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NON-RANDOM ACCIDENT DISTRIBUTION AND THE POISSON SERIES. 

JOHN CABLTON 
Volume XXXII Page 21 
Written Discussion 

F. S. PERRYMA~N 

This i s  a nea t  l i t t l e  paper dea l i ng  with a sub j ec t  which a t  
f i r s t  s ight  may not look too important but yet  is  one that  is  worth 
i nves t i ga t i ng ,  not only for i t s  own sake, tha t  is  to say to judge 
the importance of  the e f f e c t  of  the a l t e r a t i o n  in t h e v a r i a n c e s  
and p r o b a b i l i t i e s  under the condi t ions  c i t ed ,  but a lso  worthwhile 
because i t  points  the way in which such quest ions should be inves- 
t iga ted .  In th i s  r espec t  the paper i s  a model one. Mr. Carleton 
se t s  out the data and premises c l e a r l y  and succ in t ly  and then makes 
the app rop r i a t e  mathematical  i n v e s t i g a t i o n ,  g ives  numerical  ex- 
amples and draws conclusions.  Students and younger members of  the 
Soc ie ty ,  not  to  mention older  ones, can b e n e f i t  g r e a t l y  from the 
subject  matter of the paper and i t s  t reatment.  

I t  i s  very timely to have presented such an example of  r e s t r i c t -  
ed randomness among events  whose p r o b a b i l i t i e s  i t  i s  de s i r ed  to 
measure. Text books, both on " c l a s s i c "  s t a t i s t i c s  and on "modern" 
s t a t i s t i c s ,  and papers in the Proceedings and other  technica l  pub- 
l i c a t i o n s ,  p a r t i c u l a r l y  r e c e n t  ones, g iv ing  accounts  of  modern 
t h e o r i e s  and applying them to insurance ,  are always c a r e f u l  to 
s t r e s s  tha t  the events must be independent or random or unconnected, 
e t c . ,  but r a r e l y  do they give very p r a c t i c a l  examples of  s t a t i s -  
t i c s  or even t s  t ha t  are not random, e t c . ,  and how to deal  with 
them i f  they do occur .  This  l a s t  s t a t emen t  i s  not  u n i v e r s a l l y  
true of  course and from time to time we do come across d iscuss ions  
of  non-independent events .  Taking an example at random, I remem- 
ber a good d i s cus s ion  of  independence in connect ion  with even ts  
coming within the scope of  the Poisson formula: t h i s  d i scuss ion  
you wi l l  f ind in Mr. S a t t e r t h w a i t e ' s  paper in the PCAS Vol. XXIX. 
Never theless  i t  i s  qu i te  welcome to have f u r t he r  examples of non- 
random or dependent events  and so I am glad that  Mr. Carleton chose 
to  give th i s  phase of our theory the spo t l i gh t  of  a paper to i t s e l f .  

The mathematics of  the p r o b a b i l i t i e s  of  the events pos tu la ted  in 
the paper are t r ea t ed  qu i t e  s a t i s f a c t o r i l y  from f i r s t  p r i nc ip l e s .  
The double, t r i p l e  and mul t ip le  i n t e g r a l s  required may look ra the r  
formidable to some but a f t e r  a l l  they do represen t  the opera t ions  
needed to obta in  the p r o b a b i l i t i e s .  Mr. Carleton a t t a i n s  qui te  a 
nea t  formula which can be expressed in words as fo l lows.  Using 
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the no ta t ion  o f  the paper, which is  tha t  the acc ident  expec ta t ion  
is  such that  in a un i t  per iod the average number of accidents  would 
be a but the condi t ions assumed are such that  a f t e r  each accident  
a period of b e lapses  during whichno fu r the r  accidents  are possi-  
ble:  then " t h e  p r o b a b i l i t y  of having not more than n acc idents  
in a un i t  per iod under such condi t ions  is  the same as the probab- 
i l i t y  of  having not more than n acc iden ts  in a per iod  of un i ty  
l e ss  n times b i f  the accident  expec ta t ion  were not suspended 
f o r  the  p e r i o d  of  b a f t e r  each a c c i d e n t " .  This  formula  of  
course only appl ies  i f  n times b does not exceed un i ty  as i t  
i s  impossible to have more than n accidents  i f  nb exceeds uni ty .  
I t  may be mentioned here ,  fo r  those who do not  wholly t r u s t  the 
mul t ip le  i n t e g r a l s  which were used to develop ~k. C a r l e t o n ' s  for -  
mula, that  i t  i s  qui te  poss ib le  to check the formula by mathemat- 
i ca l  induction,  i . e .  asst~ning i t  to be t rue for  n - 1 and then 
proving i t  i s  t rue  for  n . To do t h i s  i t  i s  only necessa ry  to 
use s ingle  i n t e g r a l s .  I t  i s  a lso worthy of note,  and t h i s  time by 
the more ma thema t i ca l l y  minded ones,  t h a t  while Mr. C a r l e t o n ' s  
formula i s  qu i te  a simple one, cons ider ing  the under lying assump- 
t ions ,  i t  n a t u r a l l y  appl ies  only when i t  is  assumed, as Mn Carle-  
ton does, tha t  at the beginning of the per iod i t  is  known tha t  no 
ca tas t rophes  have occurred in the immediate past .  The mathematical 
formula to express the p r o b a b i l i t i e s  i f  i t  i s  unknown whether such 
ca tas t rophes  have r ecen t ly  taken place i s  cons iderably  more compli- 
cated.  However, the simple formula is  obviously a l l  tha t  is  need- 
ed in p r ac t i ce .  The fac t  tha t  the p r o b a b i l i t i e s  considered by Mr. 
Ca r l e ton  can be expressed  by means of  s t r a i g h t - f o r w a r d  Poisson  
terms g r e a t l y  s i m p l i f i e s  any c a l c u l a t i o n s  t h a t  have to  be made 
and I assume tha t  Mr. Car le ton u t i l i z e d  th i s  fac t  in the ca lcu la -  
t i o n  of  the a r i t h m e t i c a l  examples which he g ives  in h i s  paper .  
Using the tab les  of Poisson d i s t r i b u t i o n s ,  given in the well-known 
"Tables  for  S t a t i s t i c i a n s  and Biomet r i e i ans"  ed i ted  by Karl Pear- 
son I checked these c a l c u l a t i o n s  as a mat te r  of i n t e r e s t  and ar-  
r ived at the same r e s u l t s  as in the paper, except  in one instance 
where the dev ia t ion  was minor. 

The paper concludes by .giving an example of  the app l i c a t i on  of 
the a r i t hme t i c a l  r e s u l t s .  In t h i s  connect ion i t  must be borne in 
mind tha t  the example suggested,  namely tha t  of  a Workmen's Com- 
pensation r i s k  of  such a s ize  tha t  an average of 1.8 se r ious  acci -  
dents  occur each year ,  must be a s ingle  r i s k  and not an aggrega- 
t ion  of  Compensation r i s k s ,  say for  ins tance  of  one indus t ry ,  for  
by the nature  of  the assumptions in the paper the occurrence of a 
ca t a s t rophe  must opera te  so as to e l imina te  or suspend the prob- 
a b i l i t y  of  a r e p e t i t i o n .  This  cond i t i on  is much more l i ke ly  of  
r e a l i z a t i o n  in a s ingle  large r i sk  than i t  would be in an indus t ry  
as a whole. 

In conclusion,  l e t  me repea t  tha t  the paper is  very worthwhile 



DISCUSSION 69 

and the author is  to be congra tu la ted  net  only on the subjec t  mat- 
t e r  but also on the manner in which the mater ia l  i s  presented.  The 
paper is  not only thorough but concise.  

PURE PREMIUM TRENDS IN WORKMEN'S COMPENSATION 

R. P. GODDARD 
Volume XXXII, Page 48 

Written Discussion 
A. N. MATTHEWS 

Mr. Goddard's study of Workmen's Compensation pure premium trends 
brings out the fac t  tha t ,  in genera],  loss cos ts  r e l a t ed  to payro l l s  
in~hssachusetts have been decreasing steadily since 1930. ]his  downward 
trend wi l l  undoubtedly be terminated by the law amendments which 
became e f f e c t i v e  in October of 1945. The decreases  in Compensation 
r a t e s  for most s t a t e s  during the past several  years would indica te  
tha t  the downward t rend  in pure premiums has been qui te  genera l .  
On the other  hand, the New York pure premiums show no p a r t i c u l a r  
t rend.  During t h i s  per iod  the trend of wages and of  claim f r e -  
quency in New York and Massachuset ts  has been very s i m i l a r .  In 
New York, however, the average claim cos t s  have been s t e a d i l y  in-  
creasing,  whereas in Massachusetts the average claim cost  is  near-  
ly constant .  I t  is  apparent that  in Massachusetts the upward trend 
in wages over the per iod  has r e s u l t e d  in a downward t rend in the 
pure premium and the average claim cos ts  show no d e f i n i t e  t rend.  
On the other  hand, in New York the upward trend in wages has been 
accompanied by an upward trend in average claim costs  and the pure 
premiums show no d e f i n i t e  trend.  

The average claim cost  for New York increased from $268 in 1932 
to $417 in 1942. For Massachusetts the average claim cost  was $202 
in 1932 and $201 in 1942. An a n a l y s i s  of  the average cos t  per 
c la im by kind of  i n j u r y  shows very  s u b s t a n t i a l  i n c r e a s e  in the 
average cost  of  each kind of in jury  in New York whereas the changes 
in Massachuset ts  have been r e l a t i v e l y  small .  Fur thermore ,  the 
propor t ion  of ser ious  claims in the experience increased from 2.5% 
to 3.0% in New York but decreased from 3.1% to 2.9% in Massachusetts. 

This  study shows t ha t  wages alone wi l l  not  exp la in  t rends  in 
pure premiums. Fac tors  which tend to inc rease  pure premiums are 
i n c r e a s i n g  l i b e r a l i t y  of  Compensation Commissioners in awarding 
b e n e f i t s ,  a tendency for in ju red  employees to  prolong the per iod  
o f  d i s a b i l i t y  and i n c r e a s i n g  medical cos t s .  On the o the r  hand 
sa fe ty  education and appliances designed to prevent accidents  should 
have a tendency to reduce pure premiums. Of course, the e f f e c t  of 
none of these items can be measured. 

The obvious purpose of  Mr. Goddard's  s tudy was to at tempt to 
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obta in  s t a t i s t i c s  which w i l l  r e f l e c t  the t rend  in Workmen's Com- 
pensat ion cos t s  c u r r e n t l y  and which wi l l  serve to cover the i n t e r -  
va l  between the per iod  over which exper i ence  i s  accumulated and 
the e f f e c t i v e  da te  of  the r a t e s  based upon such exper ience .  The 
manual r a t e  r e v i s i o n s  which are now in process  to produce r a t e s  to 
become e f f e c t i v e  e a r l y  in 1947 w i l l  use expe r i ence  for  no l a t e r  
than p o l i c y  yea r  1944. In the i n t e r i m ,  wartime r e s t r i c t i o n s  on 
wages and p r i c e s  have been l i f t e d  and both have i n c r e a s e d  to a 
very  c o n s i d e r a b l e  e x t e n t .  This  i n f l a t i o n a r y  t rend  tends to in -  
c r ease  both p a y r o l l s  and l o s s e s  but  the e f f e c t  on pure premiums 
w i l l  p robab ly  va ry  by s t a t e  and by i n d u s t r y  and c l a s s i f i c a t i o n  
wi th in  s t a t e s .  

Although i t  i s  doubt fu l  tha t  any immediate use wi l l  be made of 
the phenomena brought  to l i g h t  in Mr. Goddard ' s  paper ,  neve r the -  
l e s s ,  the work which he has so well  presented  should be continued 
and expanded in an eve r  c o n t i n u i n g  e f f e c t  to  o b t a i n  r a t e s  t h a t  
wi l l  r e f l e c t  as accura te ly  as poss ib le  the t rend of  pure premiums. 
Thus only wi l l  the extended per iods  of  excess ive  losses  which have 
been the curse of  the Compensation business be avoided. 

VALUATION OF NON-CANCELLABLE ACCIDENT AND HEALTH 

INSURANCE POLICIES 

S. F. CONBOD 
Volume XXXII, Page 27 
Written Discussion 
JARVIS FARLEY 

Mr. Conrod has performed a service by preparing these tables 
and setting forth in detail formulae for their use. Mr. Conrod 
warned that the Conference modification of Class 3 was designed as 
a minimum standard for reserves and not as a basis for premium 
computation. It might be well to point out that there is no in- 
consistency in this warning. The active life reserve depends not 
on the absolute level of the net one-year-term premium but upon 
the relatlonship which exists among the one-year-term premiums-- 
that is, on the slope of the llne rather than on the level of the 
line. The Conference Committee was concerned with reserves, not 
with premimns, and found it expedient to limit its attention to 
the slope of the l ine  r a the r  than to the l eve l  of the l ine .  

This warning does not n e c e s s a r i l y  l i m i t  the u s e f u l n e s s  of  Mr. 
Conrod 's  t a b l e s .  I t  has been common in ana lyz ing  d i s a b i l i t y  ex- 
per ience  to express  the r e s u l t s  of  the an a ly s i s  in terms of a mod- 
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i f i c a t i o n  of Class 3 - -e i ther  a s t r a i g h t  mul t ip l i ca t ion  or one mul- 
t ip le  of  an i n i t i a l  d i s a b i l i t y  period and a second multiple of the 
period following the i n i t i a l  period. Mr. Conrod's paper discusses 
t h i s  aspect ( ~ l t i p l e  Reserve Standards, page ), and by apply- 
ing that  concept the tables could be useful  in premium ca lcu la t ions  
as well as in reserve ca lcu la t ions .  


