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Why Use a State Space Model ?

In many situations, 
particularly time 
series, an estimate is 
needed for each 
observed data point 
and a traditional 
statistical model 
would either suggest 
too many parameters 
or be too rigid to fit 
the data.
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What Is a State Space Model ?

Traditional Statistical Model
The parameter vector θ determines the distribution of 
the observed vector X.  

A sample x1,…,xn is used to estimate θ.

State Space Model
The hyperparameter vector θ determines the distribution 
of the unobserved state vector W.  

The state vector W and the hyperparameter vector θ
determine the distribution of the observed vector X.

A sample x1,…,xn is used to estimate θ.

The estimated value of θ and the sample x1,…,xn are used 
to estimate W.
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Traditional Statistical Model State Space Model
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Random Walk with Stochastic Drift—
A Basic Time Series State Space Model
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σε2, ση2, and σζ2 are the hyperparameters.
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1960 - The Kalman Filter Makes State Space 
Estimation of Time Series Practical

Kalman, R. E. "A New Approach to Linear Filtering and Prediction
Problems“, Transactions of the ASME - Journal of Basic Engineering,
Vol. 82: pp. 35-45 (1960).

– Extensively used up to the present day for signal processing, 
particularly in aerospace applications. 

– A few hyperparameters specify the variance of measurement noise 
and the variance of movement of unobserved states, respectively.

– A sequential piecewise least squares estimate, the “filter” estimate 
requiring a trivial amount of calculation, is made of the unobserved 
states.

– The filter estimated states imply values for the observation noise, 
which can be used to calculate the likelihood function.

– The hyperparameters can be set based on prior knowledge of the 
system, MLE, or with modern computers even Bayesian estimation.
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Likelihood Function for a Kalman 
Filtered Random Walk with Drift
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Using the likelihood function σε2, ση2, and σζ2 (and if 
necessary µ0) can be estimated by either:

1. MLE, or

2. A Bayesian posterior assuming a diffuse prior 
distribution.
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The Challenge of Squaring The Liability 
Triangle
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• only n(n+1)/2 observations for n exposure periods

• at least 3 directions of “trend” effects

• “trend” effects do not behave like rigid parameters
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1983 - Zehnwirth and De Jong Use the Kalman 
Filter to Square Liability Triangles

de Jong, P.; Zehnwirth, Benjamin, “Claims Reserving 
State Space Models and Kalman Filter”, Journal of the 
Institute of Actuaries, 1983. introduces a Kalman filtered 
states space model for squaring liability triangles:

– States are weights applied to a basis set of fixed payout 
patterns. 

– Allows for inclusion of collateral information about 
calendar year inflation and volume by exposure year.  

– Payment patten weights evolve over the time dimension 
of the exposure year.  

– Kalman Filter is used allowing intial weights and the 
covariance parameters solved by MLE.
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1980s to Present - Bayesian Estimation of Statistical 
Models Exploded in Popularity as Computer Power 

Made it Practical

• Gibbs sampling allows simulation of a random sample from a 
density that is known up to proportionality. (The normalization 
constant may be unknown.)

• This is exactly the case for the Bayesian posterior since the 
density is the product of the likelihood function and prior 
distributions.

• Additionally, computers can sometimes be used for numerical 
quadrature of the Bayesian formula or more rarely even closed 
form solution with computer algebra.

• Bayesian posteriors are advantageous in providing “complete”
parameter uncertainty information in addition to process 
uncertainty information.
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Complete Bayesian Approach to Hyperparameter
Estimation Without the Kalman Filter

Rather than use the Kalman Filter to estimate the state values, 
diffuse prior distributions can be assumed for state values and the 
state values can be integrated out of both the numerator and 
denominator of Bayesian posterior formula.
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Late 1990s To Present - Scollnik and Others Use Bayesian 
Methods without the Kalman Filter to Square Triangles

As a recent example,  Scollnik, David P.M. 
“Implementation of Four Models for Outstanding Liabilities 
in WinBUGS: A Discussion of a Paper by Ntzoufras and 
Dellaportas (2002)”, North American Actuarial Journal, Vol
6 No 1, 2002. uses WinBUGS software to simulate the 
Bayesian posterior of several state space models for 
squaring liability triangles:

– Complete Bayesian approach without the Kalman Filter.
– Includes stochastic exposure year, calendar year, and 

development lag effects in states
– Allow for inclusion of collateral information about counts 

of claims settled.
– Pure Bayesian approach with posterior distribution of 

state values simulated also.
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WinBUGS – Free Bayesian Software that 
Estimates almost any Statistical Model

• Most traditional statistical models, such as GLM, correspond to 
cases where a tractable calculation exists for MLEs of the 
parameters.

• Modern computer power allows for tractable Bayesian estimation of 
a very general range of much more compex statistical models.

• WinBUGS software allows users to define random variables and 
relations between them (i.e., the parameters of the distribution of 
one variable are a function of another) in relatively arbitrary graphs 
that can have many layers.  Observation data is input and those 
random variables that are not observed are treated as parameters
whose Bayesian Posterior is estimated.

• WinBUGS is widely used by academic researchers and is free on 
the internet.

• It even has a GUI so you can create the model by drawing graphs 
(called “doodles”).
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A Recent Version of Schmid’s Triangular Liability Model
under Development at NCCI
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Summary
• Actuaries face increasing demands to estimate reserve uncertainty, 

requiring true statistical models of triangular liability.

• State space models for triangular liability have been around for over 20 
years and are the most promising approach to the challenge.

• The Kalman Filter estimate states based on the hyperparameters and 
observed data.

• The Kalman Filter allows for MLE of the hyperparameters given the the
observed data.

• Bayesian estimation of hyperparameters with or without the Kalman Filter 
has also become practical with increasing computer power.

• State space models of triangular liability can be formulated and estimated 
with Kalman Filter/MLE, Kalman Filter/Bayesian, or complete Bayesian 
approaches.

• WinBUGS is a free statistical software package that allows for simulation 
estimation of the Bayesian posterior for extremely general models.
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Example Output Of Schmid’s Model 
For A Reinsurance Data Set*

*Automatic Facultative Reinsurance on General Liability (excl. asbestos 
and environmental), Historical Loss Development Study, 1991 edition, 

Reinsurance Association of America.  Cited after Mack (1995).
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AFG Data Set, Nodes, Statistics
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Exposure Year Effect Bayesian 
Posterior Samples
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Development Maturity Effect Bayesian 
Posterior Samples
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Calendar Year Effect Bayesian 
Posterior Samples
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Actual Versus Fitted Incremental 
Payments By Development Maturity
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Live WinBUGS Demo on AFG Data Set

(time permitting)


	BAYESIAN ESTIMATION OF STATE SPACE RESERVING MODELSCasualty Loss Reserve SeminarSeptember 11-12, 2006
	Why Use a State Space Model ?
	What Is a State Space Model ?
	Random Walk with Stochastic Drift— A Basic Time Series State Space Model
	1960 - The Kalman Filter Makes State Space Estimation of Time Series Practical
	Likelihood Function for a Kalman Filtered Random Walk with Drift
	The Challenge of Squaring The Liability Triangle
	1983 - Zehnwirth and De Jong Use the Kalman Filter to Square Liability Triangles
	1980s to Present - Bayesian Estimation of Statistical Models Exploded in Popularity as Computer Power Made it Practical
	Complete Bayesian Approach to Hyperparameter Estimation Without the Kalman Filter
	Late 1990s To Present - Scollnik and Others Use Bayesian Methods without the Kalman Filter to Square Triangles
	WinBUGS – Free Bayesian Software that Estimates almost any Statistical Model
	A Recent Version of Schmid’s Triangular Liability Modelunder Development at NCCI
	Summary
	Example Output Of Schmid’s Model For A Reinsurance Data Set**Automatic Facultative Reinsurance on General Liability (excl
	Exposure Year Effect Bayesian Posterior Samples
	Development Maturity Effect Bayesian Posterior Samples
	Calendar Year Effect Bayesian Posterior Samples
	Actual Versus Fitted Incremental Payments By Development Maturity
	Live WinBUGS Demo on AFG Data Set(time permitting)

