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INTRODUCTION 

Stop Loss reinsurance has at t racted the interest of ASTIN 
members for years. May I recall the paper of Borch [I] in which 
he demonstrates some optimality qualities of the stop loss reinsur- 
ance from the ceding company's  point of view, the contribution of 
Kahn [2] and the paper of Pesonen [3]. I also mention the paper 
of Esscher [4] and Verbeek's contribution [5]- Going back to the 
pre-ASTIN days we find a papel of Dubois [6]. 

The rating problems have been dealt with by  several authors. 
Let me recall the rating formula worked out by a group of Dutch 
Actuaries some io  years ago. This was based on the assumption 
that  the mean and the standard deviation were known. Based on 
Chebycheff's inequality an approximation formula was worked out 
which, of course, was heavily oll the safe side. 

Even younger members of ASTIN are probably familiar with the 
studies made in the early sixties by  a group of Swedish Actuaries, 
the results of which were presented by  Bohman at the Actuarial 
Congress in London in x964, Part ly  based oll this, Bfihlmann 
worked out some tables which he used for rating purposes. 

My present contribution to the subject may not justify the above 
reviews, particularly as I will deal with a very special retention situa- 
tion which a practical underwriter will rightly not accept, namely a 
stop-loss point as low as equal to the mean value of the distribution. 

My excuse for this is that  the formula deduced is very handy 
and that  it is of value to the underwriter to know the stop loss risk 
rate also at this low level. 

Let us denote the aggregate annual claims amount for a certain 
portfolio z and its distribution function F(z) aud define 

g = m = ~xgF(x) 
0 

V =  a ~ = i ( x - -  E) ~ dF(x) 
0 
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and  the stop loss risk premium when the re tent ion is A 

~(a) = ~ (~ -- A) a~(~). 
A 

We will s t u d y  the special case 
B 

,,(E) = .~ (x - -  E) dE(x) = I (E - -  x) dE(x).  
R • 

C A L C U L A T I O N  O F  g ( E )  F O R  V A R I O U S  D I S T R I B U T I O N S  

1. F(x) is genera ted by  a Poisson process wi th  tile parameter  X. 
All claims are of equal size s. We have 

E = X  " s  

and 

V = X . s ' .  

F ur t he r  

£ * 

[x] [x] 
= :C (E - -  ,,s) e , .  (,,) = E .  ~ ( I - - ~ / X )  P x ( , , ) =  

V-4D ~--0 

CX] CX3 IX] [zl - 
= E( X P~(,)- X P,.(~--~))= E( ~ P~(~)- ~ Pd,))= 

• ~-o v - t  v - o  v-@ 

= E • P~([x]) 

where [X] is the integer par t  of X. 

I t  is useful for the following if we replace in the formula 
e -  x Xp. ] 

P~([X]) -- [X]t 

tile factorial by  tile P-function. 

Thus 

e- x ;k[z] 
P,.(x) - r (x + ~) 

As seen in the following table the error is small. 
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Comparison of P~.([X]) with 
¢-xXx 

r(x + ~) 

e-X Xx 
Px (Ix]) / r (x+x) 

i .5 i . o85  
2.5 1.05 t 
3.5 1 .o36 
4.5 1.o28 
5.5 1.o23 
6. 5 I .o19 
7.5 l .ox  7 
8.5 T.oi 5 
9.5 x.ox3 

tO,  5 1 . 0 1 2  

2. F(x) is generated by  a Poisson-Pareto process. In another 
paper by  G. Benktander "A Motor Excess Rating Problem: Flat 
Rate  with Refund",  it has been shown that  the formula for the 
stop loss premium 

eCE) ~ E • P~Cx) 

represents a remarkably good approximation. 

The X to be used here should not be equal to the Poisson Para- 
meter (the expected number of claims n) but  smaller. A good value 
is 

E~ ~(~ + Ilk)~ 
X = "i7 "~ 4 

(See G. Benktander  "The Calculation of a Fluctuation Loading for 
an Excess of Loss Cover", ASTIN Bulletin, Volume vii i ,  Part  3.) 

The results just obtained or referred to lead us to calculate e(E) 
directly for some distributions which could describe the total 
claims amount and compare it with E . Pz(X). 

3. The exponential distribution 

f(x) .= (I/a) e -zIg 

E = a  V i a 2  X = i  
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a n d  

e(E) = J" (I/a) (x - -a . )  e -xta dx = a ~ ( y - -  I) e - y  a y  = a . e  -1  = E ' P , ( I )  
a i 

For  the exponential  dis tr ibut ion the formula is thus  exact. 

4. The G a m m a  distr ibution 

c • 
_ _  - -  e - e a l 7  X ' Y - 1  f(x)- r(-r) 

Y Y E ~ 
E =  - V - -  ~, - -  - -  Y 

c c~ V 

.y'~ c ='r = y yX  e - , t  
- • - -  E . P x ( X )  

e(E) -- cp(T ) c F(T + I) 

Also in this case the formula is exact  wlfich is not surprising 
considering the close connection between the Gamma-  and  the 
Poisson-distribution. 

5. The normal distr ibution 

I 
f ( x )  - e - ' - ~ -  

(X - m )  t 

In  o . 
E = m V = ¢~2 X - -  

¢y2 

I f (x-- "0 
m 

(x - m ) ' O" ; c1 

~ - - ~ -  a.~-  i,/~ y~-,,"' a y -  i/7~ 
l 

a s  

we get 

~ t  

i /~ 

I I 

e(E) = r e . I ~  ~ - - E . 1 - -  ~ 



A SPECIAL STOP LOSS COVER 37 

I 
We thus have to compare 7 ~ 7  with 1)x(X). 

g2~k 

I 

x F"-~ v.  (x) 

I 0.399 0.368 
2 0,282 o.27I 
3 0,230 0.224 
4 o.x99 o.x95 
.5 o.x78 o. t75 
6 o.16 3 o.16I 
7 o.15x o.149 
8 o .x4t  o.14o 
9 o.x33 o,I32 

xo oA26 o.I25 
20 0.089 0.089 

Tile al)proxinmtion is very good and converges towards the 
exact value. Using the Stirling-formula 

I 
x! = rCx + ~) = e -~x  ~ ~ ( ~  + 72x + . . . . . .  ) 

w e  g e t  

l'~,(x) - p(x + z )  - I / ~  ~ + :c2x + " ' "  

or 

6. Tile Log-normal distribution 

I 
z( l - 

E = d "  , ° , /2  V = e " " * ° '  (e" '  - -  z)  

E ~ I 
X - -  

V - -  6 ° ' -  I 

The coefficient of variation is 

VF 
E ~ -  i/~, 
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In  p rac t i ca l  app l i ca t ions  the  ma in  in te res t  shou ld  be c o n c e n t r a t e d  
on t he  X-interval  I to  IOO. 

T h e  c o r r e s p o n d i n g  in t e rva l  for  t he  d.ispersion of In x, ~, is 

[ /1~2 to  l/ha I .OI  = 0.833 to  o . I .  

A f t e r  s o m e  ca lcu la t ions  we get  

e(E) = e "  ,o,t2 {q~(,/2) - -  ~ ( - -  e/2)} = E .  [?(a/2)  - -  cp(-- e/2)]. 

t o.416 o.323 o.368 
2 o.3t8 o.25o o.27t 
3 o.268 o.212 o.224 
4 o.236 o.x87 o.195 
5 0 . 2 1 3  o.169 o.176 
6 o.196 o.156 o.16I 
7 o.183 o.I45 0 . ;49  
8 o.I72 o. I36 o . i4o  
9 o.162 o.I29 o.132 

lO o.154 o.i23 o.i25 
20 o. ; i o  0.088 0.089 
3 ° o.o91 0.072 0.073 
4 ° o.o79 0.063 0.o63 

Tile a p p r o x i m a t i o n  is, as  can  be seen,  good ,  s l igh t ly  on  tile safe 
side a n d  c o n v e r g i n g  t o w a r d s  t he  exac t  va lue  w h e n  k increases.  This  
is no t  a s t on i sh i ng  because  

• tJt.* 

0 

2 ~ 0 t o t  

. . . . .  e - - ~ -  o < 0 < I  

- 1 / ~  ~ 8 + . . . . .  

,, = I/in (i  + I/X) ~ 1 / ~ ,  As 

we ge t  

i ( 0~i  ) 
],/2xx i - -  ~ ~ -4- . . . . .  -,-Px(x). 
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7, Pareto 

E ~  ~ • 

a 
e(E) -- 

f ( x )  = ~ . a = x -  ~ -  l x > a > o  

V = a '  ( 0 t - -  I )  ti ( ~ - -  2) X = 0 t (0 t - -  2) 

")__ O_ 
~, - -  P x  (IX])  

2.25 0.56 O.23I 0.570 
2.5 t.25 O.214 0,358 
z.75 2.06 O.199 0.270 
3.00 3.00 o. 185 o.224 
3.25 4.o6 o.173 o.I95 
3.5 ° 5.25 o.162 o.t74 
3.75 6.56 o.153 o.x57 
4.00 8.00 o.144 o.14o 

The correspondence is not as good as in other examples above. 
I t  has, however, to be kept in mind that  the (unlinlited) Pareto 
distribution does not represent a good description of the total 
claims amount.  

8. F ( x )  is generated by  a Poisson process with fluctuating basic 
probabilities according to a Gamma-structure function (resulting 
in a Negative Binomial distribution). 

All claims are of equal size s. 

f(,,s) = I'(~ + ~) r ( h )  ~h + x/  ~ ~ = o, ~ . . . . .  

E = X ' s  

X=s 2 E 2 
V = X . s ~ +  h - - X s ~ +  

We transform this distribution in a Poisson distribution deter- 
mining its parameter  X' in the same way as above. 

E2 X2s~ 

V k~s~ 
Xs2+ h 



40 a SI'ECIAL STOP LOSS COVER 

H x ' =  ,Ix + ~/h 
tx] 

6(E) = E .  ~ ( ,qX--~)/( , , )= E .  ~ (~--,4X)f(,,) 
~-[x],, v-, 

is approximated by E . P~,,(D"]), 

Tile approximation is good, even for small h (=  large variation 
in the basic probability}. 

x h x' - Xh e (E) V>,. fix']) 
Neg. B i n o m .  X + It E 

I 15 o-937 0-380 0.392 
2 15 I. 705 0.288 0.302 
4 15 3 . I58  0.220 0.223 
8 15 5.2T7 o . I73  o . I75 

I 25 0.962 0.375 0.382 
2 25 x.852 o.28x o.29x 
4 2 5 3.448 o .2 to  o.2I 7 
8 25 6 .o6i  o.x6o o.16x 

I 5 ° 0.980 0.372 0.375 
2 5 ° 1.923 o.=76 o.281 
4 50 3-704 0-203 0.209 
8 5 ° 6.897 o . I5o  o .x5I  

CONCLUSION 

We have seen that  for a large group of distributions the risk 
l)remium of a special stop loss cover (retention equal to the 
expected value) can be approximately calculated by a handy 
formula. 

e ( E )  = E • z,,.([x]) 
with 

X = E~IV  

E = Expected value of the distribution 
V = ¢r ~ .=  V a r i a n c e .  

In 5. we have seen that  

E 
E "  Px(X) = ~ / ~  

I 
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Fen x + x2 E~ 

¢7 

lira E • Px(X) --  
),---~.~ 

Thus  the convenien t  approxi ina t ion  e(E) = er/l/2~which is exac t  
in case of a normal  d is t r ibut ion is more  on the safe side than  
Px(?,). How does the  approx ima t ion  e(E)= ~ / I / ~  fit general ized 
Poisson dis t r ibut ion funct ions ? 

H we assume the existence of all momen t s  o f  the claim size 
dis t r ibut ion funct ion and  tha t  the  expec ted  n u m b er  of claims X 
is large enough so that all terms of order o(X-½) and higher order 
in the Edgeworth expansion can be neglected, then cr/[/~ is a good 
approximation for the risk premium of the special stop loss cover. 
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