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z. A certain family of premium calculation principles 

In this paper any given risk S (a random variable) is assumed to 
have a (finite or infinite) mean. We enforce this by imposing 
E[S- ]  < ao. 

Let then v(t) be a twice differentiable function with 

v'Ct) > o, v"(t) > _ o , - -  oo < t <  + oo 

and let z be a constant with o < z < z. 

We define the premium P as follows 

P ---- sup{Q I - -  oo < Q  < + o0, E[v(S--zQ)]  > v ( ( x - - z ) Q ) }  (i) 

or equivalently 

P = s u p { Q I - - o o  < Q <  + oo, v ' loE[v(S- -zQ)]  > ( I - - Z ) Q } .  (2) 

Notation: v- 1(oo) = oo. 

The definitions (I) and (equivalently) (2) are meaningful because 
of the 

Lemma: a) E[v(S ~ zQ)] exists for all Q~(m oo, + oo). 

b) Theset  {Q I - -oo  < Q  < + oo,E[v(S--zQ)] >v( ( z~z )Q)}  

is not empty. 

Proof: a) g[v-(S--zq)] <v'(o) .P[S > z g ] + v ' ( o )  I (zg--S)dP(S) 
S<tQ 

_< v- (o). P[S>_zQ] +v" (o)[zg+ E(S-)] < oo 

b) Because of a) E[v(S--zQ)] is al waysfinite or equal to  + oo 

If v( - -  co) = - -  co then E[v(S ~ zQ)] > v((x ~ z)Q) is 
satisfied for sufficiently small Q. The left hand side of 
the inequality is a nonincreasing continuous function 
in P (strictly decreasing if z > o), while the right hand 
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side is a nondecreasing continuous function in Q (strictly 
increasing if z < I). 

If v( - -  oo) = c finite then E[v(S ~ zQ)] > c 

(otherwise S would need to be equal to - - c o  with 
probability I) and again E[v(S - -  zQ)] > v((I - -  z)Q) 
is satisfied for sufficiently small Q. 

From the lemma we conclude the following useful 

Corrolary: There are two cases to be distinguished 

a) f ini te  case: There exists Q* (finite) with 

E [ v ( S .  zQ*)] = v((x - -  z)Q*) (~*) 

or equivalently 

v-~oEE~(S - -  ~*) ]  = (i - -  z)q* (2*) 
then P = Q*. 

b) infinite case: Otherwise P = + oo. 

Proof: From the proof of the lemma it is obvious that  Q* under 
a) coincides with the supremum defining P.  

Our premium calculation principle is determined by  the choice 
of the function v and the.constant z satisfying the above conditions. 
It satisfies the following very desirable postulates: For any risk S, 
for which the premium P exists, 

Pl : P >__ E[S] [ 
P~ " P __< Max iS] l 

Here Max iS] d~enotes the right hand end point of the range of S. 

P~'oo/: For P, we start with equation (2) and make use of Jensen's 
inequality: P is the least upper bound'of the set of Q's for 
which 

(I -- z)Q < v-lo~[v(S -- zQ)]. 

By Jensen's inequality 

v- ~o£[v(S - -  z9)] >_ v-  1ov(E[s - -  zQ]) = E[S] - -  zq. 
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The  set of Q's for which 

Q < E[S] is hence a subset  and  its sup remum 

E[S] can not  exceed the s u p r e m u m  P of the bigger set. 

Fo r  P2 we s tar t  with equa t ion  (2*) (only the case Max [S] < oo 
needs to be proved) and get 

(I  - -  z ) P  = v - ~  o E [ v ( S  - -  z P ) ]  

< v- t o Max [v(S - -  zP)] 

= v -  ~ o v(i~Iax [5 - -  zP]) 

' = Max [S] - -  zP q.e.d. 

Remarks : 

I )  I f  z = I ,  w e  obtain the principle of zero utility, 

P = sup {Q I E[u(Q -- 5)3 < u(o)} 

by set t ing u(t) = - -  v( - -  t). 

2) If z = o, we obtain the mean value principle, 

P = v -  ~ o Ely(S)]. 

3) In the case where the funct ion v is linear or exponent ia l ,  the 
p remium calculation principle does not depend on the value  of z. 

2. Partial Ordering among risks 

Let  G(x), H(x) be any  dis t r ibut ions  on the real line. Then  we say 
t h a t G < H ,  if 

(PO) jr (x - -  t) dC(x) _< ~ ~x - -  t) dH(~),  - -  oo < t < oo. 
I t 

Condit ion (b) s imply means  tha t  for  any  re tent ion l imit  t the  
net stoploss premium for a risk whose cdf is G is not  higher  than  the 
one for a risk whose cdf is H.  We do allow the  case where  the  
integrals become infinite. In tegra t ion  by  parts  leads to the  fol- 
lowing equivalent  condit ion:  

(PO') i[I -- G(x)] dx _< i [x -- H(x)] dx. 
t 

The  equivalence of (PO) and(PO') in the case of infinite integrals 
is e.g. p roved  in Feller n,  page xSO. 
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Let us now consider two stop-loss arrangements based on risks 
with cdf G and H, respectively. Let P~, p u denote the corresponding 
stop-loss premiums (ct = retention limit). For example, p=n is 
obtained as the least upper bound of the set of Q's for which 

v((I - -  z)Q} < v(--  zQ) H(o~) + ~ v(t - -  ~ - -  zQ} dH(t) (3) 
~t 

and in the finite case as the unique solution of 

v[(I -- z)P~] = v(-- zP~ H) H(ot) + ~v(t -- ot -- zP~ H) dH(t) (3") 
¢* 

The importance of the partial ordering introduced in this section 
becomes evident in the following theorem" 

Theorem I : Suppose G < H 
ThenP=° < p n  __oo < o t <  + oo 

Proof: If P~  = oonothing is to be proved. We therefore assume p n fi- 

nite which implies ~ [I mH(z) ]  dx < oo for all t ¢(m oo, + oo). 

If we integrate in equation (3*) twice by t~arts, we obtain: 

V((l--z)P~) = v(--zP~ n) + ~ v'(t--ot--zP~ n) [l--H(t)] dt 
~t 

= v(-- zP~ n) + v'(-- zP~ n) ~ [I -- S(t)] dt 
~t 

+ - zP ) - dr. 
Ct l 

Now we estimate the last two terms from below, replacing H by 
G and using condition (PO'). By reversing the last step (integration 
by parts) we arrive at 

V[(l -- z)P~] > v(-- zP~ n) + ~v'(t -- ~ -- zP~) [I --C(t)] dt 

and therefore P$ _< p n q.e.d. 

We postpone examples to sections 3 and 4 and conclude this 
section with some useful lemmas. Their content is essentially tha t  
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the partial ordering is preserved under mixing and under convolu- 
tion. 

Lemma z" Let (G.), (H,t) be sequences of distributions, and 
let (Pn) be a discrete probability distribution. If Gn < Hn for 

all n, then 

X pnG~ < X pnH,, .  
M 

Proof: Apply monotone convergence theorem 

Lemma 2: If G < H, then 

G * F < H * F .  

Proof: To establish the validity of condition (PO'), we observe that  

EI - -  G * F(x)] dx 
t 

= ] .~ [~ - - G ( x - -  .~)l dr(s) d.~ 

and by Fubini's theorem 

= 5 ~ [~ - -  G(y)] de dE(s). 

The last expression shows that  we obtain an upper bound if we 
replace G by H. q.e.d. 

L e m m a  3: If G, < H,, (i = I, 2 . . . . .  n), then 

Gl * G2 * . . .  * G ,  < H i * H 2 *  . . .  * Hn. I 
Proof: Repeated application of Lemma 2 leads to 

Gl *G~ *G3 * . . . * G n  
< H i * G 2  * C a  * . . .  * G .  

< Hi  * Hz*G.~ * . . .  *Gn 
< H i * H o . * H ~ *  . . .  * G ,  etc. 

q.e.d. 
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3. Application z: Dangerous Distributions 

Definition: A dis t r ibut ion  H is called more dangerous t han  a 
d is t r ibut ion G if (A) the  first moments  say ~zo, ~u  exist  and ,~0 _~ ~n  
and  if (B) there  is a cons tan t  ~ such tha t  

G(x) ~ H(x) for x < 

G(x) ~ H(x) for x ~ ~. 

Example I: Let  G be unimodal  with G(a-) = o, G(b) = I for 
coo < a < b < co. Let  c, d be numbers  such tha t  c ~ a, b .< d 

and (c + d)/2 ~ g.a. T h e n  the uni fo tm dis t r ibut ion over  the in terval  
(c, d) is more dangerous than  G. 

Example 2: Let  F be a dis t r ibut ion wi th  F(a-) = o, F(b) = I 
f o r -  o~ < a < b < oo. Let  

o for x < ~F 
G(x) 

I I  f o r x > t z F  

and  

i o f o r x < a  

b - -  V-F 
- - f o r a < x < b  H ( x )  - -  b - -  a 

I I for x > b. 

Then  F is more dangerous than  G, and  H is more dangerous 
than  F.  

Theorem 2: If  H is more dangerous than  G, then  G < H. ] 

Proof: Condition (PO') is obviously  satisfied if t > ~. If t < ~. its 
va l id i ty  can be seen as follows: 

C~ -- C(x)] ~ -- .~ E~ - s(~)l  dx 
¢ $ 

= ~ [H(x) - -  G(x)] dx 
I 

.< i [ H ( x )  m G(x)] dx = go M an _< o. q.e.d. 
- , m  



INEQUALITIES FOR STOP-LOSS PREMIUMS 8I  

I l lus trat ionx:  Let S = S t + S , +  . . .  + S n  be a sum of n 
independent risks. If we replace each of these risks by a more 
dangerous risk, the stop-loss premium for the sum of these new 
risks will be at least as high as the stop-loss premium for S (use 
Theorems I, 2 and Lemma 3)- 

Illustration e: Let S be a risk with a compound Poisson distribu- 
tion, say with Poisson parameter X and amount distribution F(x). 
We assume that  F(o) = o (only positive claims) and that  F(M)  = I 
for some M > o (a claim amount is at most M), and let ~ denote 
the mean of F (i.e. the average claim amount). We compare S with 
the two compound Poisson risks S ~, S M with fixed claim amounts 
g., M, respectively, and Poisson parameters X, A = X(w/M), respect- 
ively. (Observe that E(S  ~) = E ( S ) =  E(SM).) From Example 2 
(with a = o, b = M), Lemmas I, 3, and Theorems I, 2 we obtain 
inequalities for the corresponding stop-loss premiums: 

<_ _< Py. 

In the case of net stop-loss premiums the second inequality has 
been proved by Gagliardi and Straub (Mitteilungen Vereinigung 
schweizerischer Versicherungsmathematiker, 1974, Heft 2). 

4. Application 2" Random sums of positive risks 

In this section we shall compare a distribution of the form 

G =  ( Iwq)  F * ° + q F ,  o < q  < I  (4) 

with one of the more general form 

H = ;. p,,F*,, (5) 
I t . B  

where 

o _ < p n  < I ,  x p n = i .  

Theorem 3" Suppose F(o) = o 

If E npn = q, then G < H, where G, H are given by (4), (5)- 
! 
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Proof:  Firs t ly ,  we show tha t  

F < - - n  F*°  + n- F * " '  n = z' 2 . . . .  (6) 

which is a special case of Theorem 3. 

To show the va l id i ty  of condi t ion (PO) we in t roduce  the  indepen-  
dent  r a n d o m  variables Xx, X~ . . . .  X .  with common dis t r ibut ion F .  
Then  condi t ion .(PO) is equivalent  to 

~ [ ( x , -  0 .] _< (n - -  i) ( - -  O. + El( z x~ - -  0 +]. 
d - L  I [ - - t  

B ut  the  colTesponding inequal i ty  is satisfied for any  ou tcomes  of 
X, ,  X ,  . . . . .  X . .  

Secondly,  we show tha t  G < H in the general  case. Since 

2 i ] 
= - F * "  + ( z - - q )  F * °  H r i p .  n I F *° + n 

c =  X n # .  F + (~ - - q )  F*o 

this follows f rom equa t ion  (6) and  L e m m a  x. 

I l lus trat ion:  I n d i v i d u a l  versus collective model: The  individual  
model  is described by  n numbers  q~, o < q~ < I, and n dis t r ibu-  
t ions F~ wi th  F~(o) = o. We have  in mind  a portfolio consist ing 
of n components .  Then  q~ is the  probabi l i ty  t h a t  a claim occurs in 
componen t  i, and  F~ is the dis t r ibut ion of its amount .  Let  

S t r i a l : S t + s 2 +  . . .  + S .  

denote  the  to ta l  claims of the  portfolio,  where 

P r o b ( S t = o )  = z - - q ~  

Prob  (St <_ x) = I - -  q( + q~Ft(x), x > o 

for  i = I,  2 . . . . .  n. We assume tha t  S(, S~ . . . . .  S~  are independen t  
a nd  denote  the  stop-loss p remium for S l"a by  plna (:: = re ten t ion  
limit). 
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A collective model is assigned to the individual model in a well 
known fashion: Let S eoll denote the compound Poisson random 
variable with 

Poisson parameter k ~ ~ q~ 
I - I  

Amount distribution F ---- ~ q~/k Ft. 

Let p~on denote the stop-loss premium for S e°11. By applying 
Theorem 3 to each of the n components (replacing S~ by a compound 
Poisson random variable with Poisson parameter q~ and amount 
distribution F~), we recognize from Theorem I and Lernma 3 that 
plad ~ .p~ou. Thus a cautious reinsurer will plefer the collective 
model to the individual model. 


