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Purpose	

1.  Explore	the	structure	of	loss	triangles	

2.  Present	a	technique	for	making	tradi%onal	
methods	infla%on	sensi%ve	



Session	Outline	

•  Infla%on	as	a	CY	phenomenon	
– AY	vs.	CY	data	
– Factoring	losses	
	

•  Changing	Basis	by	Linear	Transforma%on	
– Linear	transforma%on	from	CY	to	AY	
– Familiar	example	
– Build	a	method	to	apply	it	



Incremental	Loss	Model	

	
Incremental	Paid(AY,age)	=	X(AY)	Y(CY)	Z(age)	
	
•  3	variables	in	a	2	dimensional	array	
•  age	=	CY	–	AY	
•  Choose	2	variables	as	the	basis	and	the	third	
will	fall	on	a	diagonal	

	
	



Example	1	
X(AY)	=	1,	Y(CY)=1,	Z(age)=1	

Incremental	AY	Triangle	 		
		



Example	1	
X(AY)	=	1,	Y(CY)=1,	Z(age)=1	

Incremental	AY	Triangle	 Incremental	CY	Array	



Example	2	–	Infla%on	in	CY	7	
Y(7)=2	

Incremental	AY	Triangle	 Incremental	CY	Array	



Example	3	–	Exposure	Growth	
X(5),	X(6),	X(7)	=	2		

Incremental	AY	Triangle	 Incremental	CY	Array	



Factoriza%on	of	Losses	

•  Claim	Count	/	Severity	Method	
– Ul%mate	Claim	Count(AY)	
– Par%al	Severity(age)	
–  Infla%on	Index(CY)	

	



AY	Incremental	Par%al	Severi%es	



CY	Incremental	Par%al	Severi%es		



Averages	in	Two	Direc%ons	
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Incremental	Loss	Model	

	
Incremental	Paid(AY,age)	=	X(AY)	Y(CY)	Z(age)	
	
	
	



Cumula%ve	AY	Losses	

	
	
Cum.	Paid(AY,t)	=	
	 		

	
		

	

X(AY )Y (CY )Z(age)dage
age=o

t

∫



Cumula%ve	AY	Losses	

	
	
Cum.	Paid(AY,t)	=	
	 		

	
		

Cum.	Paid(AY,t)	=	
	

X(AY )Y (CY )Z(age)dage
age=o

t

∫

X(AY )Y (CY )Z(CY − AY )dCY
CY=AY

AY+t

∫



Pull	X(AY)	Outside	the	Integral	

	
	
Cum.	Paid(AY,age)	= 	 	 	 	 	 	 		
	
		

	

X(AY ) Y (CY )Z(CY − AY )dCY
CY=AY

AY+t

∫



Ques%on	

What	is	the	significance	of	convolu%on	
equa%ons?	

•  Sta%s%cal	Meaning	
– The	sum	of	two	independent	random	variables	

•  Algebraic	Meaning	
– A	linear	transforma%on	to	or	from	diagonals	



Joint	Probability	of	Two	Dice	

1	 2	 3	 4	 5	 6	
1	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
2	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
3	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
4	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
5	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
6	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	



Sum	of	Two	Dice	

1	 2	 3	 4	 5	 6	
1	 2	 3	 4	 5	 6	 7	
2	 3	 4	 5	 6	 7	 8	
3	 4	 5	 6	 7	 8	 9	
4	 5	 6	 7	 8	 9	 10	
5	 6	 7	 8	 9	 10	 11	
6	 7	 8	 9	 10	 11	 12	



Convolu%on	of	Two	Dice	
Prob(7)	=	∑	Prob(A)	Prob(7-A)		

1	 2	 3	 4	 5	 6	
1	 1/36	
2	 1/36	
3	 1/36	
4	 1/36	
5	 1/36	
6	 1/36	



Takeaway:	

	
Convolu%on	maps	basis	vectors	to	diagonals	
	
Convolu%on	allows	us	to	change	basis	from	CY	
to	AY	



Convolu%on	from	CY	to	AY	



Averages	in	Two	Direc%ons	



Convolu%on	from	CY	to	AY	



Other	Factoriza%ons	

•  Pure	Premium	Approach	
– Exposure(AY)	
– Par%al	Pure	Premium(age)	
– Pure	Premium	Index(CY)	

•  GLM	Approach	
– Loss	at	first	report(AY)	
–  Incremental	ra%o	to	first	report(age)	
– Loss	cost	trend(CY)	



Conclusions	

•  Convolu%ons	map	to	or	from	diagonals	

•  The	constant	dollar	emergence	pahern	can	be	
obtained	as	averages	from	a	CY	data	array.	

•  Convolu%on	of	the	incremental	constant	
dollar	emergence	pahern	with	the	
corresponding	severity	index	yields	the	
cumula%ve	AY	emergence	pahern.	



Extensions	
•  The	convolu%on	approach	works	with	incurred	
losses	as	well	as	paid.	No	log	transforms	were	
used.	

	
•  GLMs	can	be	viewed	as	convolu%on	models	in	
which	the	AY	factor	is	emerged	losses	at	12	
mo.	

•  “Reserving	cycles”	reflect	the	image	under	
convolu%on	of	varia%ons	in	the	infla%on	rate.		


