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ABSTRACT 

The set of  efficient portfohos m an asset liabihty model is discussed m detml The 
occurence of  l iabdmes leads to a parallel shift of  the efficient set. Under an appro- 
priate assumption, the shift vector can be decomposed m different components  For 
the specml case, where the investor is a pensmn fund, ~t Js shown how shortfall 
constraints can be reconcded with efficxency. Finally, opt~mahty condmons  for the 
market portfoho are derived. 
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1 INTRODUCTION 

Modern Portfoho Theory started with MARKOW1TZ' (1952) famous amcle.  The 
Markow~tz approach leads to a set of  efficient portfohos which can be represen- 
ted as combinations of  two reference portfohos ("two fund separation") Due to 
this property SHARPE (1964) and LINTNER (1965) derived their Capital Asset Pri- 
cing Model (CAPM) 

Recently, with growing importance of  pension finance more and more attention is 
prod to portfoho models taking into account habdmes  (see e g SHARPE/TINT 
(1990), ELTON/GRUBER (1992), JAGER/ZIMMERMANN (1992), LEiBOWITZ/KOGEL- 
MAN/BADER (1992)). WILKm (1985) and WiSE (1984a,b, 1987a,b, 1989) analyse 
portfohos in a more general context. Their eff~clency criterion Js formulated with 
respect to the cost of  funding and the first two moments of  final surplus. 
The literature on continuous ume finance allows for state dependent preferences 
and investment opportumties (see e.g. MERTON (1992), Chapter 15). As a special 
case this very general model covers habdmes  and one can apply the mutual fund 
theorems derived by MERTON (1973). 

In our arucle we use the model proposed by SHARPE./TINT (1990) which puts the 
asset habd~ty problem m a very close relationship to tradmonal mean variance 
portfoho theory. According to SHARPF.JTINT Inost practitioners still favour the tra- 
dmonal  Markowltz approach and are reluctant to take fully into account habxh- 
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ties Therefore,  a model  with a strong link to standard theory is useful for the ana- 
lys~s of  hablht les .  As a main result we show that efficient  portfolios can be decom- 
posed Into a minimum risk component ,  l iabil i ty components  and a return genera-  
tmg component  In contrast  to cont inuous time models  (see e. g ADLER]DUMAS 
(1983)) the l iabil i ty components  do not depend on the preferences of  the Investor. 

Our art icle is structured as fo l lows '  
The standard opt imizat ion problem for an investor  with habl l l t les  is formulated 
and discussed in section 2. The model  deals  with the investment  problem of  a pen- 
slon fund, but can be easi ly appl ied in a much broader  context  In section 3 results 
on the set of  eff icient  portfol ios are der ived It ~s shown that l iabil i t ies lead to a 
parallel  shift of the eff icient  set. The addit ional  assumption that the growth rate of 
the l iabil i ty depends  l inearly on several factors (e.g. bond return, inflation rate, 
rate of  economic  growth,  etc.) a l lows for a further decomposi t ion  of  the l iabil i ty 
component .  Section 4 deals  with shortfall  constraints  for pension funds. In this 
case the pension fund will also choose a portfol io belonging to the eff icient  set 
provided the shortfall  constraint  ~s proper ly  formulated Finally,  in section 5 the 
opt imal i ty  condi t ions for the market  portfol io in the asset l iabil i ty f ramework are 
discussed 

2 .  P O R T F O L I O  CHOICE IN THE CASE OF LIABILITIES 

In the case of  a pension fund, l iabili t ies are not readily marketable  and therefore 
do not have a market  value. The work of  WILKIE (1985) and WISE (1984a,b, 
1987a,b, 1989) ~s directed partly towards finding a suitable present value. Here, 
we assume that some specific accounting rules are used to calculate  an initial value 
L 0 of  the future net obl igat ions.  If the same method is appl ied one period later, a 
value L I results. Hence, from todays point of  view, the growth rate of  the l iablh-  
ties is a random variable,  which is given by 

/-o 

On the other hand, we assume that assets are valued according to market  prices 
and we denote the initial value of  assets by A 0 There are n risky investment  oppor-  
tUmtles t ~ 1={ 1, ,n}, with rate of  return R The investment  strategy of  the pen- 

I 

s,on fund is given by the choice of  a portfol io 

X=(.¥t)tEi,wlth ~..~AI ~" J 

I Typic,ally the growth tale of the h,lbdltles depends on changes of interest rate structure, inflation rate and on real 
wage changes 
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Therefore,  the market  value of  assets after one period is given by 

/~l = A0[I -1- RA (X)] , 

where 

#a (X )  = ~.,-,, #, 
te l  

denotes the rate of  return on portfol io x. 

Surplus OpttnTtzatton 

Depending on ItS portfol io choice x a pension fund with initial surplus 

& = a o - ~  

attains after one period the surplus 

q,+ kj 

The goal is to op t im ize  some funct iona l  o f  the increase in surplus 

( I )  3, -So = AokA(x)- ~)#1. 

that w i l l  lead to mean-var iance as the relevant cn te rm 

As In SHARPF.fI'INT (1990) we use the normal iza t ion  

(2) k s -- 31 - S O  -- # A ( X ) - - - I - - k L  wi th  f0 = 
Ao £ ' 

In our paper  we shall refer to f0 as the funding ratio of  the pension fund 

Now the methodology  of  Markowl tz  2 leads to the opt imizat ion problem 

35 

2 For a detailed presentation ol the Markowltz methodology see INGERSOLL (1987), Chapter 4 or HUANG/LITTEN- 
tlERGZR (1988), Chapter 3 
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subject  to 

(0) 
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__Yx t = I ? 

tel 

where the parameter  r has to be chosen in accordance  w~th the risk tolerance of  
the pension fund 3.4,5 We use the fol lowing terminology:  

Definition." 

a) A portfol io x ° is cal led efficient if it solves the opt imal i ty  problem of  (0) for 
some r s. 

b) The set E of  all efficient  por t fohos is called efficient  set. 

The propert ies  of  the efflc,ent  set will be analysed xn secuon 3 Now, we shall 
shortly discuss general  apphca t ,ons  of  the asset hab lh ty  model  As ,t is pointed 
out by SHARPE/TINT (1990) the asset l iabil i ty model  is appropria te  not only for 
very different  types of  habl l i t ,es  (foreign currency obhgat lons ,  debt structure, obh-  
gatlons of  an insurance company,  etc ) but also in the case where investors own 
luted assets (human capital ,  ownership  of  a house, etc ). Moreover,  for an investor  
interested m real rather than in nominal  returns the asset l labdl ty  model  can be 
used. The growth rate of  the liabili ty/~t,  has to be set equal to the inflation rate 
(SoLNIK (1978)). Of course,  the original  Markowl tz  model  is a special  case of  the 
asset hab lh ty  model  6. 

3 In the ~,peclfic htcrature the norma]lzattons ~-~' and "~-'~' fL~ s~:,0 are also used However, with the parameter t 

adJusted, all types of normahzatlon lead to the same optm~al portfolio 
4 WILKEL (1985) and Wtslz (1984a,b, 1987a.b, 1989) used an efficiency concept with respect to ElS~(x)],Var [S~(x)] 

and A o Their decision variables are x and A 0 In this sense optimization takes place with respect to the roves[mere 
policy x and the cost of funding A o They dertve very Interesting properhe~ of the resullmg efficient set 
Our purpose is to analyse the asset habdlty problem for a fixed funding ratio fo This hmxtatlon avmds ~.omplemty, 
allows for very exphctt results and makes our analysts compatible wtth the standard hterature on tht,, tople 

5 S]mdar models were used by M^VERS (1972) to deal with income from nontraded as~,ets and by SOLNIt,. (1978) m his 
article on portloho choice under mflauon SW.NSSON/WERNLR (1993) presented a model for nontraded assets m the 
c o n t l n u o o %  | l i n e  framework 

6 This v, easdy seen by setting the growth rate of the habdlty RLequal to zero 
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3. T H E  E F F I C I E N T  S E T  A N D  ITS P R O P E R T I E S  

3.1. Character izat ion of  Efficient Portfol ios 

In this section the structure of  the efficient set E is analysed and it is discussed 
how this set depends on the growth rate of  the liabflity/~ L We restrict our analysts 
to the case where all assets i ~E / are risky 7. The existence of  a riskless asset would 
lead to the same quahtatlve properties of  the efficient set without giving additmnal 
insight. 

The rate of  return of  a portfoho x is given by 

hA (x) .= Z-", R, 
t e l  

and, provided that the first and second m o m e n t s  of/~ L and R,,t E 1 extst, the opn- 
mlzatlon problem (0) of  sect,on 2 can be transformed into 8 

1 } m,n -E x,v,., l -7~.,7,x,  
x~R.  t 2 t,j~ I ~1 J dOte I 

subject to 

(O.l) 
(A) Zvtx, >- 

tel 

(B) Ex ,  = I 

with 
, e ,  

pt=E(R~) , t e l  

For the analysis of  (0. I ) we assume: 

A.I .  1) The covanance  matrix V = (V.j)  ,,J s t t o  be regular 

2) There exist t,j E I such that E (R)  ~ E ( ~ )  

7 A model without a rlskless asset ts useful for strategm a~,set allocation Due to changes m interest rates even money 
markets are risky for this purpose 

8 In a ~hghtly dlflerent contest SOLNIK (1978) analysed the same optmuzauon problem Beyond the dllferent inter- 
pretation our dlscu,.:,lon of the efficmnt set will also be '-,omcwhat different 
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Under assumption (A. 1 ) a unique solution x* of  (0 I ) always exists. Furthermore, 
there exists ~MtN such that constraint (A) holds with equality if and only if ? _> ?Mm' 
According to the Kuhn/Tucker theorem, the necessary and sufficient optimality 
conditions are given by 

( 3 )  Vx* ---I ~'-Zla-ve = 0,  A_>0,veR 
fo 

(4) 

(5) 

Nota t ion:  

e' x" = 1, 

v=(v,,),,,o,, 
e' = (1,1,. ,1) e R".  

Mimmum Variance Portfolio 

The minimum variance portfolio x Mm is obtained by omitting constraint (A) m 
(0.1) This leads to X = 0 and from equation (3) and (5) one concludes 

(6) xMtN=Zv-Ir+fl fol e' I~-Ie [ -e' V-I~]V-le 

or  

(7) 
f0L e'V-e J 

The first term in (7) 

(8) .fMm _ ..2.__ V-~e 
e' V-le 

corresponds to the minimum variance portfolio in the absence of  liabilities. 

The second term m (7) 

+[ e'V-~' 1 ztMIN (9) zMm= V-I1¢ V-Je with ~ =0  
Jo L e' e-le ,~t 

i s  the correction X MIN- .~MIN stemming from the hablllty It is important to note 
that z Mm is hneor m "7. 
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The decomposit ion 

(I0)  xMm = .~ M I N  "l" Z M I N  

turns out to be useful for the discussion of  the efficient set. 

39 

Efficient Portfohos 

For ~ > ?MtN = ~'X MIN o n e  obtains ~ > 0 m equanon (3) and the general solution is 
of  the form 

* =  ~,Z* (11) x xMIN+ 

where 
• e' V-Iv - _] 

z = V - I ~  - e , v _ l e v  e , ~ z , * = 0  
1El 

Obviously, z* ts not related to the liabihty From this we conclude that the effi- 
cient set E consists of  all portfolios 

(12) X* = xMIN + zMIN + ~z* ~ ~- 0 

Geometrically, the occurence of  the hablhttes leads to a parallel shift of  the effi- 
cient set by z Mm. Figure I illustrates thts fact for the special case of  n = 3. 

X 8 

^ E 
, E 

X 1 X 2 
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A d e c o m p o s m o n  of  efficient  por t fohos in the case of  hablht les  can also be found 
In WISE (1987a). SVENSSON/WERNER (1993) present a s!mllar decomposmon  for 
their model  of  nontraded assets. However,  if in the continuous ume f ramework 
state variables are used, then the component  z Mm wdl typtcal ly  depend on prefe- 
rences 9. 

The results developed m this section crucmlly depend on the fact that no addmonal  
constra!nts are ~mposed on the por t foho weights x , t  E 1. For a discussion of  this 
topic m the absence of  hab i lmes  we refer to MARKOWlTZ (1987). 

3.2. Ef f ic ient  Portfol ios  under  an Addi t iona l  A s s u m p t i o n  on Liab i l i t i e s  

In sectmn 3. l formula (9) we have seen that the portfol io component  z MIN 

depends hnearly on ('y~)~ ~ t = ( C ° v ( R r  RL))~ E t In order  to take advantage  of  this 
l ineartty we assume 

/! 

(A 2): k L = c o + Y .chRtJ '  
h=l 

According  to this assumptmn,  'RL depends  hnear ly  on several factors RL h, h= 1,. ,k, 
e g return on bonds, inflation, economic  growth, etc ]0 

An unmedmte consequence  of  (A.2) is 

C t (13) r = Z h f  
h=l 

w,thy,":Cov(k,",kt) 

Due to (9) this leads to 

( 1 4 )  z M i N  1 = - -  C h z  h 

f 0  h=l 

e' V-IS  ~ V_le 
w i t h  z h = V - I ¢  ~ e' V-le 

9 This can ea~dy be seen m the following example (see also ADLF.R/DUMa5 (1983), p 943) Assume that an mve,,tor 
is only mtere:sted in real weahh at a certain point ol time T Let Wr denote the nominal wedhh in Tand consider the 
corresponding price level P7 as a state variable The obJective function of the investor ~ gtven by the expected i]ll- 

~['~;)] Obv,ouslyfor  u ( x ) = e n x  ,nflat,on does not affect the ,nves tment  strategy hty of real wealth m T. i e " er 

whereat, for other utd]ty funcnons this, is typically the ca~.e 
IOWtth .assumption A 2 the concept o! a factor model for the habdme~, v.. introduced If the returns, ot the asset~, can 

alto be explamed by a set of factors contammg,/~'t I, , ~t. ~, then the techmque,, of arbitrage pacing theory (APF) 
could be apphed Factor models and APT are presented e g m JARROW (1988) and INGI~RSOLL (1987), Chapter 7 
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In other words, each factor RL h, h= 1,2..,k leads to a correction z t' and the total cor- 
rection is a linear combination of  zl , .  ,z ~ Hence, under (A 2) efficient portfolios 
are of  the form 

(15)  X*=jfMIN +--7-2. ChZ +~* ~_>0 
Jo h=l 

The case 17=3, k=2,  fo=l  zs dlustl'atcd by figure 2. 

X 3 

X 1 X2 

As a practical consequence of  formula (15), all factors /~/h, with I z h ] suff, clently 
small can be neglected for an asset liability analysis 

3,3 Eff ic ient  Front ier  

In this section we analyse the efficient frontier. First, one obtains 

(16) 

This result follows immediately from (7) and the formula 

E 7o] "'~M'~-'-c'' coy ka(Z'),~(x~'~)- kL --z So 
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From (16) and (11) we conclude that all efficient portfolios x* satisfy 

(17) 

~or[~ ~'~ >o ° ~]: ~,rr~/~'~' ~ ~0 ~ ~7+ ~ ~°~ ~'~1 

Hence, under (A l) there ,s a hyperbohc relatlonsh,p between 

whenever the hablhties cannot be fully tracked by a portfolio, i.e. 

E(A^(x*) - ! A L ) 
fo ~ etl~cient fron~er 

o(A (x*) . 1  ~ ) 
fo 
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l a t h e  c a s e  ; 3:0 /~L full matching of  hablhties is feasible and 

the hyperbola degenerates to a pmr of  straight lines. However, this exceptional case 
occurs if and only if there exists (b o, . , b )  E R ''+1 such that 

t l  n 

Rt=bo+Eb, R , ,  Z b , = f 0  
I=l t=l 

4 SHORTFALL CONSTRAINTS AND ITS PROPERTIES 

Under a portfolio choice x = (x), ~1. after one period the funding ratio is given by 

(18) ~(x) = f0 1+ RA(X ) 
I + R  L 

We shall consider shortfall constraints of  the type 

(19) Prob{Z(x) <_ f}_< g 

Under the assumption 

(A 3) The probab~hty distribution of  (R L, Rp 

the shortfall constraint (19) becomes 

(20) 

, R,, ) is multivariate normal 

l + e k z ( X ) - L [ l +  _ " 

with ~2 
1 f~e 2 dx =6 

,/2,r d~ 

Therefore, under (A.I) ,  (A 3) aud f = 1 the shortfall constraint (19) has the 
properties' 

1. In the 

hnear. 

space the shortfall constraint is 



2 Assume that some portfoho x satisfies the shortfall constraint. Then, the set 
E s of  all efficient portfohos sat lsfymg the shortfall constraint is nonempty. 
Furthermore,  there exist Lm,n' Lmax with 0 <_ Lm,n<_ Lmax' SO that 

X~Es~X*=xMIN+az  ° ;t ~ [;~m~.,;t .... ] 

e¢~^¢x"9 -±¢a 0 

-(1 -_L 
f, 

/ 
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P r o b ( f l ( x )  < :  1) = 

= Xta" + ~nD ~ ' 

o¢~(~ -L ia L) 
,1' o 

According to these propertms shortfall constraints can be reconciled with 
efficiency by fixing f = I and choosing an appropriate value for ~5. 

5 OPTIMALITY CONDITIONS AND THE EFFICIENCY 

OF THE MARKET PORTFOLIO 

In this section we first derive a relattonshJp between asset returns and the return 
on efficmnt portfolios. Thereafter,  ~t ~s argued that for an approprmtely defined 
representative investor the market  por t foho ~s efftcmnt and market  e q m h b r m m  
condmons  are obtained. 

5.1 Optimality Result for Efficient Portfolios n 

Proposition 

Under (A.I )  each efflcmnt portfolio x* with return 
conditions 

(2r)  

R*=/~a (x*) satisfies the 

1 = 1 ,  ,n  

I I In thz~ ~ect lon w e  d~UIne  ] l )= l  
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where k/To = kA(xo ) 

~ 0 - *  ~ ,s by 

Y~x, ° = 1 
tel  

Proof: 
For x ° the opt lmahty condmons  are gwen by 

(3) 

(4) 

(5) 

From (3) - (5  ) one concludes 

(22) 

(23) 

Vx* - y -  , t l l -  ve = O 

e'x* = l , 

x*' Vx" - x "  7 -  AE( k"  ) - v = O 

x° '  V x * - x ° '  y -  A E ( k l ~ o ) - v  =O 

The def inmon of x ° and (23) leads to 

(24) 

Now, (3 ) ,  (22) and (24) imply 

(25) 

(26) 

~(k~o)+V:O 

" Ilk') (~)] x ' Vx* - x*' y -  X E - E l~o =0  

Finally, &vldmg (25) by (26) results m 

(27) 

Vx'-~ _ "-~(k,o)e 

~o,,(k',k'-k~) ~(k')- ~(k~o ) 
,I = ], , n  

45 



4 6  BY ALEX KEEL AND HEINZ H MULLER 

Remark 

If in addmon to the risky assets i E { 1 ..... n} there exists a nskless asset with a 
deterministic return r, condition (21) changes to 

~o,,(k,,k'-k4.~._r] , = , ,  ,,, 
~8~ ~(~')-'-- ~o~(~7~:~)[  ( ) ' 

This can be proved along the hnes of SOLNIK (1978), pp. 914-919. 

5.2. Efficiency of the Market Portfol io  

Now assume that the market consists of H investors h=l .... H with initial wealth 
W h The investors agree on the first and second moments of returns on assets 
t E 1, but the growth rates of their liabilities RLh , h=l may differ. Furthermore, 
each investor h = l , .  ,H solves an optunlzat lon problem of the type 

mln Var[t~A(X)- RL,,] 
x e R  n 

subject to 

(o) E[#A(')- #L,,]--> r~.,, 
x z = I .  

Then, using the results of section 3 1 one can show that the market portfolio 
x M is efficient for an appropriately defined representative Investor The growth rate 
of the liabilities for the representative investor is given by 

H 
% #L,,, 

e L  M - h=l H 

Ewe, 
h=l 

Applying the results of section 5.1 on the market portfolio x g one obtains for 

hM = # z (x M) 

(21 ') 
C O " ( ~ ' k M - - k L M )  " M 

E(~)--E(~o)---COv(~M kM_~ M)[E(~ )-E(k~o)] ,,--', ,n 
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respect ively 

(28') 
C°v(k" M-kLM) r "-M" ' E(R,)-r= Cov~-~-_-~-i[E(R ) - r ]  ,i = 1 .. . .  n 

In this sense the standard versions of  the CAPM (SHARPE (1964), LINTNER (1965), 
BLACK (1972)) are extended (see also MAYERS (1972)). In particular,  the equl- 
hbrlum condi t ions (21 '),  (28 ' )  shed some light on the risk premm for assets whose 
return is s trongly correlated with RL M. This may be typical ly  the case for bonds 

CONCLUSION 

In this paper, the efficient set for the asset l iabil i ty model  was discussed in detail  
Soln lk ' s  approach for por t foho choice under inflation was refined and appl ied to 
the habih ty  problem Llablht ies  lead to a paral lel  shift of  the eff icient  set. The 
shift vector depends  hnear ly  on an inves tor ' s  sensi t ivi ty to different  factors (e.g. 
inflation, economic  growth,  etc.) 

A main appl icat ion of  the asset l iabil i ty model  is the portfol io problem of  institu- 
tional investors.  In this context  It was shown, how shortfall  constraints  for a pen- 
slon fund can be reconci led with eff iciency 

Throughout  the paper, it was pointed out, that the asset hab lh ty  model  has a wide 
range of  appl icat ion beyond pension fund economics  Consequently,  in the last sec- 
tion a market  equi l ibr ium version for this model  was der ived 

For our analysis ,  the funding ratm was assumed to be f ixed The de te rmmatmn of  
an optltnal funding ratio is a problem for further research Combin ing  WmKIE'S 
and WISE'S eff iciency concept  with our results could shed some light on this issue. 
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