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A B S T R A C T  

Maxunum hkehhood estmlat~on is derived for the Lagrang,an Polsson distribution 
for a su'nple and a Ioghnear model and illustrated with real data 
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] INTRODUCTION 

The monograph by CONSUL (1989) IS On a nice counting d,stnbution known as 
Lagranglan Polsson ~ 

(1 I) p (n  10, ~) = 0 ( 0 + n ~ )  ' ' - I  e x p l - ( O + n ~ ) l / n l  

n = 0, 1, 2, 3,  4 . . . .  0 > 0  0--<~-- <1  

The mean and wtnance of this probabili ty distribution are finite when ~ <  1 and are 
gwen by 

E[N] = 0 ( I - ~ ) - ~  v a t ( N )  = 0 ( I - ~ ) - 3  

When ~ = 0 this distribution reduces to the well-known Polsson distribution 
CONSUL and SHENTON (1972) derive (1 1) using Lagrange 's  expansion A 

probablhstlc derivation of  the Lagrangmn Po~sson dlstnbutlon can be found m 
GOOVAERTS and KAAS (1991). Once we know tlus d~stnbtmon it Is possible to 
recognize it m the literature Browsing m Cox  and MILLER (1965), I encountered ~t 
as a queuemg exercise on page 250. They refer to MCMILLAN and RIORDAN 
(1957) 

Clearly. the Lagl'anglan Po~sson is a useful distribution which belongs to the 
statistical toolkit 

A generalization of  the Ioghnear Pomson model using the Lagranglan Pomson 
may be useful This allows the variance to exceed the mean Maximum hkehhood 

I This adhere~ to the t enmno logy  m CONSUl. and SIIENqON (1972) The dlstJ[btmon i', aNo known ,t~ 
Generahzed  Pols~on The adjectwe generahzed, being rather umnl 'ormatwe anyway ,  apphes  alqo Io 
arbitrary mixed and compound  Po~gson d , , t r tbuuon~ 
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analysis for a s~mple model is given ,n the next section, followed with the 
exposition for a loghnear model 

Evaluation of  Informanon matnces needs the following moments, whmh can be 
found on page 157 m CONSUL (1989) 

L ( 0 + N ~ ) 2 J  0 ( 0 + 2 ~ )  

0 

L(0+N~)2J 0+-2~ 

L ( 0 + N ~ ) "  J ( 1 -  ~ ) ( 0 +  2~') 

A numencal  dlustrauon and some final remarks complete the paper. 

2 A SIMPLE MODEL 

The convolution of two independent Lagrangmn Polsson random variables with 
parameters (01, ¢) and (02, ~) Is Lagranglan Polsson with parameters (0[ + 02, ~). 
This justifies the replacement of  0 m (I 1) by m0, where m is a known size factor. 
This situation may be appropriate for a statistical agency, which collects economy- 
wide data on the number of policms and number of claims Let there be R repomng 
umts numbered r =  1, , R Minus the logarithm of  the hkehhood function can be 
written as : 

(2 I) f =  c + O Z m ~  + ~ E n r +  Z(rl r-  l ) l n a ~ - R l n O  

a r = ( m r O + n , ~ ) - '  c = ~ [ l n n , !  - I n m r ]  

where ~ denotes summation over r The elements of  the gradient of f result as 

ay 
(22)  - ~ m ,  - R O - '  - ~ m r ( n  , - I ) a r  

ao 

(23)  Of _ Z r t r  _ E t l , ( n r _  l ) a ,  
a¢ 

Following page 102 m CONSUL (1989), we mulnply (22)  by 0 and (23)  by 
Adding together and equating to 0 results m" 

(24) O~rnr = ( l - ~ ) ~ . , n  r 
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So, the lmphed maximum hkehhood esmnator for the populanon mean ,s gwen by 
the sample mean. The elements of  the Hessian o f f  can be dlsplayed in pamtloned 
matrix form as '  

(2.5) H - o°] 2 Vlnrq FIITrq' 
+ E(ttr--l)arl II I 

L n t J k n r J  

If we have a pathological sample for Much all n r = 0 ,  the Hessmn will be a 
zero-mamx In case also nr=  1 are observed, the Hessmn will be posmve 
semi-definite, in all other cases the Hessian ,s posture defimte, which nnphes f to 
be convex with a umque stanonary point 

Searching along the hne (2.4) we derive that this stanonary point will have ~ < I 
and ~ > 0  depending on the sample. To this end we substitute (2.4) in (2 1) and get a 
convex function in ¢. 

(26)  f = (c + ~ n ~ -  R I n 2 ) -  R l n ( I - ~ ) -  ~ ( n , -  l ) l n l m r 2 ( 1 - ~ )  + n,~l 

where ~. = ~ ? 7 r / ~ ? t l r ,  the sample mean. Numerically, f is defined on the open 
interval (z, 1) where z < 0  is given as" 

Z = 1 - rain [nru7 j ] u r > 0 ]  
r 

l lr~ I1 t -- Illr~ 

At the boundaries of  this interval f approaches +oo Probabfllsncaly, the stationary 
point of f should be in the interval [0, I]. Differentiation of (2 6) results in: 

(2 7) 
J/ 

- R ( J - ~ ) - t  
d~ 

- 2~ ( . ~ -  I)Ur(mr~ + ~"r) -I  

Taking the Iim.t of  (2 7) for ~ ~ I results in +ce So, the search for a stationary 
point, starting in this hmlt point, w~ll be in the dlrecnon of ~ <  1. Next we evaluate 
(2.7) for ~=0 .  When this value is negative, the stationary point will have ~ > 0 .  
This condition can be slmphfied to: 

When all mr are equal, this condition amounts to the statement that the sample 
variance exceeds the sample mean. This agrees with the findings oil page I02 in 
CONSUL (I 989) 

So, there is a possibility that the stationary point will have ~ < 0 .  In such cases 
we should dec,de to use the Polsson model by ~etting ~ = 0 
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The Information matrix results as the expectauon of (2 5) Using the expectanons 
m (I .2)  and adjusting for m, we get 

(28) EiH] = ~m~(mrO+ 2~)_ilm,(l-~)+2~O-' m,O 1 
mr0 (1 - ¢ ) -  I 0(m~0 + 2) 

Both the reverse of  (2.5) or (2 8) give an esumator for the covarmnce mamx of  the 
maxmaum hkehhood esmnator.  

Whenever  all m~ are equal wc may nonnahze mr= ] and the sample data are 
convemently stored m a frequency table Such a situation arises when consldenng 
the number of clmms per policy In Table 1 we find data from BICHSEL (1964) 
together with the maxtmum hkehhood fit 

T A B L E  I 

LIABILIIY CLAIMS PER AUTOMOBLI E POLICY, SWlI/ERI AND 1961 

Number  of claims Number  ot pohcles Ldgranglan Po~sson fit 

0 103 704 103 722 2 
I 14075  14003  7 
2 I 766 I 838 2 
3 255 248 5 
4 45 34 6 
5 6 4 9  
6 2 0 7  

-->7 0 OI  

The maximum hkehhood estmmtes are 0 = 0.14455 and ~ = 006826  with 
standard devmt]ons 0.001 I and 0 0028 

3 A LOGLINEAR MODEL 

We model 0 m the following Iogllnear way, which reconciles with the loghnear 

Polsson model as presented in TER BERG (1980) 

(3.1) 0, = 2 , ( I  - ; g )  

~ r  = exp Ix;81 

where Xr IS a vector of  explanatory variables and fl a paratneter vector with K 
elements. 

Following the interpretation of the R reporting umts with different size given by 
mr this model is capable ot incor'poratnlg differences between reporting units and 
differences between time periods by introducing approprmte dummms A more 
common interpretation is the modell ing of clam~ frequencies as a step towards a 
multlphcat~ve rating structure 

The R x K matrix X is defined a t .  

X = l x ,  x2 ... x~ l '  

and is assumed to have full column rank. The first colunm of  X equals 1, a vector 
containing the elemnents I. 
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Minus the logarithm of  the hkehhood function Is a funcuon o f / / a n d  ~ and can be 
wntten as : 

(3.2) f =  c+(l--~)Emr~r+~Enr+ ~(n~- I ) lna , -  RIn( I -~ j ) -  I'X// 

a~ = (m~O~ + n ~ ) - '  

Dffferentmtlon of  f with respect to //  and ,~ results m the elements of the 
gradent g 

(3.3) 
at 

- ( I - ~ ' ) ~ [ 1  - ( n ~ - l ) a r l m r 2 ~ X ~ - -  X ' l  

af 
- R ( I  _~)-I 

a{ 
+ Y .  I 1 -  ( n r -  I ) a A U r  u r = n , - m , 2 ~  

Differentiation of  g with respect to fl and ~ results in the elements of  the 
Hessian H : 

(3 4) 
0 2 f  

- ~ [1 - , l r ( n r -  l )a~ l ,n ,  Orx, x; 

O2f 
- ~ ,  [1 - n r ( n r -  I ) a Z l m r 2 r X r  

a// a~ 

a2i 
a~ 2 

- R ( I - ~ ) - 2  + ~ ( n r - - 1 ) [ a r u ,  I 2 > 0  

The Information matrix ~s gwen as the expected value of  the Hessian 

Fx,7Fx,7' 

IE 1' L(~-I)-' (~-I)- '  

The Newton-Raphson search direction ,s gwen by H -  ~ g. Whenever  the Hess,an H 
Ls not positive dehmte,  we replace the Hessmn by the Information matrix 
Occasionally,  an iteration may tmply ~>- I, an a,--<0 or an increase o f f .  In such 
cases, we halve the stepslze 

Taking the loghnear Po~sson model as a starting value, convergence is quick and 
swift 
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4 NUMERICAL ILLUSTRATION 

In Table 2 we find data from BAILEY and SIMON (1960) on R = 2 0  risk groups 
defined by 2 n~k indicators with 5 and 4 levels. 

TABLE 2 

EXPOSURE AND NUMBIzR O1- CLAIMS, A U I O M O B I L E  I IABII . I IY,  C A N A D A  1957-1958 

Earned car Number of clam~s 
X - m , l l r l X  

yca~  Observed Pol,,son Lagrangmn Polsson 

0 0 0  0 0 O0 2757 520 217 151 219 950 I 219 868 7 
I 0 0 0 0 0 0 130 535 14 506 14 052 3 14 083 6 
0 1 0 0  0(10  247 424 31964 31 5468  31 5909  
O0 10 0 0 0  156871 22884 21 1702 21 0 8 5 6  
0 0 0  I 0 0 0  64 130 6 5 6 0  6 3 4 5 7  6 3 9 4 7  

0 0 0 0  I 0 0  130706 13792 1 3 6 8 8 2  1 3 7 6 1 4  
1 0 0 0  I 0 0  7233  I001 1 0 2 2 3  1 0 3 0 5  
0 1 0 0  1 0 0  15868 2695  26 '563  2 6 7 5 3  
0 0 1 0  I 0 0  17707 3054  3 1374 3 1428 
0 0 0 1  I 0 0  4 0 3 9  487 5247  5318  

0 0 0 0  0 1 0  163544 19346 1 8 6 0 7 9  18631 6 
1 0 0 0  0 1 0  9 7 2 6  1430 1 4 9 3 5  1 4 9 9 3  
0 1 0 0  0 I 0  20 369 3546  3 7 0 4 6  3 7 1 5 9  
0 0  I 0 0 I 0 21 089 3618  4 0 5 9 7  4 0 5 0  I 
0 0 0 1  01 0 4 8 6 9  613 6873  6937  

0 0 0 0  0 0 1  273944  37730  3 5 7 7 2 8  3 5 7 1 5 3  
1 0 0 0  0 0 1  21 504 3421 3 7 8 9 9  3 7 9 3 6  
0 1 0 0  0 0 1  37 666 7565  7 8 6 2 3  7 8 6 3 5  
0 0  I 0 0 0 1  56730  II 345 1 2 5 3 3 7  1 2 4 6 8 2  
0 0 0 1  0 0 1  8601 1291 1 3 9 3 3  1 4 0 2 4  

Applying the maximum hkehhood model of the previous section, we have K = 
1 + ( 5 - 1 ) + ( 4 - 1 )  = 8 elements for ft. The max,mum hkehhood results are 
presented m Table 3 

TABLE 3 

M A X I M U M  LIKELIItOOD F S T I M A I E S  AND STANDARI)  DEVIATIONS 

Parameter 

Loghnear Polsson Loglmear Lagrangmn Po[sson 

MaxHnum Mammum Standard devmtton based on 
hkehhtwJd hkehhood 
eMImdt¢ estmlate Hessian InlormallOfl in,it i*1X 

fll - 2 5287 - 2 5291 0110 0111 
fl2 2998 3024 0392 0392 
fl~ 4691 4708 0273 0272 
f14 5259 5222 0294 0291 
f15 2156 2236 0575 0575 
f16 2723 2780 0385 0385 
f17 3552 3568 0337 0336 
fl~ 4930 4917 0247 0244 

0 8154 0294 0294 
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We see close agreement between the parameter esmnates for fl m the Ioghnear 
Polsson as well as the Ioghnem Lagrangmn PoJsson model Th~s agleement  ]s also 
evident m the f'itted claim numbers m Table 2. The relanve large value for 
increases the variances in the Lagrangian Polsson model 

The Smallanty between the standard dewat~ons based on the mver~e of the 
Hessmn and Information matrix is reassuring 

If, m this dlustratmn, we shnnk the X-mamx to the fHst column, the maximum 
hkehhood eStllnate for fl~ changes to - 2 . 3 2 9 5  and that for ~ increases to 
0.9738 

5 FINAL REMARKS 

The use of the Lagrangmn Polsson distribution with Ioghnear mean contains, 
through the parameter ~, a dmgnost~c tool to refer the presence of  omitted 
explanatory variables m the Ioghnear specification. As such, the Ioghnear Lagran- 
gian Po~sson model is a possible starting point from whmh to model the Ioghnear 
Po~sson model. 

When the maxmmm hkehhood estimate for ~ ts clearly different from 0, the 
variance of the Po~sson d~smbunon ~s too small, whereas the Lagrangmn Po~sson 
d~stnbutlon mlphes the appropriate larger varmnces 

As shown by GOOVAERTS and KAAS (1991) the Lagrangmn Polsson d~stnbunon 
also allows a recurswe evaluation of  a compound Lagranglan Potsson d~stnbuuon. 
So, from an apphed point of  view, there ts httle reason to object to the use of the 
Lagrangmn Po~sson d~strtbutJon. 
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