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Session	Outline	

1.  Convolu@on	Equa@ons	in	Loss	Reserving	

2.  Proper@es	of	Convolu@ons	

3.  Reserve	Risk	=	Infla@on	Risk	+	Insurance	Risk	

4.  Duality	and	Transforms	
	



Convolu@on	

Sta@s@cal	Meaning:	The	sum	of	two	
independent	random	variables	
	
Algebraic	Meaning:	A	linear	transforma@on	to	or	
from	diagonals	



Sum	of	Two	Dice	

1	 2	 3	 4	 5	 6	
1	 2	 3	 4	 5	 6	 7	
2	 3	 4	 5	 6	 7	 8	
3	 4	 5	 6	 7	 8	 9	
4	 5	 6	 7	 8	 9	 10	
5	 6	 7	 8	 9	 10	 11	
6	 7	 8	 9	 10	 11	 12	



Joint	Probability	of	Two	Dice	

1	 2	 3	 4	 5	 6	
1	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
2	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
3	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
4	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
5	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	
6	 1/36	 1/36	 1/36	 1/36	 1/36	 1/36	



Convolu@on	of	Two	Dice	
Prob(7)	=	∑	Prob(A)	Prob(7-A)		

1	 2	 3	 4	 5	 6	
1	 1/36	
2	 1/36	
3	 1/36	
4	 1/36	
5	 1/36	
6	 1/36	



Convolu@on	

The	sum	of	two	independent	random	variables:	
T	=	X	+	Y	
	
P(T	=	t)	=		 f (x)g(t − x)dx

−∞

∞

∫



Paid	Loss	Development	

1.  Ul@mate(AY)	=	CumPaid(AY)	x	LDF(age)	

2.  Unpaid	=	∑	Ul@mate(AY)	–	CumPaid(AY)	

Subs@tute	age	=	CY-AY	in	1,	then	combine	1	&	2:	

Unpaid(CY)		=	∑	CumPaid(AY)	(LDF(CY-AY)	-1)			



Tradi@onal	Methods	as	Convolu@ons	

•  Paid	Loss	Method:	 	 	 	 	 	 	
	Unpaid(CY)	=	∫	CumPaid(AY)	(LDF(CY-AY)	-1)	dAY	

		
•  Incurred	Loss	Method: 	 	 	 	 	 	
	IBNR(CY)			=			∫	CumInc(AY)(LDF(CY-AY)	-1)	dAY		

	
•  Bornheueer-Ferguson: 	 	 	 	 	 	
	IBNR(CY)		=		∫	ExpLoss(AY)	(1-1/LDF(CY-AY)	)	dAY		
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Nota@on	

We	will	use	the	symbol	*	to	denote	convolu@on,	
	
i.e.	 	h	=	f	*	g	 	means	
	
	h(y) = f (x)g(x − y)dx

−∞

∞

∫



Linearity	

•  Commuta@ve	
f	*	g	=	g	*	f	

•  Associa@ve	
f	*	(g	*	h)	=		(f	*	g)	*	h		

•  Distribu@ve	over	addi@on	
f	*	(αg	+	βh)	=		αf	*	g	+	βf	*	h		



Operator	Algebra	

Operator	
•  Iden@ty	
•  Shij	by	t	
•  Definite	Integral	
•  Indefinite	Integral	
•  Deriva@ve	

Distribu.on	
•  Point	mass	at	0,	or	δ	
•  Point	mass	at	t,	or	δ(t)	
•  1	
•  1-	or	1+	(right	or	lej	limit)	
•  dδ/dt,	denote	Δ	



Deriva@ve	Rule	

(f	*	g)’	=	f’	*	g	=	f	*	g’	
	
(f	*	g)	*	Δ	=	(f	*	Δ)	*	g	=	f	*	(g	*	Δ)	
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Three	Factor	Model	

Incremental:	
IncrLoss(AY,	age)	=	X(AY)	Y(CY)	Z(age)	
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Rearrange	Terms	

Ul@mate(AY)	=		∫	X(AY)	Y(CY)	Z(CY-AY)	dCY	
	

Ul@mate(AY)	=	∫	Y(CY)	[X(AY)Z(CY-AY)]dCY	
	
Ul@mate(AY)	=	Infla@on	*	Insurance	Risk	
	
Unpaid(AY,t)	=	Infla@on	*	Insurance	Risk	*	1+(t)	
	



Expanded	Version	

Reserve	Risk(AY)	=	Infla@on	Risk	*	Insurance	Risk	
	
Reserve	Risk	=	Infla@on	Risk	*	
	 	 	 	 			Frequency	Risk	*		
	 	 	 	 			Claim	Intensity	Risk		
	 	 	 	 	 		



Risk	Theory	

Tradi.onal	
Frequency	–	Systemic	
	
	
Severity	-	Diversifiable	

Convolu.on	
Frequency	–	Systemic	
	
	
Intensity	–	Diversifiable	
	
	
Infla@on	-	Systemic	
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Transform	

An	opera@on	on	distribu@ons	that	changes	
convolu@on	to	mul@plica@on	
	
T(f	*	g)	=	T(f)	T(g)	
	
Drawback:		
Actuaries	don’t	like	“magic	formulas”	



General	Form	

	
	
T(f(x))	=		 f (x)g(s)ds

a

b

∫



Familiar	Transforms	

Transform	
	
	
MGF	
	
Fourier	Transform	
	
LaPlace	Transform	

Object	Space	
Limit	points	of	sequences	of	
smooth	func@ons	with...	
…	Bounded	Support	
	
…	Bounded	
	
...	Exponen@ally	Bounded	



LaPlace	vs.	Fourier	Transforms	

Theorem:	
	
L(f(x))	=	F(e-αx	f(x))		
	
The	LaPlace	Transform	of	a	distribu@on	equals	
the	Fourier	Transform	of	the	“de-trended”	
distribu@on	
	
	



Count	–	Time	Duality	

Duality:	
An	alternate	formula@on	of	a	problem	that	
preserves	basic	proper@es	

Equivalence	between	a	discrete	distribu@on	and	
a	con@nuous	distribu@on	



Poisson	–	Exponen@al	Duality	

Poisson	(Discrete)	
Let	Nt	denote	the	number	of	occurrences	in	[0,t]	

	
Exponen@al	(Con@nuous)	

The	@me	between	occurrences	(T1)	is	Exponen@al	
	

Let	Tn	denote	the	@me	of	the	nth	occurrence	
P[Nt	≥	n]	=	P[Tn	≤	t]		



Geometric	Distribu@on	

The	number	of	failures	un@l	the	first	success	
	
The	Geometric	distribu@on	can	be	used	as	a	
discrete	approxima@on	to	the	Exponen@al	
	
For	a	short	@me	interval	t,	define	failure	as	no	
claims,	The	Geometric	distribu@on	will	give	the	
discrete	@me	un@l	a	claim	occurs.		
P(no	claims)	=	q	=	1-e-λt	

	
	



Nega@ve	Binomial	

Tradi@onal	Formula@on	
Poisson	mixed	by	Gamma	

Alternate	Formula@on	
N-fold	convolu@on	of	Geometric	Distribu@ons	



LaPlace	Transform	

L (xn/n!)	=	(1/s)n		
	

The	Laplace	Transform	maps	from	Poisson	to	
Geometric	



Collec@ve	Risk	Model	

Tradi@onal	Formula@on	
A	combinatoric	mix	of	convolu@ons	

Alterna@ve	Formula@on	
A	convolu@on	of	convolu@ons	



Collec@ve	Risk	Model	

	
	
		



Collec@ve	Risk	Model	


