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SUMMARY

In his paper to the Tenth ASTIN Colloquium the author presented
generalised extreme value techniques for making use of all large los-
ses that are available for analysis and not merely the largest. In this
paper the problem of assessing the relative contributions of various
factors to fire losses is investigated. A model concerned with mul-
tiple regression with extreme observations of given rank is developed.
It takes into consideration the biases due to the use of extremes and
the differences between categories of risks in regard to the frequency
of fires (or claims). By way of illustration the model was applied to
the largest and second largest losses in the textile industries in the
United Kingdom during the six-year period 1965 to 1970. The
presence or absence of sprinklers, whether the buildings were
single-storey or multi-storey, and total floor area were the inde-
pendent variables included in this preliminary investigation.
Judged from extreme losses sprinklers appear to reduce con-
siderably the expected damage in all fires.

The technique enables different estimates to be obtained for each
regression parameter for different ranks. It is desirable to have a
single overall estimate for each parameter; and for this purpose a
second model is developed for performing a regression analysis
combining observations pertaining to a number of ranks. Covari-
ances of the residual errors are also taken into account in this
model.

INTRODUCTION

In my paper to the Tenth Colloquium [1] I presented generalised
extreme value techniques for making use of all large losses that are
available for analysis and not merely the largest. I dealt with
methods of estimating the extreme value parameters and parameters
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of an assumed form of parent distribution. In this paper the
problem of assessing the relative contributions of various factors to
fire losses is investigated. A multiple regression model with extreme
observations of given rank is developed and illustrated with an
example. A model for performing a combined regression analysis
based on all large losses available is also described. As mentioned in
the earlier paper [I] these methods would be particularly useful in
situations where data are available only for large losses or claims.

THE STANDARDISED VARIABLE

The losses or claims during a given period constitute a sample
from a parent probability distribution. The variable z, i.e. loss, has
a location parameter p. and scale parameter . The standardised
variable

(1)

has the (cumulative) distribution function G(f) and density function
g(t). If the » losses in a period are arranged in decreasing order of
magnitude the mth largest value of ¢ from top is

Z(m)yn — [
Lmyn = = r;”“_‘ (2)
where 2z(m)q is the mth largest loss.
The probability density of £y is
mm
—— - MYn-me Im
Ymlym) = G 1 @ 6)
if G(¢) is of the exponential type. The reduced variable
Ym = Amn(t(m)n — an) (4)
where A pun and By, are solutions of
m
G(Brn) =T —— (5)

and

B3

Amn = m g(Bmn) (6)
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If the form of G(t) is known, A,y and By, could be calculated
from (5) and (6). From (2) and (4),

6 = 6mz * Amnfom ()

and

_ Im
p‘:Zm—G[an—,“_] (8)
mn
where z,, and oy, are the expected value and standard deviation of
Z(myn and Pn, and op the expected value and standard deviation

of vm.

REGRESSION BASED ON mth EXTREME

For a given set of values of $ independent variables v(¢ = 1,
..p) the dependent variable z has an expected value p, and
(residual) standard error oy. Also,

Wy = Bo + 5’: Be s (9)

The parameters u and ¢ mentioned in the previous section take
the values py and o, in the regression model. The problem is to
estimate the regression parameters B;(f = o, 1, ... p) and o, using
the mth largest observations z (), and the associated values of v;.

Suppose the observations available for N periods are grouped into
K independent categories depending upon the risk of fire loss, e.g.
sprinklered, non-sprinklered and so on. Consider the model

b4
Zimysk = Bom +‘2 Bim Yimsx + Cmsx (10)
-]

where z¢pn)x is the mth largest loss from top in the jth period
(=1,2, ... N) for the kth category (k =1, 2, ... K) and vymsx
is the value of v; associated with z(m)sx. The residual error eq has
the expected value zero and its variance RZ,, is known to be pro-
portional to the variance o3, Of z(m)x. But from (7),

Ozt = Oy * /A i (11)

where A, refers to the kth category with #; number of fires or
claims per period. The value of Apg (and Byg) could be obtained
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from (5) and (6) with # = ng. Since A py differs from category to
category, the regression parameters Bg,, and Bim(f = I, ... ) in
(10) are to be estimated by minimising the weighted residual sum
of squares

K N P
Om = Z A:nk Z {zmyk — Bém — Z Bim Vimgk)? (12)
k=1 j=1 i

-1

with respect to the parameters and solving the resulting normal
equations.

For given values of the independent variables v; the expected
value of the mth largest loss would be given by

P-;m = Bom + Z Bim vs (13)
[

If wy msx is the value estimated by substituting in (13) the observed
values vy corresponding to the observed z(m)jr, the weighted
residual variance is

I K N
Row = (NK —p—1) ElA?nkEI(z(m)jk_Pvmjk)z (14)
Following the derivation of (7) it can be easily seen that

Gf)m - anw/afn (15)

The variance o2, is an estimate of ¢} for the parent regression
defined in (g9). From (8) the value of p, for the kth category is given
by

, Im
Yomik = Yym — Sym (Bmlc -+ Amk)

which can be rewritten as

4
Lomk = Bomrk 1+ Z Bimvg (16)

where

, Im
BOmk = Bﬂm - va,<Bmk + m) (17)
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‘The values By (¥ = 1, ... p) are estimates of the parameters §;
of the parent regression shown in (9). The value Bomy is an estimate
of Bo but varies from category to category. The values of 7, and
o5, have already been tabulated [2].

APPLICATION TO DATA

Data on large losses and the occupancies in which these fires
occurred are available for a number of years. However, information
on fire protection devices and other particulars of buildings invelved
in large fires is available only from 1965. IFor this reason the methods
developed above were applied to the largest and second largest
losses during the period 1965 to 1970. The textile industry in the
United Kingdom was chosen as an illustration. A detailed account
of this exercise was given in a recent Fire Research Note [3]. I shall
now discuss the main features given in this note.

For an application of the asymptotic theory of extreme values the
number of fires in a year in any category should be large and this
requirement restricts the number of categories. Hence only four
groups werc considered ; these were sprinklered and non-sprinklered
in single-storey and multi-storey buildings. The top two losses in
each of these groups during 1965 to 1970 were corrected for inflation,
with 1965 as the base year. In the case of sprinklered buildings the
figures referred to fires in which sprinklers operated. Of course, the
probability of non-operation would be taken into account in a study
of costs and benefits of sprinklers.

The presence or absence of sprinklers was denoted by the variable
v1. If the building was sprinklered, v was assigned the value + 1
and — 1 if the building was not provided with sprinklers. Sim-
ilarly, 4+ 1 was assigned to the variable vs if the building was
multi-storeyed and — 1 if it was single-storeyed. The interaction
between the two factors, “‘sprinkler’” and “storey”’, was not included
in this study. Since the fire loss depends upon the size of the
building [4, 5] the logarithm of the total floor area of the building
was used as the third independent variable, va. The dependent
variable was the logarithm of loss assuming the role of z in the
previous sections. Previous studies [4, 5] indicate that the fire loss
has a power relationship with the size of the building.

It was assumed that during the short period of six years there was
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no appreciable increase in the number of fires and hence an average
value was used for the sample size, #». About 50 per cent of the fires
attended by fire brigades were small ones which did not spread
beyond the article of origin [6]. Disregarding these fires which were
of no economic importance the remaining 50 per cent in each of the
four groups was used to denote the sample size for that group. It
was assumed specifically that z has a normal distribution ie log
normal for the actual loss. The values of 4, and By corresponding
to sample sizes ny were obtained from tables of the normal probabili-
ty integral. The results are summarised in the following tables

TABLE 1

Results of regression analysis

Extremes
(m) Rlom Bim B2m Bam R20 oim ym  Im
1 0.9813 -0.3262 0.0617 0.4262 0.7629 1.6449 0.4638 0.5772
2 1.5664 —0.3004 0.1972 0.1556 0.4987 0.6449 0.7733 0.2704
TABLE 2
Categories n  Extremes Apg Bk Bomr Emk
(%) (m)
Sprinklered 1 2.7375 2.408¢ -0.8027 ~1.1906
125
Single-storey 2 2.5000 2.1444 —0.4145 —0.9211I
Sprinklered 1 2.9750 2.6521 —0.9569 —1.2214
250
Multi-storey 2 2.7375 2.408g -0.6389 —0.75I1
Non-sprinklered 1 2.6700 2.3264 —0.7502 —0.4857
100
Single-storey 2 2.4200 2.0538 -0.3380 -0.2258
Non-sprinklered 1 2.8800 2.5759 —0.9094 ~0.5215
200
Multi-storey 2 2.6700 2.3264 -0.5685 —0.0619
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Since the value of Bomg varied, there were four regression equa-
tions for each extreme corresponding to the four groups. With »
and vy taking the values + I or — 1 the equation for the kth
group was reduced to the following simple form with just v; as the
independent variable.

Womk = %mk + Bamvs (18)

where
amrk = Bomx + Bim?1 + Pemvs (19)
The values of amg are also given in Table 2.
For a log normal distribution the expected loss p.z in the original
units is
Ly = eu+cz/2
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where . and ¢ are the mean and standard deviation of z = log x
[7]. In the calculations 10 was used as base for z, the logarithm of
loss in units of £'oco. Hence the expected loss in the original
units was

2
ULk = I000 X ecuvmk+6I2 a2, (20)

where ¢ = log,10 = 2.3026. IFigures 1 and 2 depict the relationship
(20) between the loss and total floor area for m = 1 and 2. The loss
is at 1965 values.

For a given total floor area, the expected loss in a single-storey
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building does not appear to differ very much from the expected loss
in a multi-storey building. Perhaps, in a multi-storey building the
horizontal spread of fire is restricted by better compartmentation
but fire spreads vertically upwards. It is apparent that sprinklers
reduce the expected loss to a considerable extent. From Fig. 1, for
example, the expected loss in a fire in a building of total floor area
100 000 ft? would be about £20 ooo if the building were not sprink-
lered but sprinklers would reduce the loss to £4000. The difference
between the effect of sprinklers shown by Fig. 1 and Fig. 2 is due
to random fluctuations.

MobpEL For COMBINED REGRESSION
For the Ath population, from (2}, (4), (10) and (17)

— ’ — —_
2y = Bo + Z BVimk + oof (myk (21)
tm=1
where
_ )
z —_— X Z(m)Ik
mk =N ™
N
7 —_— v
17} = imik
imk N -1
and
- Im
¢ =B _—
(m)k mk + Arr

The variance of the residual error ey is given by (11) while the
covariance of ey and ey with m > 1 is given by

c

2 " €00 [V, Vi) Amp  Ask
= ci . Gin/Amk A
since the covariance of y, and y; with m >/ is the same as the

variance of v, [2]. Hence the error is o) . V where the matrix V is
of the form
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o3 oa oa oo
fk Ay Agp Ay - Ay Ay - A
o o o o
Agg » Agy Agk Agy = Asg Ao - Ay
o5 o5 o ol
Agy - Ay Agy - Ay glc Agy = Ay
o? o2 ot o?
A Ay A - Ay Ay - Asy A7

Then following Lloyd [8] we could obtain least squares estimates

of Byt =o0,1, ..
form

where

(Z —COY V-1 (Z —CO)

Up11 2(1)1

_____________________ —'1;1)21 7?(2)1

I V11 ?)zr1 . 51»*1 Z(r)l
I Y112 V212 e eeeemameemnn 51712 z(1)2
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EARATY EZ7Y. GE— — Uik bk
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.p) and ¢, by minimising the quadratic (matrix)

(22)
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Bo Vi o o o..0
B1 o V2 o o..0

0 = andV=|0o o Vs o..0
P 0 0 0 0 Vg
Gy

It is assumed that observations are available for the top »
extremes of K categories for N periods. The form (22) is a general
linear model with correlated observations. It is not necessary to
discuss here the estimation of parameters and other statistical
problems. It is hoped to apply the combined regression model to
actual data in the near future.

DiscussioNn AND CONCLUSIONS

Only large losses are available at present for multiple regression
analysis to assess the effect of various factors on the expected
damage. Hence the problem studied in this paper is to estimate the
regression parameters by using extreme observations. Extreme
values with any chosen rank, s, over successive periods could be
used for this purpose. Estimates based on extremes would be
biased since the entire range of the fire loss variable has not been
covered. In the modified model presented in this paper, adjustments
have been made to correct these biases.

In the example considered the main population was divided into
independent categories. The largest and second largest losses in each
category were used with years providing the replications. The
number of fires per year in each category has to be large and this
restricted the number of categories and parameters that could be
included. It is possible to perform a separate regression analysis for
each category but this would also restrict the number of parameters
unless data over a large number of years were used. For these
reasons a single regression analysis was carried out for each extreme,
m.

It was assumed that the losses in the different categories for a
given set of values of the regression variables v; had independent but
identical distributions viz. log normal. It was further assumed that
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the distributions had different location parameters but a constant
standard error ¢,. By including the parameters Apyr and By the
model takes into consideration the differences between categories
in regard to the frequency of fires. The problem of confidence limits
for the expected values and regression parameters is being in-
vestigated.

The estimates of regression parameters vary depending upon the
rank, m, of extreme observations used. This variation is due to
random fluctuations in the observations. It is also difficult to draw
reliable conclusions from estimates based on just one extreme viz.
the mth. For these reasons a combined regression model has been
developed in this paper for using a number of extremes, say, m = 1
to # jointly and taking into consideration the variances and covari-
ances of the residual errors.

Nelson and Hahn [g, 10] have discussed the linear estimation of a
regression relationship from censored data using order statistics. In
this paper similar estimation procedures are considered using
extreme order statistics from large samples (asymptotic). It is pos-
sible to extend the model to extremes in small samples provided the
moments of order statistics in such samples are either available or
could be calculated. Teichroew [11] and Ruben {12] have dealt with
order statistics from the normal distribution.
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