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EASIER ALGORITHMS FOR AGGREGATE EXCESS

BY GARY VENTER

Probabilities for aggregate claims can be calculated from frequency and severity probabilities
using the characteristic function algorithm of Heckman-Meyers [1983), but the formulas are somewhat
difficult to follow and program. Two casicr algorithms are presented below. These are particularly
efficicnt when there are only a small number of clainis expected and when the severity distribution is

fairly flat, as in many reinsurance sitnations.

The first algorithm is the recursion method introduced into actuarial literature in Panjer [1981)
and into the PCAS in Venter [1983]. The severity density r(x) is approximated by a discrete function.
That is, some interval size h is established, and claims come in lumps of h, 2h, . . .. At ih this discrete
severity function will be denoted by g,. The claim frequency distribution is assumed to have the
following recursive property: there are constants a and b such that pl.+l=[a+‘._+l]p,. For the Poisson,
a=0 and b=X.  For the negative binomial with mean a(1—£)/f8 and variance o(l—ﬂ)/,B’, the
constants are a=1—f and b=(1—gF)(a—1}. The aggregate density [ can be calculated recursively:

&
f0 =po [ = Z(i'+hi)g,rk.;, k>0.
=1

To implement this for a general severity, a rule for doing the discrete approximation is needed.
A fairly arbitrary rule which appears reasonable is to match interval probabilities and means for each
consecutive pair of points <g;.8.>, <g3.8¢>, etc. Then the cumnvlative distribution and limited
severity will match the original at cvery second point. For instance, the }Jrobabilil.y assigned to the

points 3h and 4h would be determined by solving the two equations:

4.5h } 4.5h
g3+g4=/ r(z)dz 3hg3+4hg4=/ 2r(z)dz
2.5k 254

The solution can be expressed with the aid of two auxiliary functions d and m:
ih H)

d,-=/r(z)dz m,-=%/zr(7,)dz
(] 0

Note that d; is just the distribution function. It can be verified that:

Ba=my s—my 5 + 4(dy 5—dy )
8a=my 5—Moy — J(dg5—ds )
Also, the impact of the extra interval from 0 to h/2 should be incorporated into g, and g,.

As an example, for the Pareto severity in bie (mean chi)’ the functions are d_-:]—(l+%)"

and lni=}l(cL_l)[l—(l+i—E)'t(l +%)] Note that the & can be climinated by expressing b in units of h.

For c=1, m;=(b/h)In{1+ih/b)—i/(1 +ih/b).
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I'he second algorithm nses the same type of frequency distribution but assumes a continuons

severity distribution. Panjer also derived a continuons recursion:

r(x)=p1r(x)+/(A+t>:‘<i).-(.~-)r(x—.v)d_v, x>0
[i]

This ou the surface appears impractical. but it is in fact a Volterra integral equation of the second
type, and can be solved numerically. Alethods are in Baker [1977]. The following solution is based on

the trapezoid rule. Solutions based on Simpson’s rule and quadratic quadrature ay bhe found in

Striter [1985], who also incorporates numerical integration of the severity functions.

A third auxiliary severity Minction is introduced:

ik
1

h?

2%r(z)dz

v, =
[

Yor i . arcto, v 20/ ihyegq pich, S 1)i¥h/b)? ] _
For instance, for the Parcto, \,-_ml:l—(l+—ﬁ) (]+T;+~_2—) , except for c¢c=1,

vl.=2(b/h)"']:M ln(l+ih/b)]an(l =2, v,.:‘z(b/h)z[ln(l+ih/b)—

_ i(2i +h/h)
(b/h)(i+b/h) '

(i+b/h)?

The numerical approximation of  will involve first selecting an interval h, and then recursively
approximating f at 0, h, 2h, . . .. First, set f(0)=p,r(0). This is not fy=pg, the discrete probability
lump at zero, but is rather the approximation of the aggregate density I at just above 0. Then f(kh) is

approximated by:

pur(kh)+ 35 f((k-i)h)ss, ,
f(kh)= =1 :

T-wg ¢

where the weights w; , are defined as follows:

Let s,-:‘.lm,-—ml._'_l —m;, +i[(|.._'_1 +d;., —'_’d,-]+d‘.+l —d,_,. and

et '-.'=2"x'_".+1_"i-1+i['7‘;+1 +my _2"‘~]+"‘:+l_mi-l'

Then for 0<i<k, define w; ,=bt;/k + as;. Let wg p=b(m,—v,)/k + a(d,—m,) and let
we e =(b/k) v —vi —(k=Dmng—m )] +am —m = (k= 1)(d, —d;_ )]

The error in this approximation is proportional to h?, so it reduces quadratically as h gets
smaller. This knowledge of the error structure is an advantage over other approximations. The fact
that the s’s and t's are not functions of k simplifies thie calculation of the weights, so Lhiat a spreadsheet
calculation is possible. If h is small enough, wq ;. will be between 0 and 1, which is necessary to get

reasonable results. This sometimes forces a simaller b than would otherwise be needed.
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In application of these approximations, two functions are often calculated: the cumulative

distribution F and the excess ratio (portion of loss dollars excess of x) R. With u the aggregate mean,
o =z

this is given by R(x)= —Iﬁ/(z—-x)f(z)dz, and so uR(x):u—/zf(z)dz—x[I—F(x)]. For the continuous
T () .

case, care must be taken to include the point mass at zero, fy=pg, in the integral. Thus, using

k-1 k-1
trapezium, F(kh)=f0+.5h(f(0)+f(kh))+hZf(ih), and ;1R(kh)=y—.Shkhf(kh)—hZihf(ih)—
= . i=1

kh(1—F(kh)). In the discrete approximation formula, pR,‘=u—Eifi—k(l—Fk), where Fy is just
k =1
S
i=0

As an example, a Pareto severity with b=1,000,000 and ¢=3 was used, which has a mean of
500,000, along with a Poisson frequency. The Pareto was chosen with reinsurance in mind, as excess
losses from a Pareto are themselves Pareto distributed. The exhibits compare the discrete and
continuous approximations for intervals h of 100,000, 33,333%. 10,000, and 3333% and A's of .2, 1, and
5. For the continuous approximation, the errors in the distribution function seem generally smaller
than those in the excess ratio. In both cases, the numerical integration is contributing to the error, and
a better integration method may help. For the smallest h, the distribution function appears to be
accurate to five places, and the errors appear Lo be increasing by a factor of 10 for cach larger h, which
agrees with the order of h? theory. The errors in the excess ratio also appear to increase proportionally
to h2, but they are considerably larger, ecspecially for the higher probabilities, than those for the

distribution function.

The discrete approximation was actually better in some ways. Because it is an exact
calculation given the discrete severity, the F and R functions are reasonable for h up to 100,000. For
even higher h’s, the severity approximation can be negative for g,, however. The main disadvantage of
the discrete method is that the discretizing process used secems to make the estimated F; a closer
approximation to the true Fi+.'5 than it is to the true F;. To illustrate this for A=5, an exhibit is
included which compares the discrete approximation with h=100,000 at 500,000, 1,000,000, etc. to the
continuous approximation with h=3333:‘-, at 550,000, 1,050,000, etc. The coarser interval with the
discrete approximation seems close enough for most purposes, if the half-shift in the interval is

acceptable. For some reason, the half shift problem does not seem to arise with the excess ratios.

A significant advantage of the discrete form is that it works easily with limited severity, i.e., a
point mass at the top of the severity distribution. Since a continuous severity density is required for
positive values for the continuous approximation, it is not clear how it could be adapted for limited

severity.
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In order to see if an improved numerical integration method would improve the accuracy of the
continuous approximation, an adjustment to the trapezoid rule was developed. Rather than approx-
imating the function by line seginents, as in the trapezoid, quadratic polynomials were fit through each

combination of three consccutive points, and the arca under these polynomials used to approximate the
in
integral. The result is just a slight adjustment to the trapezoid rule: in calculating /u(z)dz in steps of

0
width h, add (h/24)[u(2h) ~u(0}+u(ih—h)—u(ih+h)] to the trapezoid approximation. The continuous

approximation exhibits were redone using this quadratic integration rule. The crrors at cach h level

were reduced substantially by this adjustiment.

The solution of the integral cquation is not necessarily optimal, and the continuous

approximation may perform better with other approximations.
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lntrvl-
(voo)

0
500
1000
1500
2000
2500
3000
3500
4000
4500
5000

Poisson:
Pareto

Hm o CcCcCccCccccc

100

.81873
.94157
.97502
.98774
. 99357
.9Y658
.9u82s
L9993

. 98948
. 0004

.0oo7

Lamda
b

CUMPARATIVE APPROXIMATIUNS
ulistribution Kunction

Continuous
Severity

Model

33 1/3

0.81873
0.94036
0.97362
0.98628
0.99208
0.99508
0.99678
0.99781
0.99846
0.9989

U.9992

= 0.2

= 1,000,

10

0.81873
0.94022
0.97346
U.98612
0.99191
0.99491
0.99661
0.99763
0.99829
0.99873
0.949903

[V013]

31/3

0.81873
0.94021
0.97345
0.9861

0.9919

0.9949

0.99659
0.99762
0.99827
0.99871
0.99901

25

0
0
0
0
0
Q
0
0
0
0
0

Discrete
Severity
Model

100 338 1/3 10 31/3

.81873 0.81873 0.81873 0.81873
+94585 0.94206 0.Y4076 U.94039
L97529 0.97407 0.97363 0.97351
. 98693 0.98637 0.98618 0.98613
199229 0.99203 0.99194 0.99141
L99512 0.99497 0.994892 U.9949
.989672 0.99663 0.Y966 0.9966
L9977 0.99764 0.99763 0.99762
L99832 0.99829 0.99828 0.99Y827
LY99874 0.99872 0.99871 0.99871
-99903 0.99902 0.99901 0.99901




Intrvl-
(000)

0
500
1000
1500
2000
2500
3000
3500
4000
4500
S0uo
5500
6000
6500
7000
7500
8000
8500
8000
9500
10000

Poisson:
Pareto

HHHHHMHMNMBRBHCCCCCcCCocCcoccoecC

100

. 36788
. 70744
. 84686
.91393
.494914
.96886
. 98051
L9877
.992383
.99541
.99752
. 99901
.00UUY
.Qooss
.00148
.00193
.00229
. 00257
00279
. 00297
.00312

Lamda
b

Continuous Discrete
Severity Severity
Model Model

331/3 10 31/3 100 33 1/3
0.36788 0.36788 0.36788 0.36788 0.36788 0
0.70544 0.70521 0.70519 0.72602 0.711Y5 0
0.84411 0.8437Y 0.84376 0.85315 0.84683 0
0.91081 0.9Y1045 0.91042 0.91523 0.91199 ©
0.94583 0.94545 0.94542 0.94802 0.94627 0
0.96545 0,96506 0U.96502 0.96653 0.96551 0
0.97704 0.97664 0.97661 0.97751 0.9769 U
0.98421 0.Y838 0.98377 0.98434 0.983Y5 0
0.98881 0.98841 0.98837 0.98874 0.Y8849 0
0.99188 0.Y9147 0.99143 0.99168 0.99151 ©
0.99398 0.9Y357 0.99354 0.99371 0.99359 0.
0.99546 0.99505 0,99502 0.995614 0.99505 ¢
0.99653 U.99612 0.99609 0.99617 0.99611 0O
0.99732 0.99691 0.99687 0.Y9694 0.99689 0
0.99791 0.9975 0.99747 0.Y9752 0.99748 ¢
0.99837 0.99796 0.99792 0.99796 0.99793 0O
0.99872 0.99831 0.99827 0.9983 0.99828 0
0.999 0.99859 0.99855 0.99857 0.99856 0
0.99922 0.99881 0.99877 U.99879 0.99878 0
0.9994  0.998Y9 U.998YS 0.99896 U.998Y5 O
0.99455 0.9Y9914 0.9991 0.99911 0.9991 ©
= 1
= 1,000,000 & c =3

CUMPARATIVE APPROXIMATIUNS
Distribution tFunction

26

10

. 36788
L7072

. 84468
.81089
.94567
.96517
.97669
. 98382
.9884

.99145

Yv355

. 99502
. 99609
. 99688
.99747
. 99792
.99827
. 99855
.99877
.998US
. 9991

1/3

. 36788
. 70388
.84407
.91058
,9455

.96501
Y7663
.98378
.98838
.99144
.9u354
.99502

99608

. 99687

99747

.99792
.99827
.9Y855

99877

.988Ys
L9991



Intrvl-
(oov)

0

500
1000
1500
2000
2500
3000
3500
4000
4500
5000
5500
6000
6500
7000
7500
8000
8500
g00u
9500
10000
10500
11000
11500
12000
12500
13000
13500
14000
14500
15000
15500
16000
16500
17000
17500
18000
18500
19000
19500
20000

Poisson:
bPareto

CCCC.CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

100

.00674
.09445
.227717
. 37055
.50177
.61275
. 70204
77173
. 82507
.86546
. 89586
.91869
. 93586
. 9488

. 9586

. 96607
.9718

.97623
.97967
.98237
.98451
.98621
.98758
.98868
, 98959
.99033
. 99094
.99145
.99188
.99225
. 99255
.99282
. 98304
. 99324
. 99341
. 99355
99368
. 9938

L5938
.99398
. 99406

Lamda
b

Continuous

Severity

Model

31/3

[

.00674
.09478
. 22873
L3722

.50406
.61556
.70528
77528
82886
.86943
. 89996
.92289
.94012
L9331¢
. 96297
.97047
.97622
. 98066
.98412
.98683
98898
. 99069
.99206
.99317
.99408
.99482
. 99544
Y9595
99638
99675
.99706
.99732
.99755
.99774
. 99791
. 899806
. 99819
. 99831
.99841
. 99849
. 99857

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

S

1,000,000

CUMPARATIVE APPRUXIMATIONS

Distribution FKunction

10

0.00674
0.09481
0.22884
0.37239
0.50432
0.61588
0.70564
0.77568
0. 82929
0.86987
0.90042
0.92336
0.9406
0.95361
0.96346
0.97096
0.97672
0.98116
0.98462
0.98733
v.
0
v
U
v
v
0
0
0
v
0
v
0
0
0
0
0
0
0
0
]

98948

.99119
.99256
.99367
.99458
.99533
.99594
. 99646
.9968Y
.99726
.99756
.99783
. 99806
. 99825
.99842
. 99857
.9987

.99881
.99891
. 999

. 99908

&

00674
.094982
.22885
L3724

.50434
.61591
.T0867
.77571

82933

. 86991

90046
9234

. 94065
.95365
.9635

.97101
.97676
.9812

.98466
. 98738
.98952
.99123
.99261
.99372
. 99463
. 99537
. 99599
. 9965

. 99694
.94873

.99761
.99787
.9981

L9983

.99847
.99861
.99874
. 99886
.99896
. 99905
.99912

27

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

100

.00674
.10537
.2428

. 38654
.51697
.62643
. 71407
.78223
.8343

.87368
L9032y
.92583
.94225
95487
.96442
.97171
L9773

.98163
.98499
. 98764
.98Y73
.9914

.99274
. 99383
. 99472
.99545
. 99605
. 99656
. 99698
.99734
.99764
L9979

.99813
. 99832
. 99849
. 99863
. 99876
. 99887
.99897
- 99906
.99914

Discrete
Severity
Model

33 1/3

00674
. 09869
L2336

.37707
.50844
.61929
. 70835
L717778
. 8309

L8711

.90135
.92407
.94116
.95404
.9638

.YT7123
.97694
.98134
.Y8477
.98746

99129
. 99265
.99376
.99466
.9954

.99601
.99653
.99695
.99732
. 99762
.99789
.99811
. 99831
.99848
99862
99875
. 99887
. 99897
. 99905
.99913

0 0
0 0
U 0
0 0
0 0
0 4}
Q 0
0 0
0 0
0 0
0 0
0 0
0 0
0 U
0 0
0 S
0 0
0 0
4 0
0 0
0.98959 0.
0 0
0 o
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
o 0
0 0
0 0
0 0
0 [V}
0 0

10

.U0674
. 09599
.230e28
.37381
.30557
.61692
.70647
.77633
.8298

.B7027
.90073
.9236

.9408

.95377
. 96359
.97108
.97682
.981¢3
.9847

.98741

98955

.99125
.99262
. 99373
.99464
.99538
.996

. 99651
. 99694
99731
.98762
.99788
.99811
L9983
.99847
. 99862
. 99875
. 99886
. 99886
. 99905
. 99913

1/3

00674
.095¢21
. 22932
.37287
.50475
.61625
.70594
. 77592
. 82949
.87004
.90085
.92347

9407

.9536Y
. 96354
.97103
.97678
.98122
.98468
.98739
. 98953
.99124
.99262
L9937
.98463
.99538
.996

. 99651
. 99694
.99731
.99762
.99788
.99811
. 9983

.99847

99862
99875

. 99886
.998Y6
. 99905
.99913



intrvl-
(0V0)

0
S00
1000

. 1500

2000
2500
3000
3500
4000
4500
5000

Poisson:

rPareto

100

1

0.47807
0.27994
0.18639
0.13637
0.10747
0.08996
0.07911
0.07239
U.06835
0.06614

CUMPARATIVE APPRUXIMATIONS
Excess Ratio

Continuous
Severity

Model

33 1/3 10
1 1
0.47169 0.47112
0.27061 0.26987
0.1741 0.17317
0.12099 U.11988
0.08894 0.08763
0.06825 0.06674
0.0542 0.05247
0.04425 0.04232
0.03699 0.03486
0.03155 0.02921

Lamda = 0.2

b = 1,000,000

3 1/3

.47108
.26982
.17311
.11981
.08755
.06664
.05237
.04221
.03473
.02907

&

28

100

1
0.46927
0.26924
0.17284
0.11968
0.08747
0.06659
0.05233
0.04218
0.0347
0.02905

Discr
Sever
Mode

33 1/3

1
0.4709
0.26975
0.17308
0.11979
0.08753
0.06663
0.05235
0.04219
0.03471
0.02905

ete
ity
1

10

1
0.471086
0.26981
0.1731
0.1198
0.08754
0.06663
0.05238
0.0422
0.03472
- 0.02805

3 1/38

1
0.47107
0.26981
0.17311
0.1198
0.08754
0.06663
0.05236
0.0422
0.03472
0.02905



lntrvl-
(ovo)

] 1
500 [\
1000 [¥]
1500 0
2000 0
2500 i}
3000 U
3500 U
4000 0
4500 [0}
5000 0
5500 0
6000 4]
6500 i]
7000 [4]
7500 U
8000 4]
8500 4]
90U 1]
9500 0
10000 4}

Poisson:
pareto

100

.856701
.35211
.23478
.16647
.12471
.09821
.08UY3
.06945
.06176
.05663
.05328
L0312

.0S003
.04958
. 04964
L0501

.05087
.0519

.05312
.05451

COMPARATIVE APPROXIMATIUNS
Excess Ratilo

Continuous D;screte
Severity Severity
Model Model

33 1/3 10 3 1/3 100 33 1/3

1 1 1 1 1
0.56467 0.56444 U.56442 U.56232 0.56425
U.34824 0.34788 0.34785 0.34685 0.34776
0.22924 0.22873 0.22868 0.22817 0.22864
0.1591 ©.15842 0.15836 0.15807 0.15833
0.11541 0.11454 0.11448 0.1143 0.11445
0.08691 U.U8586 0.08577 0.08566 0.08575
U.06758 0.06633 0.06623 0.08615 U.Ub62]
0.U5403 0.05257 0.05246 0.0524  0.05244
U.04424 0.04259 0.04246 0.04241 0.04244
0.03701 0.03515 0.035 0.03496 0.03498
0.038154 0.02948 0.02932 0.02928 0.0z293
0.02734 0.02507 0.0248Y 0.02488 0.02487
0.02406 0.0215Y 0.02139 0.02136 0.02137
0.02146 0.01879 0.01857 0.01854 0.01855
0.01938 0.0165 ¢.vul628 0.U1624 0.01625
0 01771 0.01462 0.01438 0.01435 0.01435
0.01635 0.01306 0.01279 0.01276 0.01276
0.01523 0.01174 0.01146 0.01142 0.01143
U.01432 V.01062 0.01032 0.01028 0.01029
0.01357 U.0UY66 U.0VYS5 0.00931 0.00Y31
Lamda = 1
b = 1,000,000 & c=3

29

10

.5644

34784

.22868
.15835
.11447

08576

Ubs22
.05244
.04244
.03498

02493

.02487
.02137
.01855
.018625
-01435
.01276
01143
.01029
. 00931

cCccCccceccoccoccocccccecacCcc

3 1/3

.5644¢
. 34784
.22868
.15836

11447
08576

.bbb22
. 05244
.04244

03498
0293

.02487
.02137
.01855
.01625
. 01435
.01276
.01143
.01029
. 00931



Intrvl-
(oou)

]
500
1000
1500
2000
2500
3000
3500
4000
4500
5000

5500
6000
6500
7000
7500
8000
8500
900V
9500
10000
10500
11000
11500
12000
12500
13000
13500
14000
14500
15000
15500
18000
16500
17000
17500
18000
18500
19000
19500
20000

Poisson:
Pareto

CUMPARATIVE APPRUXIMATLUNS
Excess Ratio

tontinuous Liscrete

Severity Severlity
Model Model
100 33 1/3 10 31/3 100 33 1/3
1 1 1 1 1 1

U.80893 0.80901 0.809Y02 0.80902 0.8U845 U.BUBYY
0.64078 0.64095 0,64097 0.64097 0.64019 0.64092
0.50077 0.50112 0.50116 0.50116 0.50084 0.50111
U.3884 0.38905 0.38Y13 0.38913 0.38839 0.38908
0.30032 0.30139 0.30151 0.30152 0.3008 0.30148

0.23223 0.23384 0.23402 0.23403 0.23353 0.234
0.17999Y 0.18221 0.18245 U.18248 0.18208 0.18245
0.13998 0.14287 0.1432 0.14322 0.14292 0.14321
0.10928 0.1129 0.1133 0.11334 0.11311 0.113338
0.08561 0.08999 0.09048 0.0Y052 0.08035 0.09051
0.08723 0.07239 0.07297 0.07302 0.07289 0.07301
0.05282 0.0S878 (.05944 0.0595 0.05941 0.0395

0.04139 0.U4817 0.04893 0.04899 0.04882 0.049
0.03223 0.03983 0.04068 0,04075 0.0407 0.04076
0.02478  0.03322 0.03416 0.03424 0.0342 0.03424
0.01865 0.02792 0.028Y5 0.02904 0.02902 0.U2905
0.01352 0.U2363 0.02476 U.02486 0.02484 0.02487
0.00Y18 0.02013 U.VZ2135 V.02146 0.02145 0.02147
0.00545 0.01724 U.01856 0,01867 0.01887 0.01868
U.0022 0.01483 U.01625 U.01637 0.01637 0.01638
T0.00067 0.01281 0.01432 0.01445 0.01446 0.01447
T0.0U324 0.0111 0.0127 U.u1284 0.01285 0.01286
T0.00555 0.00963 0.01133 0.01148 0.01149 0.01135
T0.00767  0.00837 0.01016 0.01031 0.01033 0.01033
T0.00962  0.00727 U.00915 U.00Y32 0.008933 0.00934
T0.01144 0.0063 0.0U828 U.QU846 0.00847 0.00848
T0.01315 0.00545 0.00752 0.00771 0.00773 0.00773
T0.01476  0.U0469 0.00686 U.007US 0.00707 0.00707
T0.01629  0.00401 0.00628 0.00648 0.0065 0.0065
T0.01776  0.0034 0.00576 U.00597 0.00599 0.00599
T0.01917 0.00284 0.0053 0.00552 0.00534 0.00554
T0.02033 0.00234 0.00489 0.00511 0.0U514 0.00514
T0.02184  0.00187 0.00452 (.00475 U.00478 0.00478
T0.02313 0.00144 0.00419 0.00443 0.00446 0.00446
T0.02438  0.00105 0.00389 0.00414 0.00417 0.00417
TO.0256 U.000B870.00362 0.00388 0.00391 0.00391
T0.0268 0.00034 0.00337 U.0U364 0.00367 0.00367
T0.02797  0.00001 0.00314 U.00342 0.00345 0.00345
T0.02913 T0.00029 0.00294 0.00322 0.00325 0.00325
T0.03U27 TU.00058 0.00274 U.00304 0.00307 0.00307

Lamda = §
b = 1,000,000 & c = 3

30

10

1

u.
0.
0.
0.
.
0.

0
0
0
0
0
0
0
0
0
Q
0
o
0
0.
0.
0.
0.
0.
o.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

80902
64097
S0116
38913
30152
23403
18248
14323
11334
09053
07302
05951
049
04076
03425
02905
02487
02147
01869
01638
01447
01286
0115
01033
Q934
ous4s

00773

00707
0065

00599
00554
00514
004178
00446
00417
00391
00367
00345
00325
00307

.8UYL2
. 64097
.50116
. 38913
.30152
.23404
.18248
.14323
.11334
.09053
.07302

05951

-049

.04076
.03425
.02905
.02487
.02147
.01869
.01639
.01447

01286

.0115
01033
.00934
.bLuB4B
.00773
.00707
L0065
.00599
.00554
.0b0514
.00478
. 00446
.00417
,00391
.00367
.00345
003825
.00307



COMPAKATIVE APPROXIMATIONS

pistribution Function

Continuous i Discrete - Continuous
Model Model Model
(O0V) h=3,333 1/3 h=100,000 h=3,333 1/3
0 0.0V674 [¢] 0.00U874 0 0.0U674
550 0.10686 500 0.10537 500 0.09482
1,050 0.24324 1,000 0.24280 1,000 0.22885
1,550 U.38634 . 1,500 0.38654 1,500 0.37240
2,050 0.51648 2,000 0.51697 2,000 0.50434
2,550 0.62585 2,500 0.62643 2,500 0.61591
3,050 0.713352 3,000 0.71407 3,000 0.70567
3,550 0.78176 3,500 0.78223 3,500 0.77571
4,050 0.83392 4,000 0.83430 4,000 0.82933
4,550 0.87337 4,500 U.87368 4,500 0.86991
3,050 U.90306 5,000 0.90329 5,000 0.90046
5,550 0.92535 5,500 0.92553 5,500 0.92340
6,050 0.93212 6,000 0.94225 6,000 0.94065
6,550 0.95476 6,500 0.95487 6,500 0.95365
7,050 0.96435 7,000 0.96442 7,000 0.96350
7,550 0.Y7165 7,500 0.97171 7,500 0.97101
8,050 0.97726 8,000 0.97730 8,000 0.97676
8,550 0.98159 8,500 0.98163 8,500 0.Y8120
9.050 0.98497 9,000 0.98499 9,000 0.98466
9,550 0.98762 9,500 0.98764 9,500 0.98738
10,050 0.98971 10,000 0.984973 10,000 0.Y8Y952
10,550 0.Y9138 10,500 0.99140 10,500 0.99123
11,080 0.99273 11,000 0.99274 11,000 0.99261
11,550 0.99382 11,500 0.99383 11,500 @ 0.9Y372
12,050 0.Y9471 12,000 0.99472 12,000 0.99463
12,550 0.99Y544 12,500 0.99545 12,500 0.99537
13,050 0.99604 13,000 U.99Y605 13,000 0.9959Y
13,550 0.9Y9655 13,500 0.99656 13,500 0.99650
14,050 0.99697 14,000 0.99698 14,000 0.99694
14,550 0.99733 14,500 0.99734 14,500 0.99730
15,050 0.99764 15,000 0.99Y764 15,000 0.99761
15,550 0.99790 15,500 0.99790 15,500 .99787
16,050 0.949812 16,000 0.99Y813 16,000 0.99810
16,550 0.99831 16,500 0.99832 16,500 0.99830
17,050 0.99848 17,000 0.94Y849 17,000 0.99847
17,550 0.99863 17,500 0.99863 17,500 0.99861
18,050 0.99876 18,000 0.99876 18,000 0.99874
18,550 U.99887 18,500 0.99887 18,500 0.99886
19,050 0.99897 19,000 0.99897 19,000 0.9989Y6
19,5650 0.99905 19,500 0.994906 19,500 0.99905
20,050 20,000 0.99914 20,000 0.99912

Lamda=5

3



lntrvl-
{ouv)

[§}
500
1000
N 1500
2000
2500
3000
' 3500
4000
4500
5000

Poisson:
Pareto

Quadratic

ccccceoccoccccecc

CUMPARATIVE APPRUXIMATIUNS
pistribution Function

Continuous . Discrete
severity Severity
Model Model
100 33 1/3 10 3 1/8 100 33 1/3
L81873 0.81873 0.81873 0.81873 0.81873 0.81873 0
L9408 0.94024 0.94021 0.94021 0.Y4585 0.94206 0
.Y7408 0.97348 0.9Y7345 0.Y7344 0.97529 0.97407 0
. 98877 0.98614 0.9861 0.9861 0.986Y3 0.98637 0
.99257 0.99194 0.9919 0.Y919 0.99229 0.99203 0
.99558 0.95494 0.9Y949 U.Yv49 0.99512 0.99497 0.
99728 0.99664 0.99659 0.99659 0.99672 0.99663 U
.99831 0.99766 0.9976¢ 0.99762 0.9977 0.99764 U
.99896 0.99832 0.99827 0.99827 0.99832 0.99829 0
L9994 0.99875 U.99871 0.99871 0.99874 0.99872 0
L9997 0.99Y9U5 0.Y9901 0.Y4Y901 0.99903 U.Y99902 0
Lamda = 0.2
b = 1,000,000 & c =3

Integration

32

1v

.81873
.94076
.97363
.98618
.99194

94492

. 9966
.99763
.99828
.99871
.99901

3 1/3

.81873
.94039
. 97351
.98613
.99191
. 9949

. 99686

.99762
. 99827
.99871
.99901



Intrvl-
(00U}

0
S0
1000
1500
2000
2500
-3000
3500
4000
4500
SUoL
5500
6000
6500
7000
7500
8000
8500
9000
9500
10000

roisson:
Pareto

Quadratic

100

.70636
.84543
.91237
.94753
.9Y6722
.97886
. 986U6
.99068
.983176
.99587
99736
.99843
.9yy22
.99uB2
.oooZs
.0u063
.000Y1
.00113
.00131

R e s CCcCCCcCCCocCcCcocCccCcaoccCccCccC

t.amda
b

C

.36788

.00146

ontinuous
severity
Model

33 1/3

0.36788 0
0.70527 0
0.84391 0
0.9106 0
0.94561 0
0.96323 0
0.97682 0
0.983Y8 0
0.98858 0
0.99165 0
0.99375 0.
0.9495238 0
0.9963 0
0.99709 0
0.99769 0
0.99814 0
0.99849 0
0.99877 0
0.9u8YY U
0.99917 0O
0.998932 0

1
1.000,000

lntegration

COMPARATIVE APPROXIMATIONS

bistribution Function

10

. 36788
.7051Y4
.84377
.91043
.94543
. Y6504
LY7662
.98378
.98838
.499145

Yu355

LYY503
L9961

. 99689
.9Y748
.99794
. 99829
. 99857
LYUBT7Y
. 99897
.99911

&

ccococCcoccCcccococcoccgococcecececcc

1/3

.36788
.70518
.84376

91042
94542

.96502
. 97686

98376

.98837
.99143
. 98353
.99501
. 99608
.99687
.99747
L99792
.949827
. 99855
.98877
.YY8Y5
L9991

ccccocccoccocccoccococcoceoecceaeccoccacc

100

.36788
.72602
.§5315
.91523
.94802
-96633
.97751
.898434
.88874
.99168
.99371
.99514
.99617
.99694
.Y8752
.9Y796
L9983

.99857
L9987y
L 9y8Ye
.9u911

Discrete
severity
Model

33 1/3

.36788
.71195
. 84683
.91199
.94627
.96551
L9769

. 98395
.9884Y
.99151,

.9Y505
.99611
99689
99748
.949793
.99828
. 99856
99878
.998Y5
.9991

cccccocceococcCcoccocaccceoccaccecccc

10

0.36788
0.7072
0.84468
0.91089
0.94567
0.96517
0.97669
0.98382
0.9884
0.99145
. 99359 0.
0
0
0
8]
0
0
0
0
8]
0

94355

. 99502
.9ue0Y
.99688
.99747
.99792
.99827
. 99855
.9u877
. 99845
L9991

1/3

. 36788
.70586
. 84407
.91058
.9455

.96507
.Y7663
.98378
. 98838
.99144
. 99354
.Y9502
. 99608
.99687
.99747
.99792
.99827
. 99835
.99877
. 949895
.99V1



intrvl-
{ooo)

0

S00
1000
1500
2000
2500
3000
3500
4000
4500
SuuL
5500
6000
6500
7000
7300
8000
8500
Yoo
Y500
10000
10300
11000
11300
12000
12500
13000
13500
132000
14500
15000
15500
16000
16500
17000
17500
18000
18500
19000
19500
20000

roisson:
pareto

Quadratic

ccCcccocccoccgceoceoccoccccocgcocgccocaococcgccgocceoececgceocecocceccceccC

100

.0VU674
.0Y457
. 22802
. 37086
50211
. 61309
70238
.77205
82539
86576
.89615
.91898
.93614
.94908
.9588¢
Y6635
.97208
.9765

.Y7994
. Y8264
98478
. Y8648
Y8784
. Y8895
.98Y85
. 9906

.y9121
99172
99215
99251
99282
99308
. 99331
.99351
99367
99382
99395
. 99406
99416
99425
99433

Lamda

Continuous

[

il

Severity
Model

33 1/3

.00674 0O
.U9479 O
. 22876 0
.37224 0
.5041 0
.6156 0
.70332 0
.775382 0
8289y O
.86946 0
.899Y9 0
.92282 0
.94016 0
.95316 U
.Y63 0
9705 0
.97625 0O
. 98069 0
.98415 0
.98686 0
.98901 0.
L99072 0
.99209 0
L9932 0
.99411 ©
.99485 0
.99547 0
L9959 U
.99642 0
99678 0
L99709 0
.899735 0
.99758 0
.99778 0
.99795 0
.99809 0
.99822 0
.99834 0
.99844 0
.99853 0
.949861 0

ccCcoccCccCcoceococaocCcoccococcaocgcaocccccacgccoccocgccecoccecceccececo

S
1,000,000

Integration

CUMPARATIVE APPROXIMAT!IONS

Distribution kFunction

10

.00674
.08481
. 22884
. 37239
.50432
.61588
. 70565
.77568
. 82929
. 86988
.90042
. 92336
.94061
.Y5361
.96346
.97097
.97672
.98116
.98462
. 98734

948948

.99119
. 99257
.9u368
. 99458
.99533
.499593
. 99646
.yy689
.99726
.99757
.99783
. 99806
. 99825
.99842
. 98857
.9987

. 99882
.99892
. 999

.99908

&

4

1/3

.00674
.09482
.22885
L3724

.50434
.61591
. 70568
.77571
. 82933
. 86991

90046

.9234
.94065
.95365

9635
97101
97676

.98121
.984168
.98738
.98Y52
.99123
. 99261
.99372
.99463
.99537
L9959y
.Y9635

.99694
L9973

.99761
.99787
L9981

9983

.99847
.99861
.99874
. 89886
.998us
. 99905
.99913

cCcCcgccCcoccccoccoceocgoceococgcccocccaococeccaocccgcocccccececcececcecceccCc

100

.00674
.10537
2428

. 38654
51697
.62643
. 71407
. 78223
.8343

. 87368
.90328
.92553
94225
. 95487
96442
.87171
9773

.98163
. 98499
.98764
. 98973
L9914

.99274
99383
.99472
.99545
.99603
. 99656
.99698
.99734
.99764
.9979

.99813
.99832
.4Y849
.99863
. 99876
.99887
. 99897
. 99906
.99914

Discrete
Severity
Model

33 1/3

0.00674
0.0986Y
0.2336

0.37707
0.50844
0.61929
0.70835
0.77778
0.8309

0.8711

0.90135
0.92407
0.94116
0.95404
0.9638

0.97123
0.97694
0.98134
0.98477
0.98746
0.9895Y
0.99129
0.99265
0.98376
0.99466
0.9954

0.99601
U.99653
0.99695
0.99732
0.99762
0.9978Y
0.98811
0.99831
0.99848
U.9y86e
0.99873
0.99887
0.99897
0.99903
U.99413

cccgccccCcocgcococcCccoccocgcoccgcocgccocececcaoececcgcecocgcecaccocccc

10

.00674
L0959y
.23028
.37381
.50557
.61692
. 70647
. 77633
. 8298

.87027
.90073
L9236

.9408

.95377

96359

.97108
.97682
.98125
.9847

.98741
.98Y53
.99125
.99262
. 99373
.99464
.99538
. 996

.99651
.99694
.99731
.499762
.99788
.99811
.9983
.99847
. 99862
.99875
.99886
. 99896
.994Y05
.99913

ccccccCcoceccCcocococgCccaoccocgcacccceccccaoccocgceccgcaocaececocaceccc

.00674
.0y521
. 22932
.37287

50475

.61625
. 70594
.77592
.82949
.87004
.90USS
.92847
.9407

45369

.96354
L97103 .
.97678
.u812¢2
.98468
.98739

98933

.99124
.99262
.9Y373
.99463
.993538
.96

.99651
. 9Y6Y4q
.9Y731
.99762
.99788
.99811
L9983

.99847
. Y9862
.9Y875
.9988E
.9V8Y6
.99905
.99913



S00
1000
1500
2000
2500
3000
4500
4000
4500
S000

Poisson:
pareto

.48036
.28231
.18866
.13857
. 10963

.08123
.0745

.07046
06825

cCcoccceoccocccoccr

100

0921

Lamda
b

cccccaoccoccccoc-

CUMPARATIVE APPROX1IMATLIUNS
Excess Katio

Continuous
Severity
Model

38 1/3 -

.47207
.271
.17448 .
.12136

.b68E2
.0545¢6
04461
.03733
.03191

= u.2

= 1,000,

Quadratic Integration

1
4]
0
Q
0
.08931 0.
¢
0
0
0
0

10

.47116
.26991
.17321
.11992

08767

.U6877
.05251
.04236
.0348Y
.02925

[\BLY}

3 1/3

.47108
. 26982
L17312
.11981

. 08755
.U666S
.05237
.Ud4221
.03473
.02v07

35

ccccccccccm

100

.46927
. 26924
.17284
.11968
.08747
L0663y
.05233-
.04218
L0347

.02905

ccecccecccac

biscrete
Severity
Model

33 1/3

.470Y
. 26975
.17308
.11979
.U8733
.06663
.0523%
.04219
.03471
.02903

cccccccecc

10

.47106
.26981
L1731

L1198

08734
.U6663
.05236
L0322

.U3472
.02905

cccccecccccr

3 1/3

.47107
.26981
.17311
L1198
08754
.06663
.05236
L0322
.03472
.02905



100

500
1000
1500
2000
2500
3000
3500
4000
4500
S000
33500
6000
6500
7000
7300
8000
8500
guoo
9300

10000

CCCCCCCCCCCCCCCCCCCCH

roisson:
pareto

Quadratic

CUMPAKATIVE APPRUXIMATIONS
Excess Ratio

Continuous Discrete
Severity Severity
Model - Model
33 1/3 10 3 1/3 100 33 1/3
1 1 1 1 1
.5680Y U.56483 U.56445 U.56442 0.56232 U.56425
.35343 U.34843 0.3479 0.34785 U.34686 U.34776
L2361 0.22943 0.22874 0.22869 0.22817 0.22864
.18775 0.15929 0.15844 0.15837 0.15807 U.15833
.12596 0.1156 0.11456 U.11448 U.1143 0.11445
09944 0.U8709 0.08587 0.08577 0.08566 0.08575
.08214 0.UB776 U.06B635 0.06623 0.06615 0U.U6621
.07085 U.0U542 0.0525Y 0.05246 0.0524 0.05244
.UB296 0.04442 U.04261 U.04246 0.04241 U.U4244
035782 0.03718 0.03517 0U.U35 0.03496 0.0349Y8
.05447 U.03171 0.0295 U.02932 0.02928 0.0293
L05239 0.02751-0.02509 0.0249Y 0.02486 0.0U2487
L05123 U.02423 0.0216 0.0213Y 0.02136 0.02137
.05076 0.02163 0.0188 0.018358 0.01854 0.01853
.05082 0.01Y56 0.01652 U.01628 0.01624 0.01625
.05128 0.01788 0.01464 0.01438 0.01435 0.01435
.05205 0.01652 0.01307 0.0128 0.01276 0.01276
.05308 0.01541 0.01176 0.01146 0.01142 0.01143
.U543 0.0144Y U.01064 0.01U033 0.01029 0.U102Y
.05569 U.01374 0.00968 0.U0Y3S 0.00931 0.00Y81
Lamda = 1
b = 1,000,000 & c =3
Integration

36

10

.5644

.34784
.22868
. 15835
.11447
.085786
.ue622
U5244
.04244
03498
L0293

.02487
.02137
.U1833
.01625
.01433
.01276
.01143
.01029
.00831

3 1/3

1
0.586442
0.34784
0.22868
0.15836
0.11447
0.08576
0.06622
0.05244
0.04244
0.
0
0
0
0
0
0
0
0
0
0

03498

L0293
.0e487
.02137
.01855
.01625
.01435
.01276
.01143
.01029
. 00931



CUMPARATIVE APPRUXIMATIUNS
Excess Ratio

Continuous - Discrete
Severlity Severity
Model Model
100 33 1/3 10 31/3 100 33 1/3 10 31/3
0 1 1 1 1 1 1 1 1
500 0.80888 0.80901 0.80802 0.80902 0.80845 0.8089Y 0.8UYOVZ 0.80902

1000 0.64072 0.64094 0.64097 0.64097 0.84019 0.64092 0.64097 0U.64097
1500 0.50075 0.50112 0.50116 0.50116 0.50034 0.50111 U.50116 0.50116
2000 0.38843 0.38906 0.38913 0.38913 0.38839 0.38908 0.38913 0.38913
2500 0.30038 0.3014° 0.30151 0.30152 0.3009 0.30148 0.30152 0.30152
3000 0.23231 0.23385 0.23402 0.23403 0.23353 0.244 0.23403 0.23430V4
3500 0.18008 0.18222 0.18245 0.18248 0.18208 0.18245 0.18248 0.18248
4000 0.14007 0.14288 0.1432 0.14322 0.14292 0.14321 0.14323 0.14323
4500 0.10937 0.1129Y1 0.1133 0U.11334 0.11311 0.11333 0.11334 0.11334
5000 0.0857 0.09 0.09048 0.09052 0.09035 0.09051 0.09053 U.0Y053
5500 0.06731 0.0724 0.07297 0.07302 0.07289 0.07301 0.07302 0.07302
6000 0.05289 0.05879 0.05945 0.0595 0.05941 0.0595 0.U59Y81 0.054Y51
6500 0.04147 0.04818 0.04893 0.0489Y ¢.04892 0.049 0.049 U.049
7000 0.0323 0.03984 0.04068 0.04075 0.0407 0U.04076 0.04076 0.04076
7300 0.02485 0.03322 0.03416 0.03424 0.0342 0.03324 0.03425 0.03425
BUOOO 0.01872 0.02792 0.02895 0.02904 0.02902 0.02905 0.02905 0.02905
8500 0.01359Y 0.02363 0.02476 0.024886 0.02484 0.02487 0.02487 0.02487
9000 0.00924 0.02013 0.02135 0.02146 0.02145 0.02147 0.02147 0.02147
9500 0.00551 0.01724 0.01856 0.01867 0.01867 0.01868 0.01869 0.01886Y
10000 0.00226 0.01484 0.01625 0.01637 0.01637 0.01638 0.01638 0.01639
10500 T0.00061 0.01282 0.01432 0.01445 0.01446 0.01447 0.01447 0.01447
11000 “0.00318 0.0111 0.0127 0.01284 0.01285 0.01286 0.01286 0.01286
11500 ~0.0055 0.00964 0.01133 0.01148 0.01149 0.0115 0.U115 0.0115
12000 “0.00761 0.00837 0.01016 0.01031 0.01033 0.01033 0.01033 0.010338
12500 T0.00957 0.00727 0U.00915 0.00932 0.00933 0.00934 0.00934 0.00934
13000 T0.01138 0.0063 0.00828 0.00846 0.00847 0.00848 0.00848 0.00848
13500 T0.01309 0.00345 0.00752 0.00771 0.00773 0.00773 0.0U773 0.00773
14000 "0.0147 0.00469 0.00688 0.0Q0705 0.00707 0.00707 0V.00707 0.00707
14500 T0.01624 0.00401 0.00628 0.00648 0.0065 0.U0U65 0.0065 0.0065
15000 “0.0177 0.0034 0.00576 0.00597 0.00599 0.00599 0.00599 0.00599
15500 T0.01911 U.00285 00,0053 0.0U552 0.00U554 0.00554 0.00554 0.00554
16000 T0.02047 0.00234 0.00489 0.00511 0.00514 0.00514 0.0DUS14 0.00514
16500 T0.02179 0.00188 0.00452 0.0V475 0.00478 0.00478 0.00478 0.00478
17000 T0.02307 0.00145 0.00419 0.00443 0.00446 0.00446 U.00446 0.00446
17500 T0.02432 0.00105 0.0038Y 0.00414 0.00417 0.00417 0.00417 0.00417
18000 T0.02554  U.00069Y 0.00362 0.00388 0.00391 0.00391 0.00391 U.003Y1
18500 T0.02674 0.00034 0.00337 0.00364 0.00367 0.003687 0.00367 U.00367
19000 T0.02792 0.00002 0.00314 0.00342 0.00345 0.00345 0.00345 0.00345
19500 T0.02908 T0.000Z28 0.00Z2Y4 0.00322 0.00325 0.0U325 0.00325 U.0V3ZS
20000 T0.03022 TU.000S7 0.00274 0.00304 0.00307 0.00307 0.00307 0.00307
Poisson: Lamda = S
Pareto : b = 1,000,000 & ¢, =3

‘Quadratic lntegration
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