Modeling Loss Development with Micro Data

by Daniel R. Corro

281



Abstract:

Actuaries have long since recognized the value of survival analysis for calculating case
reserves. While there is also a patent connection between setting case reserves and loss
development, the tools of survival analysis have been largely ignored in building loss
development models. This may be explained in part from history: data storage and
computation limitations have traditionally restricted loss development models to
aggregated data unsuited (o the analysis of individual lives. Until fairly recently,
actuarial mathematics has followed an unnecessarily restrictive interpretation of survival
analysis.

The thesis of this paper is that comparatively recent advances in data processing and in
survival analysis theory can be exploited to provide an alternative approach to loss
development. Computerized insurance data files now enable automatic production of
loss and premium “triangles” directly from individual claim and individual policy rating
class exposure data. That suggests building development models directly from micro-
data. Moreover, much of that data is transactional; making it a natural fit to survival
analysis models.

The idea is to regard paid losses on open claims as “right-censored” along the lines in
which incomplete information is handled in the accelerated failure time models of bio-
statistics and engineering. It is no longer the claimant that represents a “life”" but the
claim itself, with “death” or “failure” corresponding to claim closure. Also, the paper
discusses the use of paid dollars—as well as time—to parameterize the progression from
claim emergence to claim closure.

The discussion argues that, under this setup, the "expectation of life” plays the role of
“case reserve”. The paper considers the application of this case reserve to “develop”
paid losses to "“ultimate incurred losses”. The main result of the paper is the proof that

this "ultimate loss" model has the correct mean, namely the same mean as the
accelerated failure time model, but without the complicating presence of censored
observations.
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I Introduction

Actuaries have fong since recognized the value of survival analysis for calculating
reserves for lifetime pensions or related benefits. This is consistent with the usual
identification within actuarial mathematics of a “life” with the life of the beneficiary—
this paper argues that that is an unnecessarily restrictive interpretation of survival analysis

While there is a patent connection between setting case reserves and loss development,
the tools of survival analysis have been largely ignored in building loss development
models. Loss development models are built from “triangles” of aggregated premiums or
losses. Historically, that aggregation represented a necessary interim step in devising a
model to track how premium and loss data “matures”. With the advent of computerized
data files, it is possible to build the triangles on demand directly from individual claim
and exposure data. That same capability opens the door to building other development
models directly from micro data.

Recent advances in loss development modeling take advantage of weighted regression
models. In fact, the more convincing argument in favor of using regression methods for
loss development is more algebraic than conceptual. The models successfully unify
traditionally different loss development formulas. They also enable a more systematic
review of “residuals” and provide confidence intervals about the factor estimates. That
ability to attach a confidence interval is clearly very important. It has, however, led some
to promote regression based loss development modcls as inherently superior due to the
ability of (weighted) OLS (ordinary least squares) regression to deal with uncertainty.
That argument would be more convincing if the models actually were built from
modeling an underlying stochastic process. Itis not at all apparent that the “uncertainty”
of loss development estimates is the same as that customarily measured in QLS. Indeed,
the loss development regression cquations make no pretense of including all the requisite
explanatory variables. It is probably more accurate to regard the information provided by
the residuals and the statistical tests of the model parameters as measuring goodness of fit
rather than of occult uncertainty. '

For the purpose of this paper, there are two noteworthy points as regards the use of
regression mode!s for loss development: (1) the inability of the loss development
regression models to incorporate explanatory variables and (2) the inability of OLS to
handle censored data.

The last thirty years has scen significant advancements in survival analysis, much of it
focussed on improving its ability to handle explanatory variables within survival time
models. While not the focus of the discussion, the model presented in this paper is
readily adapted to include explanatory variables and/or to group the underlying data into
strata.

The second point is more central to this paper. The very reason that reported loss figures

require development is the fact that the underlying premium or loss data is incomplete.
Survival analysis is designed to handle censored observations. This paper shows how a
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survival time model can be used to determine a “case reserve” for all “censored”, i.e.
open, claims. It is proven that this reserve provides a means to “develop” each loss and
that the resulting “uncensored” distribution has the same expected value (average cost per
claim) as that specified by the survival time model. From this perspective, it is the
uncensored “developed” loss data that is more naturally suited to OLS models.

This suggests that while using (weighted) OLS models to develop losses can unify the
calculations it does not attack the heart of the issue, which is the presence of immature
data. It also ignores the fundamental fact that computerized insurance data files now
enable automatic production of loss and premium “triangles” directly from individual
claim and individual policy rating class exposure data. That capability argucs for
building development models directly from micro-data. Moreover, much of that data is
transactional; making it a natural fit to survival analysis models.

The idea is to regard paid losses on open claims as “right-censored” along the lines in
which incomplete information is handled in the survival time models used in bio-statistics
and engineering. It is no longer the beneficiary who represents a “life” but the claim
itself, with “death” or “failure” corresponding to claim closure. Of course, one can stil}
use time to track the claim from its reporting to closure. In that case the survival time
models can be used to study claim duration. This paper also suggests the use of paid
dollars—as an alternative to time—to parameterize the progression from claim
emergence to claim closure. Under that setup, the “expectation of life” plays the role of
“case reserve”.

The paper considers the application of this case reserve to “develop” paid losses to
“ultimate incurred losses™. The idea is to begin with censored data, i.e. claim data that
includes paid to date on both open and closed cases. The paid amounts on open cases are
converted to their ultimate incurred value as the sum of payments to date plus the case
reserve with claim status changing from censored = “open” to uncensored = “closed”.
This yields a data set of uncensored claim data. The main result of the paper is the proof
that this “ultimate loss™ model has the same mean cost per case as the survival time
model but without the complicating presence of censored observations. In particular,
aggregate reserves can be derived from simple aggregation of the case reserves. These
aggregate reserves must conform to historical loss development patterns and are readily
allocated to any claim subset, in particular to any sub-line of insurance or rating class
group. The details are worked out in two generic cases: Section I handles discrete data
and Section Il presents a continuous model. Section IV concludes with some general
comments and suggestions for future study.

IL. Discrete Model.

Let 0 <1, <t, <...<t, <1be a series of discrete “times”. Assume there are
/, observations at time ¢, of which f,; are “censored” and f;; are observed “failures”. We

~
have f; =fy; +f;, 1<i<N and let n = Zf, be the number of all observations.
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For the purpose of this paper, there are two examples to keep in mind, in both the
censored observations represent open claims and the failures represent closed claims. In
one interpretation the ¢, represent duration in time from either report date (or perhaps the
accident date) to a current evaluation date for open claims and to the date of closure for
closed claims. This interpretation is appropriate when studying claim duration. In the
second interpretation, thes, represent the paid loss at a current evaluation for open claims
and the final incurred loss for closed claims. The second interpretation is the one
promoted for using a survival time model to assign case reserves and to model loss
development.

These interpretations require that all paid amounts be indexed to a common—presumably
the current--purchasing power (inflation adjustment). In the case when the coverage
terms may vary over the time frame, duration and paid amounts should also be adjustcd
to a common—presumably the current and applicable—terms of coverage (benefit on-
level adjustment). One of the purported advantages of age to age factors are typically
derived from losses arising under common (or nearly common) coverage terms and so the
on-level adjustment can be is assumed to cancel oul. There is also the question of whether
and how to deal with any trend over and above inflation or changes in coverage. While
key to any practical application of the method, these issues lie beyond the scope of this

paper.

We first make some general observations and develop our notation ignoring the ability to
identify censored data. Begin by recalling the usual survival function S(r,). For this, set

Jo =1, =0 and define:

i=l N
slarl,=n—2f_l.=2fj, 0<i<sN+I

10 Jei

stop; =start,, 0<i<N
Note that start, = start, = stop, =n, start, = f, and stop, = start,,, =0. Set
S(0) = 8(1y) =1 and define recursively:

stop,

siart;

which is the usual survival function, inasmuch as the ratio represents the empirical
probability that an observation “survives” the i-th interval conditional upon its surviving
to the beginning of the interval—ignoring all censoring and interpreting all observations
as observed “failures” or “deaths”.

S(t;)=S,.,)p;, where p, =

Observe that S(¢,) = fml; indeed S(t;) =1= E, and by induction on i:
n n
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sto, stop,., stop; _ start; stop; stop,
S( Y =S, ). SOP SO SOP;  Stop; _ stop

1

start, n  start, n  starf, n

as claimed. Let T denote the random variable of the distribution of the (uncensored)
“failures™ at times ¢,. It is well known that the expected value of T can be determined
from the survival function:

E(T) ZLA-ZSuJ(«4”%r+ZHU(m—,

iml

In this case, this is readily verified directly; indeed, for any nonnegative integer &:

y !
>S0)- ¢ -1 = Zs”'-,—uw-—zﬂw:u -4
=l ial =l
1 &8 ) K 1 X k
=_sz1'(’: i )=— ij", + Zf.;"i-l
O s jsn 15i,jSN

J2 jar

| XSt XSt (th]E(T‘

Tn 157, jSN 1S, SN ial
2 >t
Consider next what this implies when restricted to those observations with time >, fora
fixed observed time ¢,. Using transparent notation, for that subset of observations with

times 7, =1,, we have:

k=01..N=N-i

o S,
3, =5

i

ZLg-m+stx:—uo—r+n

s‘lart, Yo e
N-t S(’ k)
where p, = e URE +
P= Sy G ! wan"’)
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Here, p, can be interpreted as the “expectation of life”. We make the convention that
ty, =1, ;notethat p, =0and p, = i

We now take into account the ability to identify censored data, which in the two
interpretations amounts to taking into account claim status. The survival time model is
constructed using probabilities of failure determined based on observed failures.
Censored observations are regarded as survivors up 1o their observed time of departure
and are ignored in the subsequent intervals (hereloforc they were indifferently handled
the same as any other failure).

Analogous to the above, we define:
stopy; = start; - f,; = Zf ~fi=fhi+ Zf =fy; +start; .
j=i j= I+1
start,, = start,

As before set S, (0) = S,(t,) =1 and define recursively:

tops, stopy;
L = S4(t;_1)- py; where py; = .

Si(ti) = Sq{t; .
1(t) 1(:1) start,, . i = Starty,

Motivated by the above, we further define

N Sq(t)
P = Z S )(f,n t)

Now clearly the function S,(t;) can be viewed as the survival function for a survival time

model with random variable denoted here by 7. With transparent notation. we have in
particular that:

mo=E(T)=Fh

This survival time model takes into account the censored nature of the data and so for our
interpretations this mean is a better estimate of claim duration or average claim costs than
could normally be obtained from simple descriptive statistics derived from the claim data.
This mean corresponds to the expected claim duration or cost at claim closure. When the
¢, are interpreted as paid costs, this mean corresponds to paid at closure, i.e. incurred, and
this survival time model can be regarded as a formula for paid loss development.

There is another evident way to use this model to “develop” paid losses to incurred
losses. Define
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.()
F'S() /+| /)<l +§(’1+I [)_!NSI

’ _t +p|l

It is natural to consider the effect of replacing the f; ; censored observations with time
¢, with the same number of “uncensored” observations at (usually later) time f,. This

results in a distribution with random variable we denote by T. The main result of this
section is:

Proposition L.1: For this discrete model [i = i

Proof: We have:

. 18 . 1N
f-p=—=3foti+fit; —— Sloti +Fiiti
Mz Ni=1

(Zfo,(, L)+l - ) WA WS

A simple induction on ¢=0,1,2, ..., N-i shows that:

S,(t.,) liI Stop, 4 HP
= Litk

Si()  kastart ., kA

It then follows that

¥18,(1) N S (1) N-l-i g
P = (,+1 -1,)= Z ‘Sl,—(lq)_ inget —ling) Z Hpmk( irgel ~-1.,)

J= Sl (’,) q=0 4=0 k=i
and so

-1 N-l-t ¢

—H=— Zfo; P = Zfof annm(nqu leg)

A jal 7 gu0 kel

On the other hand, both 7 and y can be determined from their corresponding survival
functions, which implies:

h-p= Zs Com) (0 — o)~ ZS(ra-.) (tg=to) = Z(s Cu) =SU N (1, =1,21)

aal aal
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Set d, =8,(r,) - S(t,) then we have:

d, =8,(,)=S(t,) = p.S, ()~ p,S(t, —1) = 2Pt

8\ t0n) =20 "”" Sa, -1)

a

= start,d, = stop,, (da—l +8,(t, ))' stop,S(t,) = stop, ,d,_, + S,(t,. )stop, , — stop,,)

=stop,d,+S,(t,.) /o, = stop, ,d,_, +stop, | —= Joa = stop, ,d,_, +start, &
n n
=d,=p,d, + Joo
n
We claim that:
d,= _Zfop. I_I Pic
L= cmbel
Since d; = 0the formula holds vacuously for @ = 0and for a =1:
_n=fu_n-fi _fi-/
d|=S|(’|)‘S(’|)=Pl,|_P|= w7 / == “='fﬂ
n n n n
Proceeding by induction on a, assuming the formula holds for a-/:
Lo 5, ) 2
d,=p,d, + - = Pra Zfora l—[plc e
L] cmb+l
(Zfon lec+f0a) (Zfon lec)
bl cwhsl hal cab+]
as required. We find that:
N N
H-u= Zda-l (U, —1,)= Z[ z.foh lec) o ~laa)
] is] bw] cumbal
l N a-l a-1 -1 N
—_Z Sos L Pre-C, - g-)——ZZfo»nplc A, =1,)
L cmbel =l ambel cubal
making the change of index variables:
g=a-b-1, ¢=0l.,N-b-1; k=c-b, k=12,..,a-b-1=g
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N1 N=h-l q

-~ 1 .
H-H= _Z Z bel_[pI.h+A- '(’.,um —l,’+,,)=/1—,u
kel

M pal a0

completing the proof of Proposition II.1

IIl. Continuous Model.

Let f(r) denote a positive, real-valued (Lebesgue) integrable function on (0,1)
satisfying:

1
ff(r)dl:l—p where 0<p <l
1]

and define:
S()=1- [f(s)ds; note that 1= 5(0) 2 S(1) 2S(1) = p for re(0)).
0

To eliminate some uninteresting degenerate cases (which can be readily avoided by
rescaling t), we assume that 1 > S(t) > p for € (0,1).

As is customary, we refer to S(z) as the survival function, f(t) as the probability density
Junction [PDF] and ¢ as “time”. We also let 7" denote the random variable for the
distribution of survival times and 4 = E(T) the mean duration. Survival analysis refers
to the following function:

woy =20

S0 1e(0,)

as the hazard rate function or sometimes as the force of mortality. The hazard rate
function measures the instantaneous rate of failure at time ¢ and can be expressed as a
limit of conditional probabilities:

. Pr{tsT<t+AL|T21)}
A0 =lim o
M0

There are many well-known relationships and interpretations of these functions—refer to
Allison[1] for a particularly succinct discussion. It is convenient to recall that setting
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g)= jh(s)ds then S() =¢ ¥ for0<r <1,
0

We will make extensive use of the following:
Proposition 111.1: For any positive integer n:

1
E(T"y=n J’r""S(: Yt .
0

Proof: The proof is a straightforward integration by parts:
u==S({) du=f(d, v=1" dv=n""dt

1 I 1
E(T") = Ir"f(l)a'r +p= J'vdu+ p= uv]:, - Iudv+ P

Q 0 0

t 1 1
=S + nfi'S(ydi + p=-p+ n [1™S@)dt+ p = n [ S(a
o o o

completing the proof.

Fix r and restrict attention to values of time w > . From Proposition I11.1, the
expectation of life at time 1, given survival to time ¢, is just:

S(w)d
S(H) ,'[ () Y

)= JS() TS

and observe that
p@)=u, p(1)=0 and 1 <t+p(r)<lforte ().
For the case of interest in this paper, we regard some observations as “censored” (c.g.

open cases); more precisely, assume that the PDF can be split into two continuous
functions:

Sy = £, (1) + f,(t) where £, (t) =censoredand f, () = uncensored on [0,1]

The two associated survival time models, taking into account the prescnce of censored
data, are most readily defined via their hazard functions:
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h,m:% , ie{0l},1e(0))andsoh="h, +h,

This symmetry illustrates that censored data can be viewed as being subject to a double
decrement—one decrement as “failure” and a second as “censure”. Define

g.()= jh,(w)dw with survival function S, (1) =¢™*" for0<t <1 andset p, = S,(1).
0

Note that § = S,S,, in particular p = p, p,.

Recall that in one of the model interpretations suggested here, the “censored”
observations are open claims with paid loss = t and the observed “failures” are closed
claims with paid loss=incurred loss = 1. The survival time model with i=1 presents a
convenient way of specifying that, as with the discrete case, case closures make up the
numerator of the conditional probability used to specify the hazard rate function. In

particular the probability p, measures the likelihood of the (normalized and limited)
incurred cost of a claim equaling the per claim loss limit value 1, taking into account the
presence of open claims. Define

IJ'S,.(w)dw
Pi(’)=iw-

For the survival time model with =/, this can be regarded as a case reserve applicable to
open claims with paid loss = 1. Indeed, let 7 denote the random variable of the
distribution defined by the survival function S,. From Proposition II.1, the mean is

1
fi=ET)= js, (Dt
[
which can be regarded as an estimate for the average incurred cost per claim.

As in the discrete case, we are interested in what happens if we replace all the open
claims with their estimated incurred loss, traditionally defined as paid plus case reserve:

=1+ p).

Let 7 denote the corresponding random variable and observe that under this construction
the expected incurred cost per case is:

fi=E(Ty= [(/o(0 + fiOn)di + p
]
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The key point is that the T distribution is uniformly subject only to one decrement,
“failure” = case closure, i.e. involves no censored data, making it a preferable candidate
for conventional statistical analysis, in particular OLS cost models. It is reasonable to

expect that & = /i ; indeed, we have:

Proposition 11.2: For this continuous model i = i

Proof: The proof is similar to that for the discrete case. Begin with the observation that:

= [t =D+ £ @0 -Ddi+(p- p) = [ /()P (D0

On the other hand, note that:

ﬁ_ﬂ__-m gl=_S},___fISL
dt dt - S
and so:
S S -fS
di-—)y d= |8,( )-5(¢)
SRS U AR S | R A
dt di s, S8

fo(w)

Since S(0) = §,(0) = 1 the FTC = [1 - —](1) = j 5 (w)

and we find that:

| | S 1 'f(w) 1 ] 1
H-u= - = ~Zdr = [8,¢) [F"—dwdi = [udv =[uv], - [va
i-p J(S, S)dt ojs,(l 5 Jd: OIS'(’)OISI(W) well 6[u v =[uv Ojv u

where

L 4

(:)_jf°( " dw w(0)=0 du _S()

1
dv=S,dt v()= —J's, (wWdw w(1)=0
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It follows that

if1 1
F-u=. I&(w)dw] 2= [p 0 food =i = fi=
o\t 0

1
completing the proof.

An alternative notation setup is sometimes helpful; suppose the PDF >0 on (0,1), then
we can define the ratio of censored observations as a function of 1:

0}
“0=%0

We then have:

Sf)=anf0 £ =0~an)f ()
By the intermediate value theorem for integrals, we may define a function £(t) (not
necessarily unique) satisfying:

’Ia(w)h(w) dw = a({(r))’jh(w) dw 0<4(r)st <1

0
and it is readily verified that
So = S(I)H(CO)) Sl W= S(t)l—"(‘:(/))

The following examples may help put the notation and results into perspective.

Example I11.1 Consider first what happens when the proportion of censored observations
is constant for all values of 1:

L =af(®) fi()=(1-a)f(t) for someconstant e e (0,1)

then
k() =ah(t) h@)=(0-a)) S,()=SW* S =S

It follows that the survival models for both censored and uncensored decrements are
related as proportional hazard shifts from the pooled data and, for that matter, from one
another.

[tis instructive to consider a very simple concrete example:

Example 111.2 Consider the case:
SW=1 p=0 fi(y=t f()=1-1

The reader can readily verify, in turn, that:

S@=l-t h(t)=1 SO=e" S,O=c'U-1)
’+el-1_2

Po(f)=—T' Pl(.')=1—e'_]
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U= f=j1~0.632

1
2
E(T*)~0.528>0.520 ~ £(T?)
E(TY)~0482>0.461 = £(T")

We have proven that in this setup, the distribution determined from applying a case
reserve to “develop” or “uncensor” the data has the same mean as that of the survival
time model distribution. The above example shows that in the continuous model, that
technique does not produce the same distribution as the survival time modecl.

The pereentage of censored observations increases with ¢ in Example HE2, which is
counterintuitive for the insurance models in which failure refers to case closure and ¢
represents payment duration or losses paid to evaluation. The symmetry of the setup
makes it easy to provide an example in which the percentage of cases closing increases
with duration or payment amount:

Example I11.3 Switch roles of censored and uncensored in Example 111.2:
f=l p=0 fi(O=1-t f{)=t

The reader can readily verify, in turn, that:

1

2

E(T?)~0.563>0.548 ~ £(T7)

E(TY) 04650432 = E(TY)

u= ji=4=0718

As a final note, the Appendix provides some additional findings, mostly directed toward

how the higher moments of 7 and T compare. We have just observed in the examples
that they are different.

Section IV:  Further Study

The paper provides a straightforward blueprint for using micro-level paid claim data to
determine casc reserves and, by aggregation, bulk reserves. Conversely. it is clear how to
itemize the resulting bulk reserve by line or rating class by reference to the classification
of the individual claims. Obviously, there are a number of missing items that this
simplistic approach does not address (IBNR for example, as well as the issues of
inflation, coverage changes and trend that were noted above). Nevertheless, there are
three natural applications: (1) as a potential test for reserve adequacy and (2), conversely,
as a way (o assign casc reserves and also (3) as an alternative to loss development
triangles when incorporating information on open cases.
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As to (1), the basic point is that the method does not demand any assumptions as regards
the structure of the survival function. Moreover, the implied loss development pattern is
based on “objective” paid data and in particular does not rely on case reserves. This
would seem to provide an objective test, one that is self-correcting over time and whose
demanding data and computational requirements are now met by current technology. The
basic result of this paper is that the suggestion is unbiased, in a technical sense (Z = &),
and therefore has potential application for testing the adequacy of loss reserves.

As to (2), it was noted that significant advancements have been achieved fairly recently
in the area of survival time models, especially as regards their ability to handle stratified
data and to incorporate explanatory variables, including “time”-dependent interventions.
The approach here focuses on aggregate loss levels, as that is the more relevant to loss

development. The paper does not consider how good a case reserve o, () is on an
individual claim basis. Incorporating claimant demographics and other claim
characteristics into the survival time model may provide a convenient and useful
alternative to more traditional tabular reserve methods. This is an area worthy of future
study.

Application (3) simply reiterates the method of the paper: exploit the ability of survival
time models to accept censored data to “develop™ an uncensored claim data model. This
developed data may be better suited for claims analysis using traditional statistical
analysis, including OLS. On the other hand, the ability of survival time models to
accommodate explanatory variables suggests their potential for providing more than just
a simple fit to data points and for revealing relationships that may genuinely help explain
loss development patterns.

As a final observation, we have presented two survival time models for claims analysis,
one based on time and measuring claim duration and a second based on dollar payments
and estimating costs. An advantage of age-to age paid loss development factors is that
they not only provide the ability to develop available paid data to estimate its ultimate
cost, they in fact provide the pay-out pattern which produces that estimate. For many
purposes, ¢.g. portfolio management and rate of return analysis, this is key. This paper
has focussed separately on building time and money survival curves. However, it is likely
that the same insurance files would be used to build one data set underlying both survival
curves. In theory, then, the time and money survival curves can be correlated. We
challenge an interested reader to determine whether, and if so how, the mechanical
approach to loss “development” described here can be refined to yield age-to-age
development factors.
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APPENDIX

As regards higher moments k=2, 3... for the continuous case, we have, as before:

E(7 ) E(T) kjlk IS (!)( S()]d[ kI’kIS (I)J‘fo(w)dm

1 1 1 1
=k Il""S, Q] I?E:g dwdt = k Iudv =k[uv]:, -k J.vdu
0 01 0 0

u(y=1* ’If"( ;dw u(0)=0 %=I"'%+[I§E—3dw](k—l)t“
I 02

dv=S,(0ydt v(1)==[S,(w)dw v(1)=0

=_k]’vdz«_ j(js (w)dv }*'f°(’)m+k(k 1)[{[5 (w)dw J[J’Mw)dw}"’d:

_[S (w)dw S
_RU) k-2
0 (s (r))[l S,(r)} dr

=k an(r)p, (ex* 7t + k(k = 1) Ip. (O3S, (1) - SW)dr

= kjfo(r)p.(r)r* \dr + k(k — 1) j

On the other hand,

BB = [ 1)+ 700" =)+ (p= )= ffo<r)((r+p.(r))‘ -t

-Ifou)[ U N - ]""If*’")[,_o[,}”(” ]

_kjfo(r)l"'li'x(’)d’+k(k I)Ifo(r)pl()[z ko )r’pl(!)""-’]dt
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= E(T*) - E(T") = k(k—l)jpl(,) BECTORN R fo()[z Elzk-_zjg'[iP](l)*—l-J]]d!

In particular:

|
&' -o? = (6 - B)-[EG™) - )= BT - B =2 p, (r)[sl(r) -5()- L0208 (’))dr

For the discrete case, consider the distribution with the same £, ; but with the ¢, replaced

with 1, ? The survival probabilities depend only upon the f;, and so the proof of

i

Proposition [.1 shows that

1S
E(T*-ETYH =~ Zfo,gol,“here(ph Z ((”) =)
On the other hand,
E(T ) E(T )-— Zfol(l,+p|,) t, =—Zfolp"(')[ +P|,)

ta] tel

-~ "3 & 2 &
= UZ -0 = ;Z/o.:(’, + P, ). "’iz = ;Z/o..(ﬂou _zpl,l’i + pu,.2)
i=l

S . . .
Define o = ?'%— 0<i<j<N. Welcave to the interested reader the verification

that

¥
Py ==t Z(U:.i-l o),

Jarel

and that

~7  a g
5l -d? =;Zf0.ya,
=]

where
a =@, —2pt; + /3’|.i2

N
=30, o =0 v o, 0 =2 (0, 0, KO — O

Jmiel 1418 1<k SN
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In the examples, observe that & > 2. The author would appreciate a direct proof of
this along the lines of the calculations presented in the paper. Intuitively, this makes
sense since replacing the unknown, but presumably variable, lifetimes of observations
censored at age x with a single value = x+ expectation of life at age x should result in a
population with smaller variance. This is a consequence of the following:

Proposition A.1: Let {x,,..x, ,x,,., ss X, | be any set of real numbers and {f, ,fz,....,fn}

be a set of positive real numbers with Z fi=land u= Z fix,

i) fm}
x, lsism
p m+l<n

then

Let a be any real number and define  x, =

n
Zfrxi
el

n

) #=Z’l:.f;}i < p=’

ial Zj;

immel

i) u=30E S LG - <3 S - )
jal im|

inl

Proof: i)
n n n n n n i-f"xi
”=Z.f:ii C:’Zf;xi =Z./;'ii i Zfixi = Z X, =pz.f;' Qp:%——

= ial jul jupy) jems] jnm+l Z f
i

iem+l

if,-x,- .
i) Consider first the case p=2—=3" f.x, =0, then clearly:
Zf; i+l

iam+)

DAL IS W AR S TCRIRED WA

Observe thatu=3" fix, =3 fx, + 3 fix, =3 fx, +0=3 fx,:

iwl im} impre] 1=l 1=t

Zfi(xi _,U)z = iﬁ(xiz -2, +ﬂ2)= iﬂxlz —2u iflxi +#2 if'

inml inmal immrsl imms] inm+]
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= if,-xiz'w’ if,- 24’ Zm:f,- = if,-(f, - uy?

sam+l imms] rmm+l iams+|

which establishes the result in the case p=0. For the general case, let

S,

B= y =X, -B,¥, =%, -8

3/

imm+l

then
Siv S0 Sha-83f x-S
jmm+] = inm+1 = oyl — jomi+] - jem+| ~ rag+] - 0
)N W/ > )W

and we conclude that

S fivimu=B=3 15 S S - =3 G, ~(u- B <3 f 0 (= B = 3 S, - 1)

=l im) 1a] im] =l el

completing the proof.
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