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FOREWORD 

There are two phases of difficulties in estimating a claims distri- 
bution. If we are going to estimate the claims distribution as 
accurately as possible, we should gather considerably long terms 
statistics. While ecqnomical and social environment will change. 
As a result the statistics gathered should be amended by  a kind of 
trend value. One of difficulties here is t~e estimation of that  trend 
value. Another difficulty is the estimation of claims distribution 
as being the stochastic distribution. In the case of considering 
claim size, the estimation becomes more difficult. 

The intention of this paper is to propose an actual way of esti- 
mating stochastic claims distribution considering various kind of 
claim size by the use of a computer. Regarding the problem of 
amending claims distribution by  a trend Value I will discuss at 
another time. 

I. THE MODEL OF CLAIMS DISTRIBUTION 

(I) The logical claims distribution 

The claims distribution is the distribution of claim amount which 
a insurer paid for a definite period, for example, for one year. 

Therefore, the claims distribution should be analized by two 
factors. 

The distribution of claims frequency. 
The distribution of claim size. 

a. The distribution of claims frequency 

Since the claims frequency is a number which is calculated from 
the stand point whether  or not claim occur in the risk group which 
an insurer is retaining in a definite term, the logical distribution of 
claims frequency is considered to be a binomial distribution. 
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Assuming tha t  numbers of risks and the average claims occurrence 
rate in a risk group are n and p respectively, the distribution is 
expressed by the following binomial expansion formula. 

b(k; n .p)  = (nk) p~ "qn-k  
where 

q = I - - p  

k is probable claims number occurring. 

The probability of claims occurrence in each risk in a risk col- 
lective which a insurer is retaining is not always the same. Ac- 
cordingly an risk collective is separated into many kinds of risk 
groups with different number of risks and claims occurrence rate. 

" Assume t-he number of risks and claim occurrence rate of m number  
of risk groups are nt, hi;  . . . .  n m  and px, p2 . . . .  ,Pm respectively 
the following formula holds. 

nip1 + n,p2 + . . .  + nrnpm 
P---- N 

The distribution of claims frequency of a risk collective is ac- 
cordingly expressed by the following formula 

(;1) (;') (;-) 
P~q~" * * P~q~"- ~ * " "  * Pmqm 

where, * show convolution. 

b. The distribution with claim size distribution 

In considering claim size, the distribution becomes more and 
more complex. The calculation is almost unrealistic, even if a 
computer is used. Assuming that  a risk collective is constructed by 
risks being Px, P,, . . . ,  Pm of claim occurrence rate and sa, s,., s3, 
. . . .  s z of claim size and nn,  nt, ,  n~3, • • . ,  nml of risk number which 
are the case of Ptst, pzs,, pass . . . . .  pr~sz respectively, the risk col- 
lective is expressed by the array of following risk groups. 

Rn[nn ,  pt,  sx], Rl,[nt2, pt ,  s,] . . . . . . .  Rlt[nu, px, st] 
R,t[n..x, p~, st], R,...[n,... p , ,  s,.] . . . . . . .  Roa[n,t, p, ,  st] 

Rmx[n,nl, Pro, st], R=,[nm,. pm, s~] . . . . .  Rraz[nraz, Pro, st]. 
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In the case of each risk being independent stochasficaUy, the 
claims distributions of each group are shown by the following 
formula. 

bn( s l k ;nn ,  p d  = ( ~ n ) p f  .ql~L,-~ 
~ g 

qll,,- * 

I,, \ 
' brat(szk;nmz, Pm) = I ' k  mz) #~ "q~'~-~ 

Since a claims distribution of a risk collective is a compound 
function of claims distribution of these risk groups, while com- 
pound function of binomial distributions is not always a binomial 
distribution, a claims distribution of a risk collective is not always 
a binomial distribution. Accordingly we describe the distribution 
function of a risk collective as p(sk; n, p). 

p(sk; n, p) = bn(szk; nix, pt) * bt2(s2k; nto., pt) * . . .  
• . • * bmz(szk ; nmz, Pro). 

This is the logical model for claims distribution which may occur 
in a risk collective. 

(2) The actua2 claims distribution 
The number of actual  risks in a risk group is relatively large 

(for example more than 5 0 ) a n d  the occurrence rate of claim is 
relatively small (for example less than o.I). The previous logical 
distribution (which is the compound function of binomial distribu- 
tions) of risk groups is, accordingly, replaced by the Poisson distri- 
bution. And the previous array of logical risk groups is replaced by 
the following array of claims distribution. 

Ozt[mlx, st], Oli[mla, s,] . . .  Du[rau, st] 
Do.sims.z, st], D~2[m,.,, s,] . . .  Do.z[m~z, st] 

D,nz[mmz, st], Din,Ira,n2, s.z] . . .  Dmz[mraz, st] 
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where 

mtx = n u  x p~, m, t  = n2t x po . . . .  mini = nra~ X p , , .  

I n  the  Poisson dis t r ibut ion,  the c o m p o u n d  dis t r ibut ion be tween  
the d i s t r ibu t ion  wi th  the  va lue  of mt  arid the  va lue  of m2 is the  
same  to the  Poisson d i s t r ibu t ion  wi th  the  value of m~ -4- m2. As a 
result ,  s imi lar  r isk groups  with a s ame  c la im size are to ta l led  up  to 
one. A n d  the  p rev ious  a r r a y  of c la im dis t r ibut ion  is expressed  b y  
the  more  s imple  a r r a y  as follows, 

Dl[,nt ,  st], Do.tin.a, so.] . . . .  Dz[m~, st] 

where 

m~ ---- m ~  .2_. m~.l + . . .  + mint 

m ,  = mr ,  + me ,  + . . .  + ram,.  

Although  a c o m p o u n d  poisson d is t r ibu t ion  of some Poisson  
d is t r ibut ions  is a c o m p o u n d  Poisson dis t r ibut ion,  the  c o m p o u n d  
funct ion of ac tua l  claims d is t r ibu t ions  is not  the Poisson d i s t r ibu-  
t ion, because  of ano t he r  e lement  (s 1, s. 2, s 3 . . . . .  st) are con ta ined .  
Assume the  ac tua l  c laims d is t r ibu t ion  of a risk collective to be  
descr ibed as f ( s k  ; m) 

f ( s k ;  m)  = p t ( s t k ;  ,n 0 * p~.(so.k; m~) * . . .  p t ( s , k ;  m~). 

This  is the  ac tua l  model  "for a c la ims d is t r ibut ion  which  m a y  
occur  in a r isk collective. 

2. THE ACTUAL ESTIMATION OF CLAIMS DISTRIBUTIOX 

(I) S i m p l i f i c a t i o n  o f  model  

Since a r isk  collective conta ins  v a r y i n g  risk groups,  t he  a c tua l  
c laim d i s t r ibu t ion  is cons t ruc t ed  b y  var ious  k inds  of c laims dis t r i -  
but ions.  As s um i ng  t h a t  c la im a m o u n t  occurr ing in a risk col lect ive 
d i s t r ibu te  f rom $ IO,OOO to $ I,OOO,OOO, the claims d i s t r i bu t ion  
m a y  h a v e  ioo  var ious  claims d is t r ibut ion  and  therefore,  we m a y  
have  IOO different  calculat ions.  Calculat ions,  however ,  need not  be  
so mul t i t ud inous ,  for example ,  
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a. Some distributions with approximately the same number of 
claims are totalled up to a single distribution. 

Assume, for example, the numbers of claims with size s~, se, sxs, 
s2~, s55 are rex, ms, m~5, m,~, ross respectively and then 

~7.. I -~ m e - ~  ~Jqol$ In "Bt'g2X -~. ~1/,55. 

The distribution is replaced by the next simplified formula. 

po(sok; too) = e -m° k'-~- 

where 

mtsx + mes6 + mtssxs + m21s~x + ms,ss~ 
S O = 

mt + m e  +rex5 + m2x + m s ,  

m o = 7n:t 27 m s 27 7751, 27 m2x 27 ms,. 

b. Some distributions with approximately the same size are also 
totalled up to a single distribution. Assume, for example, the claim 
size of claim numbers m x, ms, mls, D~21 , ~$$5 are s x, ss, sx,, so.x, s,5 
respectively and then 

$1 = Se = Sis -~  S2I = $55 = SO 

mt + m e  + r a z e  27m2z + mss = m 0. 

The distribution is replaced by the next simplified formula. 

p0(sok; m0) = e -=° k-T 

c. Especially when the numbers of claim is very large, the dif- 
ference of size could be ignored in the actual calculation. And then 
calculations need not be so multitudinous. 

(2) The adual  calculation of compound Poisson distribution 

The following is the calculation flow of the distribution by the 
use of a computer. By  this flow we can easily calculate the distribu- 
tion. 

a. The calculation or table research of pl(stk;  mr). The number 
of mt is not so large tha t  the actual calculation or table research of 
pt(s lk;  rex) should not be difficult. At this time, we ignore the value 
of probability which is insignificant and therefore not pertinent. 
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b. The calculation or table research of p2(s~k ; me). The insignifi- 
cant value is deleted as the previous step. 

c. The calculation of compound function of 1~x(slk; ml) and 
p~(s,k; ~,). 

Assume the claim size and the occurrence numbers of claims 
which should be convoluted as follows. 

(s~ × k) (probability) (s2 × k) (probability) 
s~ x o 0.00674 so. x o 0.00005 

sL X I 0.03369 s2 X I 0.0o045 

sL x m~ o.z7547 s~ X ~'~ O . I 2 5 I I  

sl x 2m, o.oiSi 3 s2 x 2m~ ' o.ooi87 

d. The convolution between claim amounts and probabilities of 
each distribution. 

s~ x o Jrs~ x o 0.00674 x o.oooo 5 

s~ × o Jrs2 x I 0.0o674 x o.ooo45 

sl X I Jr se X 0 

s~ X I Jr s2 X I 

o.o3369 X 0.0o0o5 

o.o3369 x o.ooo45 

s, X m~ ~ s ~  X o 

s~ X m~. ~ sg X I 

o.z7547 x o.oooo5 

o.z7547 x 0.00045 

s~x2m, Jr s2 x i 

o.o1813 × 0.00005 
o.oi813 x 0.00045 
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e. By the calculated value of claim amount, various values of 
probability are totaUed and classified. 

claim amount  probability 

O 0 . 0 0 0 0 0  

Sl 0 .00000  

2Sl 0.00000 

2s~ 0.00003 

3S2 0.00017 

f. Delete the small value of probability and its claim amount. 
The distribution after the delete is described as f,~(sk; m). 

g. Calculate f123(sk; m) by the previous calculation step d. be- 
tween ft2(sk; m) and p3(s3k; m3) and proceed to the step 6. and f. 

h. Step g. is continued until the last. 

(3) The calculation error by deleting smaU value of probabimy 
The error is as the following, when the value of probability is 

counted fractionary over o.5 as once and disregarding the rest at 
the below sixth. 

numbers of m convoluted error 

30 * 30 0.00005 
60 • 60 o.ooozz 

I20 * I20 0 . 0 0 0 2 4  

240 * 240 0.00052 
480 * 480 0.00110 

The above example illustrates that  errors are small. 
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If  we f i n d  t h a t  a m o r e  a c c u r a t e  c a l c u l a t i o n  is n e c e s s a r y ,  i t  m a y  

be  f i g u r e d  b y  r e p l a c i n g  the  v a l u e  of  p r o b a b i l i t y  w h i c h  we  n e g l e c t e d  

w i t h  a m o r e  d e t a i l  v a l u e .  

SUMMARY 

Many methods have been developed over the estimation of claims distri- 
butions. This paper is one of the proposal for estimating claims distribution. 

In this paper, i assume that  the claims distribution is a compound distri- 
bution of claim occurrence frequency distribution and claim amounts  
distribution. And I propose a actual estimating way of claims distribution 
on the above reasoning. 

The following is the architecture of this paper. 

I .  THE ~ODEL OF CL&IblS DISTRIBUTION 

(x) The logical claims distribution 

In order to make the above mentioned compound distribution, the claim 
amounts distribution is classified by many classes of claim amount.  

Claim occurrence frequency distribution of the above each class is assumed 
to be a binomial distribution respectively. 

And then the model of logical claims distribution is considered to be a 
compound distribution of binomial distributions which are the distribution 
of each class claim amount.  

(2) The model of actual claim distrib*~tion 

The above logical claims distribution is difficult to estimate. On the other 
hand, however actual claims distributions may be considered to  have  more 
numbers of risks than about  5 ° and be less claim occurrence rate than 
about  o.I. 

As a result, the claim occurrence distribution of each claim amount  may 
be assumed to be a poisson distribution. 

2. THE ESTIMATION OF A CLAIMS DISTRIBUTION 

(I) Simplification of model 

The model of actual distribution is easier to estimate than the model of 
logical one. In order to make estimations easier, I tried to simplify the 
model itself. (in detail I describe it on the main paper.) 

(2) Actual calculation @compound poisson distribution 

The main paper will describe the detail way of actual calculation and 
method to simplify calculation using a computer. 

(3) The calculation error 

The main paper will describe the calculation error by the way of simpli- 
fication incalculation. 


