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AND COLLAR STRATEGIES 
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A B S T R A C T  

The theory of  risk exchange is applied on the allocation of financial risk m 
capital markets It Is shown how the shape of  individual payoff functions 
depends on risk tolerance and cautiousness. For  the special case where the 
Neumann-Morgenstern utility functions of all individual investors belong to 
the HARA class and have non decreasing risk tolerance it is proved that 
generalized versions of  "po r t foho  insurance",  "tactical  asset al locat ion" and 
"co l l a r s "  are the only strategies occurring in price equihbrium. 
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| .  I N T R O D U C T I O N  

For quite a long time the MARKOWlTZ (1952) approach and the Capital Asset 
Pricing Model (SHARPE, 1964; LINTNER, 1965) played a predominant role m 
financial economics In such a framework only linear risk allocations can 
occur. However, in 1973 BLACK and SCHOLES pubhshed their famous ophon 
pricing formula, which allows m particular for a replication of  options by 
means of  dynamic strategies. Options and their dynamic rephcation became 
increasingly popular. Nowadays, non linear investment strategies, such as 
portfolio insurance, tactical asset allocation and collars are widely used. 

In actuarial science non linear risk allocations are a central issue in the 
reinsurance context. Already in 1960 Borch's theorem on Pareto efficient risk 
sharing was pubhshed. Later on, BUHLMANN (1984) proved the existence of  a 
price density leading to a Pareto efficient risk allocation which is typically non 
linear. In BOHLMANN (1980) and LIENHARD (1986) price densities were 
explicitly calculated for some special cases. 

LELAND (1980) was the first who applied the actuarial results on non linear 
risk sharing in financial economics. By means of  Borch's theorem he analysed 
the occurrence of  portfolio insurance m the context of capital market equilib- 
rium. MULLER (1990, 1991) apphed Btihlmann's equilibrium model on the 
capital market and obtained some first results about the qualitative shape of  
risk allocations. 
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In this article total financial risk has to be allocated to n investors. Following 
the tra&tton of  RUBINSTEIN (1976), BRENNAN (1979) and LELAND (1980) all 
investment decisions have to be made at one point of  time. First, the main 
results of  the theory of  risk exchange are shortly summarized. Thereafter, 
different types of  investment strategies such as portfoho insurance, tactical 
asset allocation and collars are explained m the context of  risk exchange. It is 
shown how the type of investment strategy chosen by an individual investor 
depends on the risk tolerances of  all investors and their sensitivity to wealth 
changes. Finally price equlhbrla are analysed in the special case where the 
Neumann-Morgens tern  utdity functions of  all investors belong to the H A R A  
class. Generahzed versions of  portfolio insurance, tactical asset allocahon and 
collars are the only investment strategies which can occur. 

2. THEORY OF RISK EXCHANGE 

2.1. The model 

As in RUBINSTEIN (1976), BRENNAN (1979) and LELAND (1980) trade takes 
only place at one point of  ttme 

There are n Investors i = 1 . . . . .  n with the following character is t ics  

1) All investors have the same planning horizon and the same expectations. In 
particular, their expectations with respect to total financial wealth (aggre- 
gate market  value of  all financial assets in an economy) at the end of  the 
planning period are given by a random variable if'. 

2) Moreover,  the value of  investor /'s (i = 1 . . . .  , n) initial endowment at the 
end of  the planning period can be represented by random variables ..~,, 
s.t. 

X , ~ 0 ,  ~ ~ , =  if ' ,  a.e. I 
s = l  

3) Each investor i = 1 . . . .  n evaluates his wealth at the end of  the planning 
period by a Neumann-Morgenstern  utd~ty function 

u,:  R ~ R ,  i =  i . . . . .  n .  

Hence, for the investors i = 1 . . . .  n with the inttlal risk allocation 

( x ,  . . . .  , xn)  

t If mmal endowments consist only of the market portfoho and a nskless asset, then 

~,=a,+~,  I~, ae t= l, ,n, w,th ~ a,=O, Z s,= l 
i I I I 

holds 
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a reallocation of total financial risk 

(2,  . . . .  ,2n)  

has to be found. 

with ~ Z, = if/ 
l= l  

W 

lmtlal allocation of total fmancml wealth 

i 

Realloeat~on of total financial wealth 
FIGURE 1 

Obviously, thin framework allows for the application of standard results in 
risk theory (e.g. BORCH (1960), BOHLMANN (1980, 1984)) 

2.2. Theory of risk exchange: standard results 

The following assumptions will be useful" 

A.I. a) The random variable 17" is given by the probability space (R, B, P), 
where B denotes the Borel-a-algebra. There exist constants m, M with 
0 < r e < M <  m, such that 

P[m_< ff" < M ] =  1. 
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b) There  extst measurable  functtons h,, i = i . . . .  , n such that  

.~, = h,(ff ' ) ,  a.e. 2. 

c) ~[2,]  > 0. 

A.2. The Neumann-Morgens t e rn  utility functions u,, R ~ R, t =  1 . . . . .  n are 
twtce differentlable and satisfy 

u/(x)  > O, u,"(x) < 0 Vx. 

A.3. The  Neumann-Morgens t e rn  utility functions u,; R ~ R, i = 1 . . . .  n are 
three ttmes cont inuously  differenttable 

Moreover ,  the following definttions are needed:  

Definition 1 : An n-tuple o f  r andom varxables (Z.i . . . . .  2 , )  ts called a feasible 
allocation if it satisfies 

~ 2 , = i f ' ,  a.e. 
t=l  

Definition 2: A measurable  function 

¢ :  [m, M] ~ [0, ~ [  

is called a price density If It satisfies 

E[~b(/,~")] = 1. 

Remark: Under  a price density ¢ the value o f  a random variable Z, = f , ( f f ' )  is 
given by 

(1) E [ f , ( f f ' )  ¢ ( f f ' ) ]  = I f,(w) ¢(w) dP(w) 

Definition 3:  The tuple {~, (ZI* . . . . .  Z~*)} consisting o f  a price density ~b and 
a feasible al location ( 2 ~  . . . . .  2,*) ts called a prtce equdibrtum tf for all 
z =  1, . . . ,  n 2,* is the solution o f  

max E[u,(Z,)]  
2, 

under  

E[Z ,  ~ (I,~')] _< E[,Y, ~(W)] .  

2 Assumpt ion  A 1 b is made for expository convemence As m BOIILMANN (1984) one could 
define Jrl,  . ,.~n as random variables on a common  probablhty  space (122, A , / / )  Using the 
subscquent  a n a l y m  one could show afterwards that if' = ~," i .Y, is a sufficient statistic for the 
problem under consideration 
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Definition 4:  The  feasible al locat ion (Zl* . . . .  , 'Zn*) IS called Pareto effictent if 
there exists no feasible al locat ion (Zi . . . .  , Z , )  satisfying 

E[u,(Z,)]  >_ E[u,(Z,*)] ,  t = i . . . . .  n 

with strict inequali ty for at least one rE{l,  . . . ,  n}. 
The  s tandard  results for this model  can be summar ized  as follows (B~HL- 

MANN (1980, 1984)): 

Theorem I : 

1) Under  A.I . ,  A 2., A.3. 3 there exists a price equi l ibr ium {~, (Zl*, . . ,  2,*)}. 
2) Unde r  A 1., A.2. each price equi l ibr ium {~, (Zl* . . . . .  Z,*)} has the following 

propert ies  : 
a) The  risk a l locat ion (Zl*, .- , Z,*) IS Pare to  efficient. 
b) There  exist ~1 . . . .  , yne(0,  oo) such that  

(2) u,' (Zn*) = Y, ~ ( i f ' )  4, a e i = I . . . . .  n .  

As an immedia te  consequence one obta ins"  

Corollary 1: Under  A.I . ,  A.2. for each price equlhbr lum {~, (Zl*, . . . ,  2,*)} 
there exist measurab le  funct ions f ,  such that  

(3) ~,* = f ,  ( I~) ,  a.e., t = 1 . . . . .  n.  

In the context  o f  financial economics  it is o f  par t icular  interest to have some 
informat ion  abou t  the shape of  the funct ionsf~ . . . . .  fn and ~b. Some results on 
this issue are derived m the next section. 

3. ANALYSIS OF PRICE EQUILIBRIA 

3.1. Portfolio insurance, tactical asset allocation and collars 

The  term " p o r t f o l i o  i n su rance"  is widely used for  investment  strategies where 
a reference por t fo l io  is protected by a put  opt ion.  Obvious ly  such strategies 
lead to convex p a y o f f  functions.  Therefore ,  LELAND (1980) in t roduced the term 
"gene ra l  insurance po l i cy"  for  convex p a y o f f  functions.  In this article we use 
the following te rminology:  

Definition 5:  An inves tment  s trategy leading to a twice differentmble payo f f  
funct ion 

f ' [ m ,  M] - ,  R 

Instead of A3 BOHLMANN (1984) assumes that the functions p , ( x )  = - u , " ( x )  satlfy a Llpschltz u: (x) 

condmon In E Chevalher 's forthcoming thesm assumpttons A I, A 2, A 3 wdl be relaxed 
4 See also BRENNAN/SOLANKI (1981) 
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is called 

a) "Por t fo l io  insurance" if f "(w) > 0 Vwe[m, M]. 
b) "Tactical  asset a l locat ion" i f f "  (w) < 0 w s [m, M]. 

c) " C o l l a r "  if 
f "  (w) > 0 Vw e [m, w0) and 
f"(w) < 0 Vwe(w0, M], where m < w0 < M 

fCv)  

v 

Portfoho insurance 

f ( v )  

Tactacal asset aUocauon 

f ( v )  

/ 

Collar 
FIGURE 2 

Remarks: 

1) Of course strategies with a continuous payoff function f(w) can be 
approximated by buying and selling put and call options with &fferent 
striking prices (see also LELAND (1980)). 

2) The term "tactical  asset a l locat ion" is motivated by the widely used " b u y  
low, sell h igh"  strategies. The term "co l l a r "  is used for the popular 
investment policy where a reference portfolio is held, a put option is bought 
and a call option is sold. 

3.2. Risk tolerance, cautiousness and properties of price equilibria 

The following definition will be useful for the discussion of price equihbrla. 
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Definition 6 : 

a) u,'(x) . 
z,(x) - Is called the risk tolerance of  investor  i. 

u,"(x) 

d 
b) R,(x) = - -  r , ( x )  is called the cautiousness of  investor t 5. 

dx 

Some well known characteris t ics  o f  price equilibria can be formula ted  as 
follows : 

Proposition 1: U n d e r  A.I . ,  A.2. a price equi l ibr ium {~, (f~ (if,") . . . . .  f , ( f f ' ) ) }  
where ~ and f l , . - . , f n  are dlfferentiable has the proper t ies :  

a) ~ f , ' ( w ) =  I ,  
t = l  

~, (f, (w)) 
b) f , '  (w) = ~ (0, 1), 

c) ,~ (w) > 0, ,~' (w) < 0,  

¢'(w) l 
d) - -  

~(w)  E" ~ ( f ~ ( w ) )  j=l 

Proof:  e.g. BOHLMANN (1984, p 16-17) or HUANG/LITZENBERGER (1986). 

In order  to decide whether  a p a y o f f  funct ion f ,  co r responds  to po r t foho  
insurance,  tactical asset a l locat ion or a collar s t ra tegy its second derivat ive 
f , " (w)  has to be known.  The  not ion o f  a " r ep resen ta t ive  i nves to r "  will 
considerably  simplify the analysis o f ~ "  (w). 

Definition 7:  Given a price e q u l h b r m m  {~b, ( f l  ( i f ' )  . . . . .  f , ( l ~ ) ) }  a funct ion vm 
with 

v;,, (w) = 4' (w) 

is called N e u m a n n - M o r g e n s t e r n  utility funct ion o f  the representat ive inves- 
tor. 

Remark: The  representat ive investor  is a fictious individual  represent ing the 
market .  Under  the con&t ions  o f  Propos i t ion  1 and different iabihty assump-  
uons  the risk tolerance r m (W) and the caut iousness  Rm (w) of  the representa twe 

Hence, the cauuousness R, ~s a measure for the sensmv~ty of the risk tolerance r, (x) with respect 
to wealth changes 
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investor are given by 

(4) rm (w)  - v',,, (w) _ ¢ (w) _ y~j=l,, zj ( f j  (w)) , 
v~, (w) ¢' (w) 

d ]E" (5) Rm(w) = - -~m(w)  - ,=, Rj(f~(w)) ~,(f~(w)) 
d~ x;'=, ~,(f~(~)) 

Hence, the rtsk tolerance Zm(W ) Is the sum of  individual risk tolerances, 
whereas the cautiousness R m (w) is a weighted mean of  ind,vldual cautiousness 
terms. 

Now the result on the second derivatives of  the payoff functions f and the 
price density ¢ can be formulated as follows: 

Theorem 2: Under A 1., A.2., A.3. a price equihbrlum {¢, ( f i  (I.~'), ... ,f,(ff/ '))} 
where ¢ and f ,  . . . .  f , ,  are twice differentiable has the properties'  

a) 
f , "  (w) 1 

L'  (w) 

¢"(w) 

~.,(w) 
- -  { R , ( f , ( w ) ) - R m ( w ) } ,  i = l ,  . , n ,  

1 
b) - -  - {l + R,,, (w)}, 

¢' (w) ~., (w) 

d 
c) - - I n  - - -  , t , J  = 1 . . . . .  n 

dw / £ ' ( w )  ~m(W) 

C o m m e n t s :  

1) In particular Proposition I and Theorem 2 contain the key result 

~, ( f ,  (w))  
(6)  f , '  (w) - , ~ -- I . . . .  , n ,  

~ ( w )  

(7) sign {f," (w)} = sign {R, ( f ,  (w)) - R m (w)}, i = 1 . . . .  , n 

In other words, the slope of  the payoff  function f,  is given by the ratio of  the 
risk tolerances z , ( f ` ( w ) )  and r,,,(w), whereas the curvature o f f ,  is related to the 
difference of  the cauUousness terms R,(f , (w))  and R.,(w). 

2) Theorem 2.a) leads to the following criteria 
a) An investor re{1 . . . .  , n} chooses p o r t f o h o  i n s u r a n c e  If and only if 

(8) R,( f , (w))  > Rm(w) Vw 6 
b) An investor ie{l  . . . . .  n} chooses t a c t i c a l  a s s e t  a l l o c a t i o n  if and only if 

(9) R , ( f , ( w ) )  < R , . ( w )  V w .  

6 LFLAND (1980) derived a slmtlar result in a less formal  context  
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c) I f  an investor  t e{I  . . . .  ,n} chooses  a collar strategy there exists 
Woe(m, M) such that  

1) R , ( f l ( w o )  ) = Rm(wO) , 
2) R,( f  (w))-Rm(w ) is strictly decreasing in w0. 

3) An easy calculat ion shows that  under  A.2., A 3. u ;"  ( f ,  (w)) > 0, i = !, . . . ,  n 
tmphes  Rm(w) > - I. 

Therefore ,  one concludes f rom T h e o r e m  2b) :  

(10) ¢'(w) > 0 if u;"(f ,(w)) > o, i= 1, . . . ,  n. 

Proof  of  Theorem 2: 

a) Different ia t ion o f  the fo rmula  in Propos i t ion  l b) 

leads to 

(i1) 

o r  

(12) 

b) 

~,(L(~)) 
f ' ( ~ )  - 

rm(W) 

L"(w) - R, (f, (~)) L' (w) - 
T m ( W )  

L"(w) 1 

~, ( f ,  (w)) nm (~) 
~ ( ~ )  

f/(w) r,. (~) 
- -  {R, ( £  ( W ) ) -  nm (w)} .  

Different ia t ion of  the formula  in Propos i t ion  ld) 

¢(w) 
- - rm (w) 

¢' (w) 

leads to 

¢2 (w) - ¢ (w) ¢'  (w) 
(13) 

¢,2 (w) 

o r  

(14) I + Rm (w) = - Zm (W) - -  

C) F r o m  Propos i t ion  l b) one obta ins  

(15) 

and 

(16) 

= - -  R m ( w )  

¢" (w) 

¢' (w) 

[y/(w) ) = fn 
/ .//(w) 

d Z  m(W) 
R~ (f~ (w)) ~(f~(w)) 

~ (f~(w)) ~m(W) 
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4. ANALYSIS OF PRICE EQUILIBRIA FOR THE HARA CLASS 

In Section 3 general properties of price equilibria were derived. Now we look at 
the special case where the risk tolerance functions z,(x) are linear. Assumption 
A.2. and A.3. are replaced by the assumption: 

A.4. The Neumann-Morgenstern utility functions are increasing, concave and 
satisfy 

a) z,(x)=a,+R,x>O, with R , > _ O , i =  1, . . , n ,  
b) Not all R~ identical. 

R e m a r k s  : 

I) Assumption A.4. allows for all Neumann-Morgenstern utility functions 
which belong to the HARA class and have a non negative cautiousness 7. 

2) In the case where all Rj are identical the risk allocation is linear and a 
detailed analysis can be found in BOHLMANN (1980) and LIENHARD 
(1986). 

3) For R, > 0 the Neumann-Morgenstern utility function u, is only defined 

on the interval Ri ,  oo . Therefore, assumption A.2 is not satisfied and 

existence of a price equilibrium is not guaranteed by Theorem I However, 
it can be easily verified that Proposition 1 and Theorem 2 are still valid if 
Assumption A 2 and A 3. are replaced by A.4. 

By restricting the analysis to the HARA class one obtains: 

Lemma 1: Under A. 1., A.4. a price equilibrium {~, ( f l  (I,~') . . . . .  f n (# ) )}  where 
and f t  . . . . .  f,, are differentiable 8 has the property: 

Rm (w) is strictly increasing. 

P r o o f :  A.4 and (5) lead to 

(171 Rm(w) ~.,(w) = ~ Rj~j(~(w)),  
j= l  

(18) R~(w) Ln(w)+R],(w) = ~ R~fj'(w) 9. 
./=I 

7 A negattve cautiousness would lead to problems wtth sattat~on and an unreahstlc investment 
behavtour (see ARROW (1965)) 

s If ~ , f l ,  ,fn are dlfferentlable, then due to Proposthon Ib), Id) and A 4 they are also twtce 
dtfferenttable 

9 From the detavatton of formula (18) it becomes obvtous that Lemma I depends cructally on the 
assumptton that each investor t has a constant cautiousness R, (A 4 a) 
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Moreover ,  Proposi t ion Ib), (5) and (18) imply 

z" R~ (f, (w)) R,.(w) E" R~j(f~(w)) (19) R;, (w) = j = I _ j = I 
2 

and the strict monotonlc l ty  o f  R,,(w) follows from 

(Rj- R.,(w)) Rjr,(fj(w)) 

= Z (R~-R.,(w)) Rj¢~(f~(w))+ 
Rj> Rm(w) 

+ ~ (Rj-R,,,(w)) Rj~(f~(w)) > 
Rj< R~(~ 

> Z (Rj-R.,(w)) R.,(w) rj(f~(w)) = 0.  
j= l  

L e m m a  l leads to the mare result o f  this section 

T h e o r e m  3:  Under  A.I . ,  A.4. a prme equilibrium {~b, ( f i ( f f ' )  . . . .  f , ( f f ' ) ) }  
where ¢ and f i  . . . . .  f ,  are dlfferentlable has the propertms" 

a) The only investment strategies chosen by investors i = 1 . . . .  , 
- por t foho insurance, 
- tactical asset allocation, 
- collar strategy. 

n are 

b) Investors r e { l , .  , n} with R, = max Rj choose  por t foho  Insurancel°  
J= t ,  ,n 

c)  I n v e s t o r s  t e { I  . . . .  n} w i t h  R , =  min Rj choose tactical asset allocation I° 
1=1, ,n 

Proof :  Formula  (5) implies 

(20) rain R 1 < Rm(w) < max Rj Vw~ [m, M ] .  
J ~ l ,  ,n  J = l ,  ,n  

Now,  a), b) and c) follow immediately from Theorem 2a) and L e m m a  1. 
Some a d d m o n a l  informat ion about  price equdibria  in the H A R A  case is 

provided by the next result. 

to See also MULLER (1990) 
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P r o p o s i t i o n  2 :  Under  the assumption o f  Theorem 3 one obtains 

a) f , ' ( w ) =  
a , +  R, f , (w)  

a + ~ RiG(w) 
j=l 

, where a = ~ aj, 
j= l  

d(f, '(w))__ R,-Rj 
b) - -  In 

dw ~' (w) z., (w) 

P r o o f :  Special case o f  Proposi t ion I b) and Theorem 2c). 

C o m m e n ~ :  

1) In par t icular  Proposi t ion 2b) imphes 

d [f/Oo)] eO R, (21) - -  "~" R, 
dw ~L'(w) / 

i , j=l  . . . . .  n.  

2) For  sufficiently large values o f  w one can show f , (w)  > 0 for i = 1 . . . . .  n 
and Proposi t ion  2 leads to the following inequalmes 

a,+ R,~(m) 
a ' ) f , ' ( w )  > with a = aj, Rma x = max Rj, 

a-t-w gma x j = l  j = l ,  ,n 

d [I,'(w))__ R,-R, , R,. b ' ) - - l n  > if R , >  
dw ~fj'(w) a+w'Rmax 

Finally, an example illustrates some typical propert ies o f  a price equil ibrium 
in the H A R A  case. 

E x a m p l e :  

- -  The  r andom variable if '  representing total financial wealth is uniformly 
distr ibuted over  [0.3, 20]. 

- -  There  are n = 3 investors with risk tolerance functions 

t l  ( x )  = 2 0 . x ,  
tz(X ) = 2.5"x,  
r3 (x)  = x 

and an initial risk al location 

(Y, ,  -'Y2, -Y3) = (0.16. if', 0.35. if', 0 49. if/). 

The  price eqmlibr ium {q), (fj (W),f2(l~),f3(ff'))} is dlustrated in Figure 3. 
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0 3 

0 25 

0 2 

0 15 

0 1 

O OS ~(w) 

5 10 15 20 
W 

5 0 lO 15 

l~t771oJSss5 ~~~w) 
S { R 2 R 3  

2 5 ________~ 

0 b o l u  ,].b gO 

FIGURE 3 

2O 

5. CONCLUSIONS 

In this article the theory of risk exchange was apphed to the allocation of 
financial risk Special emphasis was put on the shape of  the payoff  functions in 
price equilibrium. Under general conditions the role of  risk tolerance and 
cautiousness was analysed. The notion of  a representatwe investor was very 
useful for the interpretaUon of the results. Finally, in the HARA case a full 
characterization of all equlhbnum payoff functions was possible. 
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