/l+ 2PO-z)l 
P ( z )  = ea 

The mean and variance are thus obtained, 

E ( N )  = 

Var (N) = u ( l  +fl) 

The Polsson reverse Gaussmn has two parameters. 
Regarding the parttcular case of  hablhty pohcies (private cars) which have 

had k claims, we shall use the results found by PANJER and WILLMOT (1987). 
BOHLMANN (1970) pubhshed the data that had been gathered m Switzerland m 
1961 (see Table 1.1). 

We will use the maximum hkehhood estimator to estimate a parameter  
0 = (01,02 . . . . .  0p) from our set of  independent and identically &strlbuted 
data (X~, X2 . . . . .  Xk) wxth probabili ty function p,(0).  

According to PANJER and W]LLMOT (1987), the hkehhood function is 

L(O) = ]~I [pk(O)]Nk 
k=O 
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TABLE 1 I 

CLAIM FREQUENCY DATA 
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Number of clmms Number of 
Fitted 

per pohcy pohctcs Values 
(k) (n) 

0 103,704 103,710 03 
1 14,075 14.054 65 
2 1,766 1,784 65 
3 255 254 49 
4 45 40 42 
5 6 6 94 
6 2 1 26 

Total 119,853 119,852 44 

The log-hkehhood is defined to be 

l(O) = I o g L ( 0 )  = ~ Nk'logpk(O) 
k=0 

where N,  = {number o f  X,'s for whlch X , =  k}, k =  0 , 1 , 2  . . . .  are the 
observed f requencies .  The maximum hkel ihood e sumato r  ~s the r andom 
variable 0 for which the hkehhood (or eqmvalent ly the log hkehhood)  is a 
maximum 

The values o f  the maximum hkehhood  esumator  o f p  and fl are ft = 0,15514 
and fl = 0.15527. Then, mulup lymg the probablhues  by 119,853 ymlds the 
fitted values o f  Table 1.1. 

The value o f  £ is 0.15514 and s '2 is 0 24174. 
The goodness  o f  fit statlsuc D Chl-squared distributed with ( k -  r - l )  degrees 

o f  freedom (k intervals and r parameters)  defined as 

k- I ( N , -  np,) 2 

,~0 rip, 

the value o f  which is 0.78 on 3 degrees o f  freedom, yleld|ng a significance level 
o f  85%,  which ~s good This is a better fit than the Po l s son -Gamma model,  as 
one can compare  with BICHSEL'S (1964) results calculated on the same set o f  
data.  

We have now a frequency d | s tnbu t |on ,  the Po|sson inverse Gaussmn,  that is 
fitted to our  data.  We can now build our  bonus-malus  system m the same 
manner  than LEMAIRE (1985) d~d We will minimize the average total risk o f  
the insurer, since the insurer is at risk. Let us consider an insured observed 
during t years and let us call n~ the number  o f  accidents m fault reported dur ing 
the j th  year For  each insured, we have the reformat ion vector (nl ,  , n,). 
Each n 5 is a reahzaUon of  the random variable Nj, for whmh we assumed 
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independent  and ldentmal dastributions. For  each observat ion  set n~ . . . . .  n, we 
have to relate a n u m b e r  2,+~(n! . . . . .  n,), which is the best estamator  o f  2 at 
t ime t + 1. We also choose a quadra t ic  loss function (1,+ ~ - 2 )  2 whmh yields 

2,+l(nl  . . . .  n,) = E ( A I n l ,  ,n , )  

Hence,  we need to de termine  the poster ior  mean of  A. We al ready know that  
It(2) as an inverse G a u s s m n  wath pa ramete r s  fl and It. We had N/2 as Poasson 
distr ibuted,  hence the l ikelihood distr ibution is 

2 n e - t). 

P(n~ . . . .  n,I2) - , where n = 2..., n,. 

i~[ t=l 
J~l 

Next,  the jo int  &s t r i buuon  of  the number  of  accidents as 

I ~ P(nl  . . . .  n , 1 2 ) - I t  (2)  d2 
0 

i o,~ 2" e -  '" I t  
t 

o H (n, ')  x/2rrf123 

. /=1 

- ,r{; ,,):l 
e t. 2~ j d2 

P(? ' / / i  , - ,  n t )  = 

It I ~ 2" ,f{~-"}: + a} e t~-P~ d2 
o X/2 aft2 3 

ILI (n;!) 
d = l  

The  Bayes theorem for the poster ior  dis t r ibut ion of  A is 

It (2Jn l  . . . .  n , )  - 

2 n e - t2 

lZI (n~) 
/ - I  

_ , f t ; = , o q  It - e  L 2& j 

, p I ~ 2" e-~(~-")~ + - T a } l .  2B, d2 

y - I  

- ,[('-'P + t~} 
2 n e I. 2fl2 

ioo 2,, _ + , }  
- - e  t 2p; d2 

0 ~/2 ~p;. 3 
One can see that  the integral term as not a funchon  of  2 once at xs solved We 
can then find to which d t s t n b u t m n  It(21nl . . . . .  nt) is p ropor t iona l  by omit t ing 
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that constant  term (the integral); 
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- t ) . -  )" - Id ~ It 

2" e 2"-#- ~ ; , J  e T  
,u(Alnt . . . .  n,) oc (2 ~//)'/2 ~3/2 

Similarly, we omit  all terms that do  not depend on 2, since ,u(21n~ . . . . .  n,) is a 
function o f  2, 

I 

,u(2ln, n , ) o c 2 ( " - ~ )  e ( - ; ' ( - ~  -+ ') - - L ( ' '  I , . ,  ,. ~ - 5 # - / ,  

in which 

to obtain 

3 1 #2 
a = n -  - b -  c =  

2 1 2f l  
- - + t  
2fl 

The above expression is the probablh ty  density function o f  Generalized reverse 
Gausslan distribution, which can also be presented as 

,u,(-~) x(,, -1) e t 2-~T-, j 
P ( x )  = --  x > 0  

2 K,, (iz'/fl') 

u,(-O) x ( O - , ) e ( -  27r 2L~, ) 

2 X,, (# ' /y) 

where # '  > 0,/7'  > 0, - coo < o < m and K o ( x )  is the modified Bessel function 
o f  the third kind with index v. JORGENSEN (1982) shows several results 
concerning the Generalized inverse Gausslan.  One o f  interest to us is the mean, 
given by 

, Ko+l ( I t ' / i f )  
E ( G  I.G.) = it 

K,,(#'/fl ') 
in our  case 

I 
0 = a + ]  = Iz  - -  - -  

2 
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b 1 

2 1 
- - + 2 t  
P ;l  

= = 

W h e n  the p r io r  d i s t r ibu t ion  o f  ,4 is reverse Gauss l an  and the cond i t iona l  
p robab i l i t y  funct ion (N~ . . . . .  Nt) given A = 2 a t -d imens ion  Polsson d is t r ibu-  
t ion,  we then see that  the pos te r io r  d i s t r ibu t ion  o f  A is a Genera l i zed  inverse 
Gauss i an .  

W e  a l r eady  e s t i m a t e d / 1  and fl, then we can write 

1 
0 = / . /  - -  _ _ _  

2 

and  

1 

6.44039 + 2 t 

/~' = 0.15514 × ~ /  
1 +0 .31054  t 

K° (K/Y) 
2 , + l ( n l  . . . .  n,) = I t ' -  " '  

Ko (P'/fl') 

In our  case, the pure  p r emium to be charged  is related to the f requency o f  
accidents .  Tha t  is 

P t + , ( n l , . . . , n , )  = 2 , + l ( n l ,  . , n , )  = /z' Ko , , ( i z ' / f l ' )  
Ko (It'~if) 

Hence,  we can now bui ld  a table  o f  p r emiums  to be charged  as a funct ion o f  
acc idents  (n) and  n u m b e r  o f  years  (t) .  To  es t imate  the modif ied  Bessel 
funct ions ,  we use 

Ko,., (K/Y) 
- Q , , ( l ~ ' / f l ' )  

Kv ( l~' /fl') 

We es t imate  Q by a Newton  R a p h s o n  app roach .  Then we normal ize  the 
pos t e r io r  p r emium in a way  that  the p r e m m m  for a new insured is 100 (n -- 0 
and t = 0). W e  then ob ta in  

P , + l ( n l  . . . .  , nt) = 100 
/a' Qo (u'/fl') 

lto Q,,o (kto/flo) 
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whe re  

1 
o0 = - - fl0 = 0 15527 /10 = 0 15514 

2 

But  we reahze  tha t  

Ito Qoo ( Ito/flo) 
~s the  m e a n  o f  the p r io r  d~str~butJon o f  A T h e  G e n e r a h z e d  reverse  G a u s s l a n  
inc ludes  the reverse  G a u s s l a n  w h e n  2 = - 1/2. So 

It' O,, (/z'//~') P,+t(nt,  , n , )  = 100 
0 15514 

T a b l e  1 2 gives  the  resul ts  for  P,+~ for  v a r i o u s  t and  n. W e  l imi ted  ou r se lves  to 
n = 10 since n > 10 acc iden t s  is m o s t  un l ike ly  to o c c u r  A n  A P L  p r o g r a m  was  
used ( for  fu r the r  c a l cu l a t i ons  also)  

Th i s  is an  e q u i t a b l e  s y s t e m :  each  insured  a lways  pays  a p r e m i u m  p r o p o r -  

t iona l  to the e s t i m a t i o n  o f  h~s f r e q u e n c y  o f  acc iden t s ,  a c c o r d i n g  to the  
r e f o r m a t i o n  a c c u m u l a t e d  d u r i n g  t years  F o r  e x a m p l e ,  i f  o u r  Insured  had  

1 a c c i d e n t  d u r i n g  his first year ,  he w o u l d  h a v e  a s u r c h a r g e  o f  67 7 2 %  
( ( 1 6 3 . 7 2 - 1 0 0 ) -  100). But  , f  he had no  a c c i d e n t  d u r i n g  tha t  first  year ,  he Js 
en t i t l ed  to a r e d u c t i o n  o f  1 2 . 6 5 %  ( ( 1 0 0 - 8 7 , 3 5 ) -  100). La te r ,  If he has  I 

a c c i d e n t  d u r i n g  the  s econd  yea r  (and  n o n e  m his first),  he wdl  be pena l i zed  

6 0 . 6 0 %  ( ( 1 4 0 . 2 8 - 8 7  35) - 87 35). S i m d a r l y ,  i f  he has  no a c c i d e n t  d u r i n g  the  
second  year  (and  1 m the first year) ,  he wdl be g r a n t e d  a b o n u s  o f  14 3 2 %  
( ( 1 6 3 . 7 2 -  140 28) - 163.72) Th i s  p rocess  can  be c o n t i n u e d  indef in i t e ly  

TABLE I 2 

BONUS-MALUS TABLE 

(based on a Polsson reverse Gausslan frequency &stnbutlon) 

0 1 2 3 4 5 6 7 8 9 10 
l 

0 
l 
2 
3 
4 
5 
6 
7 
8 
9 

10 
20 
50 

100 

100 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A 
8735 16372 27571 40952 55321 701 11 85094 1001 76 1153 14 130488 145685 
7854 14028 22919 33561 45055 56934 68996 81155 93369105617 117888 
7195 12376 19727 28531 38084 47991 58073 68249 78479 88742 99029 
6678 11142 17394 24883 33038 41523 50175 58917 67713 76542 85393 
6259 10180 15610 22113 29216 36627 44197 51856 59566 67310 75075 
5910 9405 14200 19937 26220 32791 39515 46325 53186 60080 66995 
5613 8767 13054 18181 23807 29705 35749 41876 48054 54264 60496 
53 57 82 30 121 05 167 33 218 22 271 69 326 53 382 20 438 37 494 86 551 56 
51 33 7771 11303 155 18 201 60 25043 30063 351 62 403 10 45489 50689 
4935 7373 10617 14484 18747 23240 27865 32566 37316 42096 46898 
3724 5112 6713 8624 11043 13723 16011 18551 21231 23924 26944 
24 60 30 65 36 32 45 23 55 62 65 41 73 76 84 42 94 61 106 22 120 60 
1766 2079 2421 2885 3302 3760 4024 4431 4951 5692 6462 
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Let us now introduce a utility function o f  the insurer, as LEMAIRE (1979) 
did. The insurer assesses the risk according to a utlhty funcUon p ( x ) ,  and 
determines the premium by equat ing the utility function o f  his present situation 
and the expected utility o f  the risk. that  is, he is indifferent between his present 
si tuation and being at risk 

i 
oo  

t l (R)  = E { t t ( R + P - x ) }  = p ( R + P - x ) . d G ( x )  
o 

where R is the reserve o f  the insurer, P the premium to be charged and G(x )  
the distr ibution funct ion o f  claims m a portfolio. This null unhty  principle has 
numerous  interesting properties when one uses an exponential  utlhty func- 
tion, 

1 
/ / (x)  = - (I -e-C'~), c > 0.  

c 

The parameter  c characterizes the risk aversion o f  the insurer We can then 
evaluate the premium 

1 ( l - e  -~R) I °c 1 ( l - e  -cIR+P-~)) dG(x)  
c o c 

w h i c h  y i e ld s  

1 
P = log M ( c )  

¢ 

where M ( c )  is the momen t  generat ing function o f  the claims distribution. In 
our  si tuation o f  a bonus-malus  system based on a Polsson inverse Gausslan,  we 
have 

where 

l S°~ 
P = - log M(c,  2) dU(2)  

c 0 

M(c,  2) = e ~'~- I) 

is the momen t  generat ing function o f  the Polsson distribution, and U0.)  is 
inverse Gaussian Then 

P = -  log e ~(e'-° P 
c 2x/~-f123 e t  2p~ .I d2 . 

The expression in brackets is the momen t  generating function o f  the inverse 
Gaussian d l s t nbunon  valued at e e -  I. Fo r  the Generalized reverse Gausslan,  
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we have 

- L  1 
M ( z )  = ( I - 2 f l z )  2 , z < 

K; ( ,. / fl ) 2 fl 
and m pa r t i cu la r  for the inverse Gauss l an  when 2 = - 1 /2 .  Hence,  we replace 
in P 

I - ±  
P =  l o g  [ I - 2 f l ( e C - l ) ]  z 

c K; (/.,/fl) 

This fo rmula  is valid for all values o f  pa rame te r s  2, fl and  ,u, and  m par t t cu la r  
for our  values o f  v, fl' and  u '  o f  the pos te r io r  d l s t n b u t m n  So, 

I K,~ , ] l  - 2 f l ' ( e  c -  I) 
1 - "  

P , + t ( n l  . . . . .  n , ) = - I o g  [ l - 2 f l ' ( e ¢ - l ) ]  2 
c Ko (/L'/fl') 

This p r e m m m  ts a non-decreas ing  con t inuous  functmn o f  c. A choice o f  
c = 0 25 (risk avers ion)  yields a r easonab le  m m a l  p r e m m m  Pi = 0 18032, 
since the pure p remium is 0 15514, it co r r e sponds  to a safety load ing  o f  a b o u t  
16%.  The  results are m Table  1.3 

TABLE I 3 

BON US-MALUS TABLE 

(based on a Polsson reverse Gausslan frequency distribution) 
(with exponential uuhty function, c = 0 25) 

0 1 2 3 4 5 6 7 8 9 10 
i 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
20 
50 

100 

100 N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A 
8687 16415 27780 41355 55918 70898 86068 1 0 1 3 3 6 1 1 6 6 5 9 1 3 2 0 1 6  147390 
7784 13989 22947 33666 45235 57185 69315 81539 93818106131  118466 
71 15 12299 19667 28493 38063 47984 58076 68260 78498 88768 99061 
6593 11044 17289 24770 32913 41381 50013 58734 67508 76314 85142 
6172 10072 15482 21960 29035 36412 43946 51567 59239 66943 74670 
5822 9292 14058 19763 26007 32536 39216 45979 52792 59638 66505 
5525 8651 12907 17995 23578 29428 35423 41499 47625 53782 59961 
5270 81 14 11954 16542 21585 26880 32314 37828 43390 48984 54598 
5047 7655 I11 52 15326 19920 24753 29720 34765 39857 44980 501 24 
4850  7259 10467 14292 18508 22951 27522 321 70 36864 41588 46333 
3651 50 16 6926 8963 111 75 13489 15872 18361 20927 23641 26495 
2408 3001 3781 4521 5447 6408 73 I1 83 32 9447 10603 118 19 
1728 2033 2347 2732 31 76 3679 3997 4331 4892  5528 6324 
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The  Table  1.3 slightly differs from the preceding one (Table 1.2) It can be 
shown that  even for very unreasonable  values o f  c, the differences are small. 

Finally,  these results c o m p a r e  favourab ly  with LEMAIRE'S (1985) results where 
he used a Nega t ive  Binomial  dls tr lbuUon (A was G a m m a  distr ibuted)  
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