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ABSTRACT

The set of efficient portfolios 1n an asset liability model 1s discussed in detaill The
occurence of liabilities leads to a parallel shift of the efficient set. Under an appro-
priate assumption, the shift vector can be decomposed in different components For
the special case, where the 1nvestor is a pension fund, 1t 1s shown how shortfall
constraints can be reconciled with efficiency. Finally, optimality conditions for the
market portfolio are derived.
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| INTRODUCTION

Modern Portfolio Theory started with Markowitz’ (1952) famous article. The
Markowitz approach leads to a set of efficient portfolios which can be represen-
ted as combinations of two reference portfolios (“two fund separation”) Due to
this property SHARPE (1964) and LINTNER (1965) derived their Capital Asset Pri-
cing Model (CapPMm)

Recently, with growing importance of pension finance more and more attention is
paid to portfolio models taking into account labilities (see e g SHARPE/TINT
(1990), ELTON/GRUBER (1992), JAGER/ZIMMERMANN (1992), LEIBOWITZ/KOGEL-
MAN/BADER (1992)). WILKIE (1985) and WISE (1984a,b, 1987a,b, 1989) analyse
portfolios 1n a more general context. Their efficiency criterion 1s formulated with
respect to the cost of funding and the first two moments of final surplus.

The literature on continuous time finance allows for state dependent preferences
and investment opportunities (see e.g. MERTON (1992), Chapter 15). As a special
case this very general model covers habilities and one can apply the mutual fund
theorems derived by MERTON (1973).

In our article we use the mode! proposed by SHARPE/TINT (1990) which puts the
asset lrability problem 1n a very close relauonship to tradinonal mean variance
portfolio theory. According to SHARPE/TINT most practitioners still favour the tra-
ditional Markowitz approach and are reluctant to take fully into account habih-
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ties Therefore, a model with a strong link to standard theory 1s useful for the ana-
lysis of habilities. As a main result we show that efficient portfolios can be decom-
posed 1nto a minimum risk component, liability components and a return genera-
ting component In contrast to continuous time models (see e. g ADLER/DUMAS
(1983)) the hability components do not depend on the preferences of the investor.

Our article is structured as follows:

The standard optimization problem for an investor with habilities 1s formulated
and discussed 1n section 2. The model deals with the investment problem of a pen-
ston fund, but can be easily applied 1n a much broader context In section 3 results
on the set of efficient portfolios are derived It 1s shown that liabilities lead to a
parallel shift of the efficient set. The additional assumption that the growth rate of
the hability depends linearly on several factors (e.g. bond return, inflation rate,
rate of economic growth, etc.) allows for a further decomposition of the hability
component. Section 4 deals with shortfall constraints for pension funds. In this
case the pension fund will also choose a portfolio belonging to the efficient set
provided the shortfall constraint 1s properly formulated Finally, in section 5 the
optimality conditions for the market portfolio 1n the asset hability framework are
discussed

2. PORTFOLIO CHOICE IN THE CASE OF LIABILITIES

In the case of a pension fund, liabilities are not readily marketable and therefore
do not have a market value. The work of WILKIE (1985) and WISE (1984a,b,
1987a,b, 1989) 1s directed partly towards finding a suitable present value. Here,
we assume that some specific accounting rules are used to calculate an tnitial value
L, of t!\e future net obligations. If the same method 1s applied one period later, a
value L, results. Hence, from todays point of view, the growth rate of the liabili-
ties 1s a random variable, which is given by

On the other hand, we assume that assets are valued according to market prices
and we denote the initial value of assets by A, There are n risky investment oppor-
tumties ¢ e I={1, ,n}, with rate of return R. The investment strategy of the pen-
ston fund 1s given by the chotce of a portfolio

x -—-(x,)tel ,with Y, =1

el

1 Typically the growth rate of the labihities depends on changes of interest rate structure, inflation rate and on real
wage changes
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Therefore, the market value of assets after one period 1s given by

A = a1+ Ry(x)]

where
Ry(x) =Y 0, R

1€l

denotes the rate of return on portfolio x.

Surplus Optimization

Depending on 1its portfolio choice x a pension fund with initial surplus
So =40~ Ly
attains after one period the surplus
Si=A-L= A1+ Ry(x)]- L1+ R,
The goal 1s to optimize some functional of the increase 1n surplus
() $i = So = AgRa(¥) ~ LyRy
that will lead to mean-variance as the relevant criteria

As in SHARPE/TINT (1990) we use the normalization

2) Re=S1"50 _k (x)- R, , with f,="0

In our paper we shall refer to f, as the funding ratio of the pension fund

Now the methodology of Markow1tz? leads to the optimization problem

- l -
muin Var| Ry(x)—— R,‘]
* { fo

2 For a detailed presentation of the Markowitz methodology see INGERSOLL (1987), Chapter 4 or HUANG/LITZEN-
BERGER (1988), Chapter 3
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subject to
- 1 -
E|R(x)——R, |21
fo
0)
25 =1,
el

where the parameter r_has to be chosen in accordance with the risk tolerance of
the pension fund®#5 We use the following terminology:

Definition:

a) A portfolio x” 1s called efficient if 1t solves the optimality problem of (0) for
some r_.

b) The set E of all efficient portfolios 1s called efficient set.

The properties of the efficient set will be analysed 1n section 3 Now, we shall
shortly discuss general applications of the asset lability model As 1t 1s pointed
out by SHARPE/TINT (1990) the asset liability model 1s appropriate not only for
very different types of habilities (foreign currency obligations, debt structure, obli-
gations of an mnsurance company, etc ) but also in the case where investors own
fired assets (human capital, ownership of a house, ¢ic ). Moreover, for an 1nvestor
interested 1n real rather than in nominal returns the asset hability model can be
used. The growth rate of the lLiability RL has to be set equal to the tnflation rate
(SoLNIK (1978)). Of course, the original Markowitz model 1s a special case of the
asset hability model®.

3 In the specific hitcrature the normahzations %’—S. nd s.;-i. for 5, >0 are also used However, with the parameter 1,
., .

adjusted, all types of normalization lead 1o the same optimal portfolio _ _

4 WILKIE (1985) and Wist (1984a.b, 1987a.b, 1989) used an etficiency concept with respect to EL1S 0. Var [S,(x)]
and A, Their decision variables are x and A In this sense optimization takes place with respect to the mvestment
policy x and the cost of funding A, They derive very interesting properties of the resuluing efficient set
Our purpose 1s to analyse the asset liability problem for a fixed funding rauo f, This hmitation avoids complexity,
allows for very explicit results and makes our analysis compatble with the standard hiterature on this topic

5 Similar models were used by MAYERS (1972) to deal with income from nontraded assets and by SOLNIk (1978) 1n his
arlicle on portfclio choice under inflation SVENSSON/WERNLR (1993) presented a model for nontraded assets 1n the
continuous ume framework _

6 This 15 easily seen by sctting the growth rate of the liability R equal to zero
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3. THE EFFICIENT SET AND ITS PROPERTIES

3.1. Characterization of Efficient Portfolios

In this section the structure of the efficient set E 1s analysed and 1t 1s discussed
how this set depends on the growth rate of the liabnlilyf(‘L We restrict our analysis
to the case where all assets i € / are risky’. The existence of a riskless asset would
lead to the same qualitative properties of the efficient set without giving additional
insight.

The rate of return of a portfolio x 1s given by

Ra(x) =T R
{3

and, provided that the first and second moments of R, and R ;1 € I exist, the opu-
mization problem (0) of section 2 can be transformed into?

mm{ DIEAZ ,——27. }

xeR" I 0 el
subject to
A) Yux=2F |
(0 1) 1€l
2 =1
1€l
with V = Cov(R,,Rj), ,jel

Cov(i?,,l-?,‘), 1el
u, = ( ) , tel

For the analysis of (0.1) we assume:

A.1. 1) The covanance matrix V = (Vw) to be regular

el

2) There exist 1,y € I such that £ (I~\") = E (RJ)

7 A model without a niskless asset 15 useful for strategic asset allocation Due to changes in interest rates even money
markets are nsky for this purpose

8 Ina shghtly difterent context SoLnik (1978) analysed the same optimization problem Beyond the different inter-
pretation our discussion of the efficient set will also be somewhat different
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Under assumpuion (A.1) a unique solution x* of (0 1) always exists. Furthermore,
there exists 7,,,,, such that constraint (A) holds with equality if and only 1f r2 fM,N.
According to the Kuhn/Tucker theorem, the necessary and sufficient optimality

conditions are given by

(3) Vx'—ly—lu—w=0, Az0veR
fo
) Hx'=F,
(5) ex =1,
Notation: V= (V'J),,Jel’ =)oy B=)
e=(L1,.,1)eR".

Mimimum Variance Porifolio

The minimum vanance portfolio xMV |5 obtained by omitting constraint (A) 1n

(0.1) This leads to A = 0 and from equation (3) and (5) one concludes

| - ! 1 ol o1
(6) MN - vy lyr— e _eviylvle
Jo 4 fo ev le{ ‘ ]
or 1 1 ' Vy
7 MIN _ ! +—[V" _€ v—l}
™ * evle ¢ fo Y Ve ¢

The first term 1n (7)
(8) g L —V'e

corresponds to the minimum variance portfolio in the absence of habilities.

The second term 1n (7)

-
©) LMIN =L[V"y_ ) V_l7' V—le} with T =0
fo eVie €l

1s the correction xM™ - xMIN stemming from the liabihty It 1s tmportant to note
that z*/V 1s hinear in y.
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The decomposition

(10) xMIN =x~MIN + zMIN

turns out to be useful for the discussion of the efficient set.

Efficient Portfolios

For 7 > 7, .= WxMN one obtains A > 0 1n equation (3) and the general solution 1s
of the form

(11) x =xMV LA

where

* - ev - %
Z=vipg-— _,”v e, ¥z°=0
eVie el

Obviously, z* 1s not related to the liability From this we conclude that the effi-
cient set E consists of all portfolios

(12) x" = gMIN L MIN 22T A20

Geometrically, the occurence of the labilities leads to a paraliel shift of the effi-
cient set by zM'N, Figure | illustrates this fact for the special case of n = 3.
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A decomposition of efficient portfohios in the case of liabilities can also be found
in WISE (1987a). SVENSSON/WERNER (1993) present a sumilar decomposition for
their model of nontraded assets. However, if in the continuous time framework
state variables are used, then the component zM/¥ will typically depend on prefe-
rences®.

The results developed in this section crucially depend on the fact that no additional
constraints are imposed on the portfolio weights x ,; € /. For a discussion of this
topic 1n the absence of liabilities we refer to MaRKOWITZ (1987).

3.2, Efficient Portfolios under an Additional Assumption on Liabilities

In section 3.1 formula (9) we have seen that the portfolio component MV
depends linearly on (Y), . ;= (Cov(R,R))), e/ In order to take advantage of this
linearity we assume

- Ao
(A 2): Ry =co+ 2cpR)"

h=|

According to this assumption, i?L depends linearly on several factors R M h=1, .k,
e g return on bonds, inflation, economic growth, etc 1

An immediate consequence of (A.2) 1s

X L.

(13) Y= ’Zlc,,)/' , with y,! = Cov(RL",R,)
i=

Due to (9) this leads to

|
(14) ol with z" = vy - "’V_l’/ v'e
Sy A=l eV

9 This can easily be seen in the following example (see also ADLER/DuMas (1983), p 943) Assume that an mvestor
15 only interested 1n real wealth at a certain point of ime T Let W, denote the nominal wealth in 7 and constder the
corresponding price level P, as a state variable The objective funcuion of the investor 1s given by the expected uti-

lity of real wealthin T, 1 ¢ }'{n[ ":’ ]] Obviously for u(x)=en x inflation does not affect the investment strategy
T

whereas for other utility functions this 1s typically the case

10 With assumption A 2 the concept of a factor model for the habilities 1s introduced If the returns of the assets can
also be explained by a sct of factors containing, Rl’, .RL‘. then the techniques of arbitrage pricing theory (APT)
could be applied Factor models and APT are presented e g in JARROW (1988) and INGERSOLL (1987), Chapter 7
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In other words, each factor R,# h=1,2. .,k leads to a correction z" and the total cor-

rection 1s a linear combination of z/,. ,z* Hence, under (A 2) efficient portfolios
are of the form

* k »
(15) o=t b S+ Az Az20
0 h=I1

The case n=3, k=2, f;=1 1s 1llustrated by figure 2.

As a practical consequence of formula (15), all factors RL", with ﬂz"ri sufficiently
small can be neglected for an asset hiability analysis

3.3 Efficient Frontier

In this section we analyse the efficient frontier. First, one obtains

(16) C0\f|:~A(z‘),l-?A(xMIN)———fI—I},‘:I=0
0

This result follows immediately from (7) and the formula

Covlif?,,(z*), RA(xM’N)——l—RL] = Ly
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From (16) and (11) we conclude that all efficient portfolios x* satisfy

Jut-a -t

0

var[k,,(x*)-T'ORLJ - v«r[fv(x“’”)-ﬂ}fvﬁﬂ(z*)]

(7

Hence, under (A 1) there 15 a hyperbolic relationship between
EliRA(x‘)—LRL} and O’{RA(xa)——l-RL}
f s

0 0

whenever the habilities cannot be fully tracked by a portfolio, 1.e.

Var[ﬁA(leN)—-leﬁL}>0
0

efficient frontier

oR,0) - 1R)
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MIN )

- | -
In the case Var[RA(x —TRL]=O full matching of habilities 1s feasible and

0

the hyperbola degenerates to a pair of straight lines. However, this exceptional case
occurs if and only 1f there exists (b, .,b,) € R™! such that

- N - n
RL=bO+ziblRl ’ zib: =f0
= =

4 SHORTFALL CONSTRAINTS AND ITS PROPERTIES

Under a portfolio choice x = (x), o, after one period the funding ratio is given by

(18) fl(x)=folT—f%

We shall consider shortfall constraints of the type
(19) Prob{]‘,(x)sf_}SS

Under the assumption
(A3) The probability distribution of (R, R,, . R, ) is multivaniate normal

the shortfall constraint (19) becomes

. f - . f =
(20) 1+ E|R,y(x)[- = |1+ E[R ZZO'[R, x)——R
[Rat)] -1+ (R )]2 200) Ra(w) =R
with .2
1 oo T 2“
- dy =
Ton Lae v =8
Therefore, under (A.1), (A 3) and f = 1 the shortfall constraint (19) has the
properties’

1. In the (E{RA(,\*)——I—RL}G[RA(x)—fLR’LD space the shortfall constraint is
o

linear.
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2 Assume that some portfolio x satisfies the shortfall constraint. Then, the set
E of all efficient portfolios satisfying the shortfall constraint 1s nonempty.
Furthermore, there exist A , A with0<A <A so that

min® " Ymax min max’

E # MIN i
x EES &HX =X +Az 'le['lmm’lmm]

E(ﬁh(x:z .—:—ﬁL) Prob(f'(X) <=1)=38

X*=xX +A_Z*
"

o(R0™-1R)
’ T )/ fo
A

According to these properties shortfall constraints can be reconciled with
efficiency by fixing f = | and choosing an appropriate value for 4.

5 OPTIMALITY CONDITIONS AND THE EFFICIENCY
OF THE MARKET PORTFOLIO

In this section we first derive a relationship between asset returns and the return
on efficient portfolios. Thereafter, 1t 1s argued that for an appropnately defined
representative investor the market portfolio 1s efficient and market equilibrium

conditions are obtained.

5.1 Optimality Result for Efficient Portfolios!

Proposttion

Under (A.1) each efficient portfolio x* with return R*= R, (x”) satisfies the
conditions

@1 E(—,)—E(Rﬁo)=m—)[5(k°)_E(kﬁu)] 1=1, ,n

11 In this section we assume f=1
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where 5 _ 5 (.0
g, = Ra(x")
1s charactertzed by Cov[RA R - RL] 0
>x=1
1€l
Proof:
For x* the optimality conditions are given by
(3) Vel —y—Ap-ve=0
4) s =gR)
(5) ex =1 s

From (3 )-(5 ) one concludes
(22) v —x"y-2E(R)-v=0

(23) x® Vx‘-xO'y-AE(RﬁO)—wo

The definition of x? and (23) leads to

(24) AE(Rg ) +v=0

Now, (3 ), (22) and (24) imply

(25) Ve -y A[y ~ £(Ry, )e] =0
(26) XV e A{E(R‘) ~ E(Rg, )] =0

Fnally, dividing (25) by (26) results in

27

45
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Remark

If 1n addition to the nisky assets i € {1,...,n} there exists a riskless asset with a
deterministic return r, condition (21) changes to

Cov(i?,,l?— L) i .
W[E(R)—r] , 1=l .n

ot

(28) E(R)-r=
This can be proved along the lines of SOLNIK (1978), pp. 914-919.

5.2. Efficiency of the Market Portfolio

Now assume that the market consists of H investors hA=1,.. ,H with 1nitial wealth
W, The investors agree on the first and second moments of returns on assets
1 € 1, but the growth rates of their habiliues R, ,, k=1 may differ. Furthermore,
each investor =1, . ,H solves an optimization problem of the type

min Var[RA (x)— kL.h]

xeR”
subject to
E|R,(x)-R, |2
(0) [ A(x) L.h] rr,h
Yx =1

el

Then, using the results of section 3 | one can show that the market portfolio
xM s efficient for an appropriately defined representative investor The growth rate
of the liabilities for the representative investor 1s given by

H -
_— IZ.]"'VIIRLJt
RM=IEL
W,
h=1
Applying the results of section 5.1 on the market portfolio x¥ one obtains for

RM =R, (xM)

_ Cov( ,,RM—RLM)
- Cov(i? ,

21" E(',)—E(Rﬁo)

=
1
|
-1l
X
Pl
X
X
g
|
[vy]
=)
R
[
|
=
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respectively

. Cov(R ,RM - R,M . .
(28") E(R,)—r= Cov((kM,RM = [_:LM))[E(RM)—r] J=1,..n

In this sense the standard versions of the CApM (SHARPE (1964), LINTNER (1965),
BLack (1972)) are extended (see also MAYERS (1972)). In partcular, the equi-
hibrium conditions (217), (28’) shed some light on the nsk premia for assets whose
return 1s strongly correlated with RLM. This may be typically the case for bonds

CONCLUSION

In this paper, the efficient set for the asset hability model was discussed in detail
Solnik’s approach for portfolio choice under inflation was refined and applied to
the hability problem Liabilities lead to a parallel shift of the efficient set. The
shift vector depends hnearly on an investor’s sensitivity to different factors (e.g.
inflation, economic growth, etc.)

A main application of the asset hability model 1s the portfolio problem of institu-
tional investors. In this context 1t was shown, how shortfall constraints for a pen-
sion fund can be reconciled with efficiency

Throughout the paper, 1t was pointed out, that the asset liability model has a wide
range of application beyond pension fund economics Consequently, in the last sec-
tion a market equilibrium verston for this model was derived

For our analysis, the funding ratio was assumed to be fixed The determination of
an optimal funding ratio 1s a problem for further research Combining WILKIE's
and WISE’s efficiency concept with our results could shed some light on this 1ssue.
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