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Downward Bias for High-Low Averages

l.
Wu, C. P., “Bias of Excluding High and Low Datafor Long-Tailed
Distributions,” Journal of Actuarial Practices, 4, 1996, 143: 158.
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|. Downward Bias of High-Low Averages

 Wu, C. P, “Bias of Excluding High and Low Datafor Long-
Tailed Distribution,” Journal of Actuarial Practices, 4, 1996,
143: 158.
— Lognormal distribution
In X ~N(ms?2)
Downward Bias = E(X)'/E(X) -1
={F[F-*(1-p)-s] - F[F-*(p)-s] } /(1- 2p) (1)
F . Standard normal inverse function
p: % of upper and lower data excluded
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|. Downward Bias of High-Low Averages
 Theindicated bias given in Equation (1) depends on the
amount of data being excluded (p) and the shape factor
(s), but not on the location factor, (m): the higher the
skewness, the higher the downward bias.
 Theindicated bias given in Equation (1) is based on very
large amount of data.

« Equation (1) can be used to correct the downward bias.

1997 Atlanta CLRS 5




Downward Bias of Using High-Low Averages for Loss

Development Factors
by Cheng-sheng Peter Wu

e A Case Study: Chain-Ladder Loss Reserving Approach

— Assume that age-to-age |oss devel opment factors are lognormally
distributed:

InD; ~N(m,s?)

— Age-to-ultimate factors are also lognormally distributed:
UD;=D;*Dy;;*Disy. .
INUD; ~ N(M+m, M, ot....,81412+S,,,2+S 1,57+ ....)

— If the lognormal parameters are known for D, , Equation (1) can be
used to correct the bias associated with the high-low averages.
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Downward Bias of Using High-Low Averages for Loss

Exhibit 2. Paid Loss and Loss Development Factor Triangles for Industry Medical Malpractice Claims-Made Insurance*

Paid Losses:

Accident Earned
Year Premium
1986 $ 14,322
1987 $ 17,371
1988 $ 17,340
1989 $ 16,493
1990 $ 16,582
1991 $ 16,272
1992 $ 15,785
1993 $ 15,902
1994 $ 16,853
1995 $ 17,102
Age-to-Age Factors:

Accident Earned
Year Premium
1986 $ 14,322
1987 $ 17,371
1988 $ 17,340
1989 $ 16,493
1990 $ 16,582
1991 $ 16,272
1992 $ 15,785
1993 $ 15,902
1994 $ 16,853
1995 $ 17,102

Age-to-Age Development Factors:
5 Years Average***
3-0f-5 Average***

Age-to-Ultimate Development Factors:
5 Years Average***
3-0f-5 Average***
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Natural Logarithm Transformetion
of the Age-to-Age Factors in Exhibit 2:

Accident
Year

Ageto-Age Development Factors:
Lognomal Mean - All-Year Average
Logonomal Variance - All-Year Average

BExhibit 3. Lognormal Parameters for Loss Development Factors
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Exhibit 4. Modified High-Low Averages for Loss Development Factors

Age-to-Age Factors in Exhibit 2:

Accident Development Age, Months
Year 12-24 24-36 36-48 48-60 60-72 72-84 84-96 96-108 108-120
1986 2.7436 1.8318 1.4541 1.2982 1.1568 1.0888 1.0644 1.0363 1.0195
1987 3.1250 1.7700 1.4294 1.2925 1.1437 1.0936 1.0562 1.0255
1988 2.1724 1.6825 1.4811 1.2166 1.1257 1.0814 1.0430
1989 2.2090 1.8311 1.3542 1.1989 1.1318 1.0703
1990 2.7188 1.6092 1.3607 1.2073 1.1152
1991 2.1446 1.6404 1.3493 1.1904
1992 2.1905 1.6630 1.3595
1993 2.3659 1.5876
1994 2.4625
1995
Lognormal Parameters from Exhibit 3:
Lognormal Mean - All-Year Average 0.8918 0.5304 0.3346 0.2096 0.1262 0.0802 0.0531 0.0304 0.0193
Logonormal Variance - All-Year Average 0.0174 0.0032 0.0015 0.0015 0.0002 0.0001 0.0001 0.0001 0.0000
3-of-5 Average 2.3396 1.6376 1.3581 1.2076 1.1337 1.0835 1.0545 1.0309 1.0195 1.0515
% of High and Low Data Excluded 20.0% 20.0% 20.0% 20.0% 20.0%
Indicated Downward Bias -0.68% -0.12% -0.06% -0.06% -0.01%
Modified 3-of-5 Average 2.3557 1.6396 1.3590 1.2083 1.1338 1.0835 1.0545 1.0309 1.0195 1.0515
Age-to-Ultimate Development Factors:
5-Year Average 9.5669 4.0257 2.4160 1.7495 1.4327 1.2627 1.1654 1.1051 1.0720 1.0515
3-of-5 Average 8.9953 3.8448 2.3479 1.7287 1.4315 1.2627 1.1654 1.1051 1.0720 1.0515
Modified 3-of-5 Average 9.0799 3.8545 2.3509 1.7299 1.4317 1.2627 1.1654 1.1051 1.0720 1.0515
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Bibit 5. Gonpaison of Utinete Losses and Resarves Aaoss Different Averaging Tedmiques

(inMilliors)
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I1. Study Purposes, Data, Approach
o Study Purposes
— Arerea-world LDFsreally long-tailed?
— What isthe level of downward bias for the real-world data?

— How does the bias vary by line of business, data size,
development age, and paid and incurred methods?

— What isthe effect of limited volume data on the bias?
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I1. Study Purposes, Data, and Approach

e Data

— A total of 140 loss triangles from the AM Best 1996
database covering 1986 to 1995 loss development history.

— Half areincurred triangles and half are paid triangles.
— 7 major liability lines are reviewed: WC, PAL, CAL, MM-
Occurrence, MM-Claims Made, PL, OL.

— Half arelarge multiline and multistate companies and half
are medium or small companies.
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I1. Study Purposes, Data, and Approach

e Approach
— 3-of-5 factor averages vs. 5-year factor averages.
— Straight loss devel opment approaches are used.
— Toward thetail, only straight averages are used.

— Noincurred tail isused and paid tail is equal to the ratio of
incurred loss and paid loss at 120 months.

— All data points are used to calcul ate the lognormal
parameters.

— Equation (1) is used to correct the bias.
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II1. Review Results of AM Best Data

* Arerea-world LDFslong-tailed?

— Assume that
> At development agei, atotal loss of L; are reported.
> Fromi toi+1, atotal loss of [; isfurther reported.
> Both L; and |; can be approximated by lognormal distributions.
Then:
D= (L + 1) /L
In(D;)=In[1+1,/L;] =c+In(L;)- In(l))
So, In(D;) isnormally distributed and D; islognormally distributed.
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I11. Review Results of AM Best Data
* Aretherea-world LDFslong-tailed?

— # of datawith lower reserve indications for 3-of-5 averages

Line of Business Paid Incurred Tota
wC 5 6 10
PAL 5 6 10
CAL 5 4 10
MM, Occurrence 10 10 10
MM, Clams-Made 9 6 10
PL 10 10 10
AL 8 6 10
Totd 52 48 70
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II1. Review Results of AM Best Data

« What isthe level of downward bhias for the real-world
data?
— The high-low averages can easily lead to a double digit

downward bias for highly volatile lines such as MM, PL, and
OL
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II1. Review Results of AM Best Data

How does the bias vary by line of business, data size,
development age, and paid and incurred methods?

— Thebiasis higher for more volatile lines.

— Thebiasishigher for smaller companies.

— For WC, PAL, CAL, the biasisinsignificant after 72 months.

— For MM, PL, and OL, the biasis still noticeable after 72 months.

— Thereis no systematic difference in the bias level between paid
and incurred devel opment factors.
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V. S mulation Results for Limited Volume Data

* For thereal-world applications, only limited volume of
datais available, therefore Equation (1) needs to be
adjusted because:

— Sample parameters will be used as the true parameters.

— 3-of-5 averages exclude the upper and lower 20% of 5 data
points only.
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V. S mulation Results for Limited Volume Data

e Largescaleof smulations are used to study limited
volume effect:
— Select aset of mand s.

— Generate 4000 replicates and each replicate has 5 lognormal
random data.

— For each replicate, calculate the bias based on Equation (1) and the

sample parameters. Compare the results when the true parameters
are used.

— Calculate the 3-of -5 averages for each of the 4000 replicates and
compare the results to Equation (1).
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V. S mulation Results for Limited Volume Data

Ratio of Average Bias- Sample Parameters vs True Parameters
m
2.0 1.0 0.5 0.1

1.2 90.6% 91.5% 91.2% 91.8%
0.9 93.2% 932% 949% 94.1%
S 0.5 975% 97.7% 97.3% 97.9%
0.1 99.5% 99.9% 99.5% 99.6%
0.05 100.2% 98.8% 100.4% 100.9%
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V. S mulation Results for Limited Volume Data

Ratio of Simulated Bias to Equation (1)
m
2.0 1.0 0.5 0.1

1.2 68.3% 67.5% 67.4% 67.1%
0.9 80.7% 80.2% 80.6% 80.6%
S 0.5 93.1% 928% 93.6% 93.8%
0.1 99.8% 99.8% 99.9% 99.7%
0.05 9.9% 999% 99.9% 99.9%
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V. Conclusions

« Significant downward bias will exist if high-low averages
are used for loss development factors.

 Thebiasissignificant for highly volatile lines or small size
of data.

« Thebiasfor real-world data may become even higher
when, for example, less mature data or quarterly datais
used.
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V. Conclusions

 What isthe biaslevel of using high-low averages for loss

development factors?
— Downward bias level for 3-of-5 averages:

Average
15 -05~1.0%
20 -20~-50% -1.0%2.0%
M aximum 30 -60~-120% -4.0%100% - 2.5%~ 4.0%
5.0 - 10.0%~- 20.0% - 7.0%~-15.0% - 3.0%~ 6.0%
7.0 - 10.0%~- 20.0% - 5.0%~- 9.0%
10.0 - 12.0%~- 25.0%
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