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AN ALGEBRAIC RESERVING METHOD 

FOR PAID LOSS DATA 

by Alfred 0. Weller 

Sooner or later a casualty actuary is confronted by the question, “Given a history 

of paid loss amounts by calendar year, what should reserves be?” Often, it is not 

possible to accurately gather and analyze additional data within the time constraints for 

the reserving decision. The algebraic reserving method presented in this paper offers 

one approach to rapidly addressing this problem. The paper consists of four sections - 

General Considerations, Formulas, Examples, and Conclusion. 

General Considerations 

In general, reserve estimates will prove more accurate to the extent that they 

reflect information from a variety oí sources and severa1 actuarial methods. In any 

reserving situation, available data and information is limited by practica1 constraints 

(e.g., design of systems) and time constraints (e.g., financia1 reporting deadlines). In 

addition, the question of whether the benefits of better actuarial estimates are worth the 

costs of gathering better information is implicit in any reserving situation. 

The situation to which the algebraic reserving method applies is one in which 

available information is pdid losses by calendar year and there is some basis on which 

the actuary can assess the annual change in the level of incurred losses hy accident year. 
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For example, a history of earned premiums might be used to Credte an index of loss 

levels by accident year. Or, the assumption regarding loss levels by accident year might 

even be weaker. For example, losses for similar business might have increased an 

average of 10% per year for the period for which pdid losses are availahle. 

The information on loss levels need not be detailed to afford an algebraic solution 

to the reserving problem. However, in general the more accurate the assumed relative 

loss levels, the more accurate the estimated reserves will be. 

In addition to requiring ti11 assumption regarding relative loss levels by accident 

year, the method assumes that there is a stable development pattern across all accident 

years. Thus, as the number of calendar years increases or the numhers of claims whose 

payments comprise calendar yedr paid amounts decreases, the possibility of fluctuations 

in actual payment patterns becomes more important in evaluating the results of the 

algehraic method. 

The information on paid losses should cover all calendar years from the inception 

of the program. Othenvise, the method cannot estimate reserves without ad hoc 

adjustments. For example, if data started with the third year of the program, the 

method would estiniate Ihe portion of accident year losses paid through 36 monlhs 

maturity instead of 12 monlhs. Since the most recent accident year would be at 12 

months maturity, the estimate through 36 months would have lo be allocated to Ihe 

maturities O-12 months, 12-24 months. and 24-36 monlhs using other techniques in order 

to derive reserve estimates for all accident years. 
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Tail factors are beyond the scope of the algebraic method. For n calendar year 

periods, the algebraic method derives development through maturity n years and leaves 

the tail factor to further analysis. Unless a parameterized payment pattern is assumed 

and the structure of the equations changed, the tail factor will require separate actuarial 

analysis. 

Finally, the method is called the “algebraic method” because it is based on the 

algebraic solution of n linear equations in n unknowns. Thus, for any set of assumed 

relative loss levels, there is a unique solution for unpaid (unreported) losses that will be 

paid (reported) on or before accident years attain maturity n years. Reserve estimates 

based on successful mathematical solutions of the equations may differ from reasonable 

actuarial estimates. The algebraic method can provide useful input into actuarial 

decisions on appropriate reserves, hut should not be used as an algorithm without 

professional scrutiny. 

Formulas 

The following equations define the “algebraic method.” 

Ij = Incutred amount for accident year j. (1) 

n = Number of calendar years for whfch data is available 
= Number of accident years affecting data (2) 
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f 1 = Fkaction of accident year loss 
paid during year i after start 
of accident year. 

(3) 

Because the algebraic method estimates development through maturity n and because 
the sum of the fractions of losses at maturity n paid in each calendar year must total 
unity (Le., lOO%), 

n-1 

f, =l-Cf, 
f -1 

(4) 

Calendar year payments can now be expressed in terms of accident year components. 

Pj = Amount paid during calendar 
year j for al1 accident years 
i 

(5) 

So that, if j=n, Pj. = C f, I"+~-, + (1 - c f, ) I, 1-1 i-1 

Introducing loss level indices facilitates solving equation (5). We define indices as 
follows: 

g j = Index for accident year j loss leve1 

+ 

sotbatg, = 1IOOO 

91 = g,'f-') for uniform growth 

(6) 

Equation (5) can now be rewritten as: 
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Pj =i fi 9j.l~1 11 ifjcn 

n-1 
Pj = 1, + 5 f, (g.-,-1) 1, ifj=n 

In order to generate II linear equations in n unknowns, we introduce a variable equal to 
tbe reciprocal of incurred losses. 

1 
Rj = I; (8) 

= Reciprocal of incurred loss for accident year j 

The resulting n linear equations are: 

0 = -PjR, f, 9j.l.1 if j<n 

"-1 
-1 = -PjR, + is f, (gn-1-l) ifj =n 

Thus, the algebraic reserving method solves the II equations 

0 = -P,R, + 1 f, + 0 f, + 0 f, -t . . . 1 0 fn-1 
0 = -P,R, + 92 fl + 1 f, + 0 f, + . . . + 0 fu-1 
0 = -P,R, + g, f, + 91 f, + 1 f, + . . . + 0 f,-,(W 

. . . = . . . 
-1 = -P,,R1 + (g,,-l)f, + (gn-1-1)f2 + (On.,-l)f, ' . ..' (ga-l)f,-, 

for R,, f,, . . . . fe,. 
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Examnles 

In the attached exhibits, data for private passenger automobile liability/medical 

from pages 63 and 79 of the 1993 edition of Best’s Aeereqtafes & Averaoes is used to 

ilhtstrate the algebraic method. For conveniente, loss and allocated loss adjustment 

expense is called “loss” iu this discussion. 

Exhibit 1 presents a link ratio approdch to establish a henchmark for comparison 

to the results of the algebraic method. Weighted three point average development 

factors are employed. Other link ratio calculations are possible, but only one is used for 

comparison purposes in this paper. Exhibit I-l presenfs raw data. Exhibit l-2 derives 

development factors. Exhihit l-3 derives reserve estimates using the development 

pattern from Exhibit I-2. 

Exhibit ll derives values for use in subsequent algebrdic method calculations. 

Exhibit II-1 derives calendar year paid loss as if accident year 1983 were the Brst year 

of a program. Exhibit Il-2 uses earned premiums to estimate loss level indices. Distinct 

indices by year are used in Exhibit III and a rough average annual growth rate is used 

in Exhibit IV. 

Exhibit DI applies the algebraic method using distinct indices by year. Exhibit 

DI-1 presents the matrix detining the simultaneous equations. Exhibit III-2 presents the 

inverted matrix and the estimated parameters R,, f,, . . . . f,,. Exhibit III-3 compares the 

paid amounts based on the parameters Lo the actual paid amounts by accident year 

component as well as hy calendar year total. Exhibit III-4 adjusts the development 

pattern for negative values and derives corresponding reserve estimates. 
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Negative values might be attributable to severa1 causes (e.g., influente of 

particular large claims, shifts in development patterns over time). Consideration of 

alternative possible adjustments will vary with available data and reserving context, and 

is, therefore, beyond the scope of this paper. 

Exhibits IV are organized identically to Exhibits Ill. The difference is that a 

uniform annual change in loss level is used in lieu of individual annual indices. 

Following Exhibits IV are four graphs. Graph 1 presents the three cumulative 

development patterns tit using the above techniques. Graph 2 presents the same 

development patterns on an interval basis. Graph 3 compares reserves estimates by 

accident year. Grapb 4 presents the components of accident year losses using the three 

methods. 

For tbe data used in tbe example, the algebraic method presented above produced 

reserve estimates quite close (within 105%) to reserve estimates based on a link ratio 

method. Tberefore, it might prove useful in situations in which detailed data is 

unavailable. In particular, it might prove useful in reserving situations for which only 

calendar year paid loss data is available. 

For the example, the method required elimination of some negative values from 

the development pattern. Also, the algebr;lic reserving method is quite sensitive to the 

selection of loss level indices. Therefore, although it can prove useful in particular 
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situations, it is not well suited to use as an algorithm without professional scrutiny by a 

casualty actuary. 
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ALGEBXAIC RESERVIIG EXHIBIT l-l 

vcsr 1 2 3 
_ _ _ _ _ _ _ _ _ _ _ . _ _. 

:z 
1985 
1VM 
1987 
1988 

1z 
1991 
1992 

.__..._----._.. 
6.33b.W 
7.115.534 
7.816.829 
fi.701.618 
9.b97.4b7 

10.916.881 
'12.051.811 
13,320,&7 
13.320.110 
1b.400.031 

_-. 

,__. 

--....-----... 
12,037,849 
13.753.038 
15.637.173 
17.269,bbT 
19.b00.685 

‘21.7b3.312 
24,101.505 
26.oL3.240 
25.851.612 

II 
.___...----_... 

Total lO3.677.2e4 175.793.159 185.4bl.5m 
3 Pt Ylm n.99b.437 MI.870,548 89.463.bW 
3 P<Oul 38.692.768 71,9M,l37 80.933.156 

l 1993 Edltlm ot Best's .Awre9atn I Averwes Pa9e 79 

__ 
14,81e.,110 
16.93b.543 
19.146.806 
21.541.709 
2b.lb7.766 
26.980.2~1 
29.805,169 
32.083.138 

xx 
XI 

b 5 6 7 8 9 10 .-.. . . 
16.3lB.Ob3 17,116,020 17.537.521 17,709.879 17.801.~59 17,&59.922 !7,914.459 
18.711.542 19.694.316 2O.led.931 20,439,114 20.585.a26 20.b63.b74 xx 
21.281.67p 22.106.157 22.974.802 23.280.050 23.633.065 
23.930.252 25.211.125 25.858.777 2b.lb9,lU u 
26.M5.181 28.@26,913 28.910.978 aa 
29.807.907 31.28O.b92 II II 
32.850.611 II XI xx 

II II xx II 
II II al. II 
xx xx xx II .._____..___________.~~~..~~~~.~.~~~...~~~~~.~~~~~~~~~~~.....~~~~~~.~~.~~~~~~~~~~.---.-----..~----..-~- 

169.m5.235 lU.535,223 115,471.ow B7.598.187 61.820.350 38.533.39b 17.91b.~59 
85.318.730 Tr.754.557 69,.5fJ&3M 61.820.350 3a.533.39b 17.914,459 XI 
en.543.340 7b.U6,195 69.022.510 bl.b29,Ob3 38.387.285 17,8b9,922 u 



ALGEBRAIC RESERVIMG 
I 

EXHIGIT I-2 
/ 

Llnt Ilatlos - 0mlopPcnt 

h?.r 1 2 3 4 5 
..~~~.~..._~~~_~_._.~~~.~~...~~~~.~~~~~~~~~~~~~~~.~.~~.~~~~.~.~~~~~~.~...~.~..~._.___________.___. 

1983 E-! 1.226 1.101 1.049 1.025 
lW4 1.231 1.105 1.053 1.025 

z 1.975 1.935 1.210 1.247 1.111 1.112 1.053 1.054 1.025 1.026 
1987 2.001 1.215 1.110 1.075 1.003 
1988 1.240 1.105 1.049 xx 
1989 

:zl 

E 
1:E.s 

1.237 1.102 xx II 
1.232 IX xx II 

1.941 II II xx II 
lW2 u xx II xx II 

6 7 6 9 10 
._.._..___.__.....__.....~.---.-...-...----...-..-.-...-~.~..~-~-... 

1.010 1.005 1.00) 1.002 II 
1.012 1.007 l.Oo( u xx 
1.013 1.007 u Ka xx 
1.012 XI u XX u 

xx u II II II 
II xx II XI xx 
xx xx xx XI xx 
u UI xx II II 
xx u ix II XI 
II u II II II 

Arcragc 
3 Pt AVG 
3 Pt Ytd 
se1ected 

CM factor 
CM x 
Int x 

1.966 
1.%5 
1.E 

2:x4 
33.7c4 
33.7bX 

1.237 1.106 
1.256 l.lOb 
1.256 1.105 
1.236 1.105 
1.509 1.221 
66.26% 81.89% 
32.52% 15.63% 

1.055 1.021 1.012 
1.059 1 .OlS 1.013 
1.059 1.017 1.013 
1.059 1.017 1.013 
1.105 1.043 1.025 
90.52x R.avx 97.52s 

8.631 5.37% 1.63% 

1% 
l.OW 1.002 II 
1.004 1.002 u 

1.006 1.004 1.002 II 
1.006 1.004 1.002 
1.01s 1.006 1.002 1.0: 
98.74% W.37X W.TsX 100.00% 

1.22x 0.63X 0.3.3X 0.25X 
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ALCEBRAIC RESERVIYC EXHIBIT I-3 

Llnk Ratia - Rcacrvc E8tlmtes 

vear Paid Lms 

1983 l7.91b.A59 
1984 ZO.bbS.ATb 
1985 23.b33,ObS 
1986 Zb,lbV,lU 
1987 28.910.978 
:E 31.280.692 

32.850.611 
lZ 32.085.138 

25,851,612 
1992 14,400.031 

íactoI- Eat Inc Es< Rn 
_. ____.-.-.---___. 

1.000 
1.002 
1.006 
1.013, 
1.025 
1.043 
1.105 
1.221 
1.509 
2.w 

.___..-____ ___ 
17.91b,659 
20,71b,9n 
23.5Bo.LLBl 
26.501.970 
2v.645.93a 
32,621.524 
36.269.927 
39.lb9.22b 
39,014,898 
62.61u.bSl 

.__. - .---._.._ 

_.....-_-___- 
514 

147,816 
332,826 

l,~% 
S.b39:316 
7.095.=3 

lS.lb3.286 
28.2ak.420 

._._._____.__ -_ 
7otsl 253.559.2w 1.215 3Oa.lb9.247 54,590,oAs 
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ALbEaRAIC RESERVIIG EXHIBIT II-1 

I . _  __.__ - -  ..._____ 

6.33b6.156 
u 
xx 
an 
aA 
xx 
u 
xx 
aa 
II. 

1985 1986 19117 19aE 1989 1990 lW1 199-i 

2,M,Zb9 
b.b37,501 
7.816.829 

l.IW.965 
3.185.505 
7.b20.YL 
8.ml.bla 

an 

,...___________. 
797,957 

l.TII.999 
3.709.b33 
8.568.059 
9.697.467 

u 

421,501 
982.m 

2,134,a73 
6,ZR.YZ 
9.m3.216 

10.916.881 
u 
xx 
u 
II 

.__-____-__.._-. .-.__________.._ 
lR.358 91.5ao 
Nb.615 250. las 

1.124.47a 5ba.615 
2.3bB.543 1.2aO.an 
6.7b7.Ob3 2.657.bS5 

lO.e4b,LSl 5.216.929 
12.051.811 12,wv.n4 

xx 13.32O.a47 
xx u 
u aa 

______._____._ 
1ZN 
305:2&5 
6L7.652 

2.021.752 
2.a27.W 
5,ms.sLu 

12.722,393 
13.320.110 

. . . . . . . . . . . . . . . . . . ..------.--.----.-----.-.---------.-.--------...---------------..-----.------.-----...----------------...---------.------.-.------------------~---- 
lotal 6.33b.156 12.lL57.217 17,lab,bOZ 2l,m5,412 24.5CB.105 2a.bsl.287 Sl.a25,299 35.b3b.266 37.7b3.5ä) 38.161.29Q 

Th-, Pl = 
PZ = 
PS . 
P4 = 
PS = 
Pb = 
PT = 
Pa = 
P9 = 
PlO = 

6.33b.13b 
12.867.2b7 
17.1bb.602 
21.005.412 
24.54b.105 
2.5.bsl.za7 
31.a25.299 
35,b3.5.2bb 
37.7b3.5bO 
38.161.290 



ALGEaRAIC RESERVIIG 

E 
W 

Loss level itdiccs byyear 

EXHIaIT II-2 

1983 
19ab 
1985 
1986 
1987 
1wyI 
1989 

1z 
1992 

22.3a2.7ao 
23,vb.s.om 
26,608,Ul 
31,3bo,w4 
55.aol.5m 
39.732.868 
43.038.375 
4b.aw.zw 
50.069.836 
54.197.133 

1 Eard prcniun tor 1992 
2 Eard premirn for 1985 
3 Rocio: Il)/<Z) 
4 R2 = Yinth root of (3) 
5 Indiceo bylziSr 

E 
19ab 
1987 
1988 
1989 
1990 
lW1 
1992 

54.197.133 
ZZ.SBz.zBD 

2.4214 
1.1032 

l.OOW 
1.1032 
l.ZlR 
1.342~ 
1.4.815 
1.6344 
1.8032 

::E 
2.4214 

l.OooO 
1.07o.s 
l.laaa 
1.4011 
1.5995 
i.mz 
1.922a 
2.0953 
2.2370 
Z.bZlb 



ALCEBRAIC RESERVIYG Extllall III-1 

Cafflcimts of 
Rl fl f2 1s fb 

-..___--________________________________--------------.-...-----------.--.-. 
-6336136 l.Om9 0.0000 o.oom 0.0000 

-128bRb7 1.07oa 1.mm 0.0000 0.0000 
-17lab602 l.lmS 1.07m 1.0000 0.0000 
-21005412 1.4011 l.lm.5 1.07oa 1.0000 
-2walo5 1.5995 1.4011 l.laaa 1.0708 
-28131287 l.mz 1.59B 1.4011 1.1a.m 
-3la25299 1.9228 l.mz 1.5995 1.4011 
-35b3bZbb 2.0953 l.922~ l.mt 1.5995 
-37763560 2.23m 2.W53 1.9228 l.mz 
-38161290 1.4214 1.23m 1.0953 0.9228 

f5 fb f7 fa 19 s Value 
.._...._._._....___.._..___. . . .._._._....____....~~~~~..~.~.~.~~~~~~~~.~...~~...~. __..._.___ 
o.omo o.omo 0.0000 o.moo o.oom = O.WW 
O.WW 0.0000 o.oom 0.0000 0.0000 = 0.0000 
0.0000 o.oooQ 0.0000 0.0000 o.moo . o.Moo 
0.0000 0.0000 0.0000 

Ei 
0.0000 = 0.0000 

1.0000 0.0000 o.omo 0.0000 = 0.0000 
1.0708 1 .oooo o.oom o:oow o.oom - O.WW 
1.1888 1.0708 l.OWO 0.0000 0.0000 8 0.0000 
1.4011 l.lam 1.07011 l.OWO o.owo = o.oom 
1.5995 1.4011 1.1888 1.07oa l.WW = 0.0000 
o.mz 0.5w5 0.4011 O.laM o.om = -1.0000 



ALGEBRAIC REPRVIYG 

Alpebrsic Hethod tuin TcArlV Indlce# - Inversc Ratrfx erd Solutlm 
--mu-- ---- 

Iu Rl fl f2 f3 16 f5 fb f7 fa 19 
-1 . . . . . ..------.........-------......--~.-----...-----------...-------------.----------~.-------------.-----------.-...---~-------...-.~--------...--------. 
õ o.mmo0m3s o.mmmmlo o.ooommo35 o.moowoo29 o.mmoo0om o.moooom99 o.oomoool24 o.moommn o.mmoom45 -0.mooma634 

1.024y171w6 O.O06u)50585 0.0219296252 O.Ola26ODfZll O.Ml52a7133 0.0626983m3 O.OT1168w;1m O.Ob53516bbO O.O2&y16579 -0.4015266761 
-1.Ob7blm276 1.0w2253031 0.0210992423 0.01752867la 0.0398653051 0.060186~3 0.0255377657 0.o435351105 0.0272995&2 -0.3asu37605 
-0.OSW395396 -1.0676134154 1.01086%151 0 .OOWbbZ74 0.0205716657 O.OSlOb7.7t¿7 0.038985ss*3 0.022Ml6690 0.014689429i -0.1989292822 
-0.077117631% -O.Q05499&7 -1.06549936m l.OOU2549bO O.OlOOAbm24 0.01519550&3 0.0190711497 O.OlOWl38bA O.OC4.3923&31 -0.m73136520 

0.0610089213 -0.m25mB529 -0.0403348031 -l.m934lalao 1.0033761w1 0.005w72392 o.om3972997 o.m3buw22 o.mz312m24 -0.032,%32651 
0.0553379117 0.0405217265 -0.mab710901 -0.0401b35e.19 -1.0653729923 1.0067234513 0.0m4382803 o.ooba632a23 o.oo3wwla7 -0.01305no17 
0.9592292651 0.053062829% O.ObW78aa67 -0.~0705381 -0.039963983b -1.m7538c980 l.OOblZA39m 0.0023TBlab3 0.00149128% -0.0210555812 

-0.m714395n 0.05a51407ba o.o5b6330919 0.0414133519 -0.0794186593 -0.03667235~ -1.063987114o l.ms94lmo2 0.0024717w6 -0.03ba9aln3 
0.0359a2o107 -0.m9956a2 10 0.0556006888 0.05OTm6570 0.0353S46bS3 -0.08973m76J -0.050534Of41 -1.Onb746%37 0.9%9597474 0.0429254613 

Il = 
11 = 
f2 = 
f3 . 

m 
:: = 
fb . 

. 
:: = 
f9 = 
110 - 

: 
EXllIEIl III-2 

Solutlal \ 

b.S37091E-011 
40.15x 
38.54% 
1$.8W 

9.73% 
3.26X 
4.3111 
2.111 
3.49% 

-4.29X 
-17.1pL 

, 

'- ~_ 



AL8E8nAIC AE8EuVI8C 

rotal 

.___.______.... 
15.780.112 
16,8Q?.760 
18.759.251 
22.109.854 
25.2bO.510 
28.012.106 
30,342.540 
33.064,532 
35.2W.Ipp 
38Jw.590 

--_..---.-_--. ._ UI 6.336.136 

1985 
.___-____.-._. 

3.139,126 
6.513.136 
7.532.340 

IU 
xn 
xx 
aa 
xx 
u 
u 

0iffcrcncn - Estleted leu Actual 
-- 

rear 

1%33 
1981 
1985 
1986 
1987 

:z 
1WO 
1991 
lW2 

._.__._____..___..._-. 
rota1 

12.867.2b7 17,16b,602 

198L 1985 
.---__----___--____-____ 

330633 408857 
-330633 -12b3a 

xx -284689 

XR xx 
._-___--.___--.____.---. 

0 -0 

1986 lwl7 1988 
_....___.______ ---___--____.. ,._.__- ..___.. 

1.535.620 515,114 67Q.455 
3.361.b59 1.w.= 551,598 
7.230.636 3.n1.764 1.825.531 
8.8n.bvb 8.522.105 4.398.297 

xx 10.134.738 9.728.??7 
xx xx 11.247.608 
IX xx u 
xx u II 
u II xx 
xx u NI 

__-__-_____ .'... ______.______. _.___-_____-- 
21.005.412 24,%8.105 28.431.267 

1986 ,____ - ._-__ 
35675 

177954 
-38v708 

176078 
aa 
xx 

-. 
-282843 
-13C.516 

22131 
-65% 
437271 

II 
u 
u 
aa 
Iu 

.--- ..__ --. 
257954 

431176 
-309342 

126255 
25581 

330727 
"11 
xx 
IX 
xx 

-0 0 

WW 1WO 
_____---___--_. .____.____..___ 

332,õP 550,697 
727.57P 355,792 
612.363 807.730 

2.151.591 Rl,TYI 
5.021.on 2,456.2*6 - 

10.7w.w1 5.572.428 
12.183.339 ll.695.343 

#A 13.276.2VZ 
u x.x 
xx xa 

1Wl 
...____.__-__ 

‘“3z” 
3v4:v87 
G52.m 
823.933 

2.R5.960 
6.036.020 

12.744.516 
lL.173.811 

xx 

lW2 
_-_______._-- 

";g.z~; 

bY:bb4 
465,536 

1.086.~ 
914,407 

2.V52.743 
6.577.506 

13,6a,M7 
15.342.170 

31.825.2W 35,4366.266 37.763.160 38.161.290 

_-.--___--___-. 
159901 

-EE 
-236m2 

274014 
4340 
131528 

II 
u 
xx 

-0 

_ - _ _ _ _ . . _ 
459117 
lM6Q9 
239085 

-559135 
-20118-9 

355499 
-35u31 

-bb555 
xx 
xx 

0 

1991 
,._____ ---_. 

-765832 
u2989 

en39 
306348 

-11977W 
-101706 
332136 

22125 
853701 

xx 

-0 

lW2 
_ _ _ _ _ _ _ _ _ 
-2757011 

-802w2 
5016b9 
155169 

1002733 
-558378 

-926W 
535606 

1074585 
12139 

_ _ -. . _ _ _ . 
0 



ALPBRAIC RESEIIVIYC EXHI8IT III-4 

Algetoic I)cthod rnln,~ tcarly Indlccs - Omlopat Pattern m-d Reserve Estintes 
---------e------w- --_-_-___-_-_ 

RmJrlty Pattem Yeg Val bd Pntt CM Patt 

: 
40.15x 

i:" 
33.05x 33.05% 

38.5bL 31.73x 64.78% 

: 
lV.Bpx o.om 16.3n 81.15% 
V.73L o.om 8.01X 89.16% 

2 
3.26X o.om 2.691 91.85% 
4.31X 

0":" 
3.541 95.39X 

7 2.11% i.nx 97.1311 

i 
3.6% o.am 2.87X 1oo.oOX 

-4.7.m 
1::z 

o.om 100.001 
10 -17.19X 0.00% 100.00x 

Total 100.002 21.4VX 1oo.oox xx lota1 263.716.053 19.57X 51.614.681 

“Izar Est Imz X lbpid Est Unpaid 
_____._.._____..____~.~.~~~.~~~~.~.~~....-.----~~--..--- 

1985 
1986 
1987 
1988 
1989 
lW0 
1991 
1992 

15.280.112 
16.897.760 
18.759.251 
22,109.854 
25.240.510 
28;012;106 
30.342.540 .~ -.. 
33.06c.532 
35.2w.7w 
38.209.590 

o.om 
0.00% 
0.00% 
2.87X 
4.61% 
8.15X 

lO.MI: 
18.85X 
35.22X 
66.95% 

_ _ _ _ . . - - . 

0 
0 

635.1; 
1.162,514 
2.282.980 
3.288.208 
6.231.732 

12.433.203 
25.580.919 

.__-_________ 

. 

/ 
/ 



ALGESRAIC RESERVIXG EXHIUIT IV-1 

19 . 
Catflcimtm of 

Il 11 f2 13 f4 
_. . 

-lZ.SbRLT 
-171&602 
-21005412 
-24548105 
-28431287 
-318252w 
-35636266 
-37763560 
-38161290 

1.oooo 
1.1032 
1.2172 
1.W28 
1.b815 
1.6344 
1.8032 

::z 
1.4214 

_____.______ 
O.GQOO 
1.0000 
1.1032 
1.2172 
1.3428 
1.4815 
1.6344 
1.8032 
1.9894 
1.1948 

__-.---_... 
0.0000 
0.0000 
1.0000 
1.1032 
1.2172 
1.3428 
1.4815 
1.6344 
1.8032 
0.989~ 

O.GOOO 
0.0000 
0.0000 
1.0000 
1.1032 
1.2172 
1.3428 
1.4815 
1.63u 
0.8032 

f5 f6 17 f8 

0.0000 o.oooo 0.0000 o.oow G.OWO - 
0.0000 0.0000 0.0000 o.woo G.0000 = 
0.0000 0.0000 0.0000 o.ofloo o.omm = 
0.0000 0.0000 o.owo 0.0000 o.woo - 
1.0000 0.0000 o.woo o.owo G.WGO = 
1.1032 1.0000 0.0000 o.oooo 0.0000 = 
1.2172 1.1032 1 .oooo O.OGOO 0.0000 = 
1.3428 1.2172 1.1032 1.0000 o.oow = 
l.LSl5 1.Y28 1.2172 1.1032 1.0000 . 
0.6)44 O.b815 0.3428 0.2172 0.1032 = 

0.0000 
0.0000 
o.owo 
0.0000 
0.0000 
0.0000 
o.woo 
0.0000 
0.0000 

-1.oow 



ALGE8RAIC RESERVIYG 

Algebrdc ltethcd usi,,g "dfom ,~r.ml P.tc - I"w?r,c Ratrir d SoltilQo 

Il 
___._..-_____. 
O.OOWOOGo65 
1.0410887432 

-1.06513.caw 
0.0193819Wa 
0.0132712953 
O.OGWW5215 
0.0097455143 
pcQ9”~ 

-0:0086343441 

11 12 f3 f4 f5 f6 
._____.....---. .____--... __.- -_-__.________ ___-_--._...--. - _ _ _ _ _ _ _ _ _ _ _ . ._______...__._ 

o.OOGwoMä5 O.WGWOUO65 o.WGGOGuOf.5 o.wOOWGG65 o.oGwooGO65 O.WGOGGOM5 
0.0410887432 0.0410887432 O.oLlG857432 0.0410887432 O.C!41OM7432 0.041GM7432 
1.0381107459 0.0381107459 0.0381107459 0.0381107459 0.0381107459 0.0381107459 

-1.GS38671145 1.0193819998 0.0193819998 0.0193819998 0.0193819998 0.019381999a 
0.0132712953 -1.W997m19G 1.0132712953 0.0132712953 0.0132712953 0.0132712953 
O.GG89W5215 0.008W75215 -1.w43395928 1.0089095215 0.0089095215 O.GG8W95215 
0.0087455143 0.0087455143 o.OM7455143 .1.0945036G00 1.0087455143 o.oG87455143 
0.0029733371 0.0029733371 0.0029733371 0.w29733371 -1.100275m i.0029733371 
0.0u210m331 G.WZ1077831 O.W21G77831 0.w21077831 0.0021077831 -1.1011413312 

-0.0066343461 -0.0086343461 -0.0Oz.6343461 .O.G086343461 -0.0086343461 -0.0086343461 

f7 _______.___ __. . _ _ _ _ _ . _ _ _ _ _ _ 
0.0000000065 O.GWGM)owMS 
0.0410887432 G.G4108G7432 
0.0381107459 G.G381107459 
0.0193819998 0.0193819998 
0.0132712953 G.0132712953 
O.OGG9095215 O.GG89W5215 
0.0087455143 0.0087455143 
0.0029n337i O.GO29733371 
1.0021077831 G.0021077831 

-1.1118834604 O.Wl3656539 

f8 f9 
__..__---_.-...... 

-0.0000OuG628 
-G.3979573429 
-0.3691145G68 
-0.18TZO7365 
-0.1285566503 
-0.0862915054 
-0.&347G3G444 
-0.0287977OG6 
-0.02041453W 

0.0836263452 

EXHI8Il IV-2 

Solutim 
___._.___.___-------..--- 

Il = 6.28073GE-08 
fl . 39.80% 

. 
:: - 

36.911 

. 
:: = 
f6 . 
17 - 
f8 = 
f9 = 
f10 = 

:~z \ 
8:63X 
8.47% 

:-iii 
-8:36X 

-21.99% 



ALCEBIUIC REGERVIIG EXHI811 IV-3 

Al#bralc Mcthcd usln~ Llnlfom Amnml Rato - Emtlmted Calendsr Year Pald Awmmts by Accldmt Icar Cqmmts 
----- 

vcar Est 11% 1983 1984 1985 1986 lpB7 --is 1989 
____.___.....______..-------.-----------...---.-----------..---------...----------.---------.-.---------.----------..---------.. 

E 
1985 

z 
lV83 
1989 
1WO 
-1991 
1992 

- _ _ . _ -. . 
Total 

15.921,& 
17.565.542 
19.379.169 
21J80.051 
&587,522 
26.022.913 
28.7w.755 
31.674.012 
Y.W.32b 
38.552.297 . . 

,_____...___._-- 
xx 

6J3.5.136 
xx 
u 
u 
xx 
aa 
UI 
u 
xx 
xx 

__.___--.--__ 
6.334.136 

5.876.911 
6.W0.M 

xx 
xx 
u 
xx 
KW 
xx 
xx 
u 

_----..-__---- 
12.M7.247 

2.988.825 
6.483.696 
7.712.082 

LI 
xx 
IU 
11 
xx 
xx 
XI 

__..._______-. 
17.184.602 

2.016.515 i,3n,w3 1.348,612 
3.297.416 yp; 1.515.n7 
7.153.132 2.4W.933 
8,5oB,3&8 7:891:607 4.013,479 

u 9.386.82s 8.706.197 
10.356.004 

” 

. . 
u 
xx 
xx 
aa 
u . . _ _ _ _ _ _ _ - _ _ _ 

21.005.412 

458.507 
1.487.855 
1.612.258 
2.748.120 
4.427.867 
9.605.435 

11.425.258 
xx 
xx 
u 

24.548.lM 28.431.287 31.Ei25.299 

19W 
.______~_____. 

325,033 
505,847 

1.641.475 
1,844,917 
3,031,&51 
4,@.5,040 

10.597,187 
12.6w.906 

u( 
u 

.-__.___ _ ____.. 
35.43¿,2& 

1Wl 
.__-_...___ --- 

"#pg) 

558:07I 
1.810.955 
2.035.403 
3.344.898 
5.389.416 

11.691.337 
13.906.351 

u 
_. _ _ _ _ - . . . _ _ . 
37.763.5611 

WV2 
_._..________ 

y&324; 

'395:617 
615.696 

1.w7.935 
2.245.556 
3.690.256 
5.9L5.869 

12.898.458 
15.342.17G 

_.___-..__-__ 
38,161,290 

Dlffcrmn - Estlmted leso Actml 
---- 

vcar 1983 1984 1985 19% lpB7 1988 1939 lpñ) 1Wl 1992 
___________.________-..-.--------.-.--. 

:z 
0 5876911 
xx 69W335 

1985 xx u 
1986 xx xx 
1987 II xx 
198G u xx 
1989 xx xx 

z 
xx xx 
u xx 

1992 Ix xx 

__---....--. 
2988823 
bM33bW 
7712081 

2W6515 i3nw3 1348612 
3297416 2257816 1515757 
7153132 34378R 249W33 
8508347 7891687 4013479 

XI 9386827 87OU97 
IX xx 10356008 
II u II 
u u II 
xx ha aa 
11 u XI 

___.---..__. 
458507 

1487855 
1672258 
2748120 
4427867 
96G5435 

ll425257 
xx 
xx 
xx 

325033 
505847 

1641475 
1844917 
3031861 
UU15040 

10597187 
126G4W5 

xx 
xx 

-1331469 
358593 
558076 

1810955 
2035403 
3344898 
5389416 

11691337 
13906551 

II 
.._______--. 

_.__----.--_. 
-3501324 
-14M942 

395617 
6156% 

lW7935 
22455% 
3690256 
5945869 

12898458 
1534217G 

,_ 
'- 31825298 35436265 377b3561 38161290 rote1 0 12867216 17184601 2lGo3411 24548104 28431286 



ALGE8RAIC RESERVIXG ERHlGll IV-4 

Algebraic Method upim Unlfom Amual Irte - Omlqmmt Pattern atd Rcserrc Estlmtes 
---- _____-_-------------I___ 

ltaturlty 
___________...__ 

1 

: 
4 

z 
7 
8 
9 

10 

Psttern Yea va1 lnd Patt CM Patt 
___..___________________________________-.------.----. 

39.80% 0.00% 30.53x 30.53x 
36.911 0.00% 28.32X 58.85X 
1a.m 0.00% 14.40X n.25x 
12.85X 0.00% 9.8611. 83.11X 
8.63% 0.00% sv.nx 
8.4rx 0.00x fc% 

::E 
0.00% 2:21x 

96.22X 
98.431 

0.00% 1.57X 1oo.oOX 
-8.361 8.36% 0.00% 100.0m 

-21.m 21.99X 0.00% 100.00% 

Est II-K Xlllpald Est Upaid 

IV83 
1984 
1985 
1986 
1987 
1988 
1989 
1990 
1Wl 
WV2 

Total 100.0OX 30.35% 1oo.oOX IX Iot~l 

15.921.646 0.00X 
17.565.542 0.00% 
19,379,169 0.00% 
21J80.051 2.87X 
23.587.522 4.61X 
26.022.913 8.15X 
28.7W.7S5 10.84% 
31.674,012 18.85% 
34,944,326 35.22X 
38.552.297 66.9511 

____..._____________. - _ _ . . . . - 
257.737.233 19.80X 

G 
0 

61L.16: 
1,Q=.= 
2.120.eel1 
3.111.264 
5.969.658 

12.307.9W 
25.810.357 . _ _ . . _ - _ _ _ _ _ _ 
51.020.682 

-- \ 



ILGEGRAIC RESERVING GuAmI 1 

Cumulative Development Patterns 

0 
- 0.8 
m 
.z 0.7 
2 
L o 0.6 

0.3 

0.21 ' I I I 1 I 
1 2 3 4 5 6 7 8 9 10 

Maturity 

+ Link Ratio + Yearly Indices + Uoiform’lndices 



-- 

ALGEBRAIC REGERVING 

Development Patterns by Interval 

Om41 0.35 

0.05 

0 
1 2 3 4 5 6 7 8 9 10 

Maturity 

+ Link Ratio + Yearly Indices + Uniform Indices 

GRAPH 2 



ALQRRAIC REGERVIWG 

Reserve Estimates 

2.5 

20 

15 

10 

5 

0 
1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 

Accideot Year 

m Link Ratio m Yearly Indices m Uniform Indices 
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ALGEGMIC RESEIVIIG GRAPW 4 

Incurred Loss Estimates 
(Liik ratio to le& yearly indios above, and unifom indíces to rigbt of accídent year.) 

s 

83 84 85 86 87 88 89 90 91 
Accident Year 

m Paid Loss 0 Unpaid Loss 

92 

\ 


