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Chain-Ladder
First Link:
The Method

* We observe some objects
that have changed over
time (the circles)

traditional
average
link ratio

* We observe two new
objects (the squares)

* What is an estimate of
their changed values?
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Let’s play a gam

* biased coin idea thanks to https://izbicki. g e f: d-p h-math.html

8/29/2018

Original model: i

. rena rr;,o:ebx + Vxe Three stats from equivalent

With (GRS cuaren model model’s data are applied to
y' =bx'+e original model’s data
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* m, v notation c/o Wikipedia (lognormal) T

Chain-Ladder
First Link:
The Model

error term makes it a model

Value of b that minimizes

Ve
Z(y’ — bx')? @@\@@\




Chain-Ladder

First Link:
An Example

* Apply the model

y = bx + xe
to this skinny triangle

x

1 12928 21824
2 13547 25551
3 9453 23266
4 7733 165.16
5 13029 296.19
6 910 3577
7 13150 233.45
8 8619 11470
9 8579 11239
10 5403 16114
11 9419 169.68
12 19087  416.01
13 11853 263.72
14 12601 24473
15 6247  150.62
16 14085 385.98
17 7733

18 13150
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12-24 Month

24- vs. 12-Month Data
With Expected Value Line

Development 2
Experience

_Zy
b=3

=2.074 i
x

* 2.074 = slope of the S
line through origin
* prediction of new
initial observations:
77.33 ->160.4

8

131.5->272.7

T T
13150 150 200

Predictions are not

certain: prediction
bands

e - Parameter risk A
Variability of
estimated mean

e Process risk I
Variability around
theoretical mean

+ - Total risk=VAZ + T2

Variability of a
predicted outcome

* notation by Ali Majidi
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24- vs. 12-Month Data
With 1 se Prediction Bands
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Predictions are not
certain: prediction 24-vs. 12-Month Data
With R With 1 se Prediction Bands
ickChainLadder(tri, est.sigma = '‘Mack )
S acchamLadser Cretundle = <, et st = |
PR 1T Rt e e B A
FRE N R
R B R S
FRET A > U
T oded 10 ez o 05
R > 5 B
S e and b b e
8 114.7 1.000 114.7 0 0.0 Nan =
T S > WA SR S
Boia 1% a6 a5 e
Baer ek 7 o b
Loies 1% Meo o a5
B e sy o ob e
Bk bke W7 o6 3
1 oBow  doe b o pube. e
1 Bes 1% o ol fRn
P o ded 8 ma ol
18 131.5 0.482 272.7 141 54.4 0.385
rondls : : — - :
Lacest:  3,50078
Dev: 0.94 0 50 77.33 100 131.50 150 200
Ultimate: 3,889.04
T 5%
Mack . 70.00 x
isoni: o
* ChainLadder package by Markus Gesmann et.al.
nostics 1€ 2018 o

24-vs. 12-Month Data
With 1 se Prediction Bands

Why does the g 4
prediction envelope
g
fan out only at the g
high end? a
g |
8
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x
nostcs LC 2018 u

hain-L .
ﬁnl?m adder y=bx+ @ hint

* Assumption is, The higher the initial value, the greater the
variability of the subsequent value

* When might you have less variability the larger the beginning
value?




°

How do prediction bands look
under different models?
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L. 12-24 Development
Prediction bands Linear Regression
without Zero Intercept

square-root-o-
skedasticity

y=bx+ e -
S
&
* --- parameter risk =
g
- total risk
Sl
T T — —T T
0 50 7733 100 131.50 150 200
x
nostics UC o1
12-24 Mo Development
Prediction bands With Intercept

when there’s an 8
intercept

y=a+bx+e |~

* - parameter risk
- total risk

0 50 7733 100  131.50 150
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Homework

1. What would the graph of the model look like if the simple average is
the optimal link ratio?
* Does the answer change if “optimal” is a matter of actuarial
judgment?

2. What could be drivers of a non-zero intercept?
3. How to model the BF method within the Chain-Ladder paradigm?
4. How to model the first column within the Chain-Ladder paradigm?
5. Prove that our game satisfies the assumptions of the model
y = bx + /xe
Bornhuetter- BF est:y = x + ELR"E*(1-p) + error
Ferguson
* What is the
slope of the "o
line?
* What is the
intercept? os

x (12 mo) y (24 mo) z (36 mo)
"1 12928 21824 330.88
Chain-Ladder :z 13547 25551  359.34
. 3 9453 23266  267.56
Second Link: 4 7733 16516 20061
5 13029 29619  309.08
Add Another if3 9.10 3577 9.53
Column 7 13150 23345 33782
s 819 11470 127.00
"9 8579 11239 159.52
0 5403 16114  86.60
71 9419 169.68 14521
"2 19087 41601 514.95
13 11853 26372
"4 12601 24473
Is 6247 150.62
16 140.84 385.98
7 7733
18 13150
nostes LLC 201




36-vs. 24-Month Data

Chain-Ladder With 1 se Prediction Bands
Second Link:

600

500

Add Another

Column g

* b, =1.181
* sigma_b, = 0.083
* sigma, =4.1

200
L

100
L

T T T T
0 100 15062 200 24473 300 385480 500

x
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x(12mo) y (24 mo) z (36 mo)
129.28 218.24  330.88
135.47 255.51 359.34
94.53 232.66  267.56
77.33 165.16  200.61
130.29 296.19  309.08
9.10 35.77 9.53
13150 23345 337.82

Chain-Ladder predicts the

future recursively

* Orange projections are products of a scalar and
an estimated parameter Which is which? 86.19 114.70  127.00

* Formulas for Parameter Risk and Process Risk can be 85.79 11239  159.52

found in slides above 10 5403 16114 86.60
. . . 11 94.19 169.68 145.21
* Red projections are products of an estimate and |12 15087 41601 51495
an estimated parameter 13 118.53 263.72 311.45
14 126.01 244,73 289.03

* Formulas for Parameter Risk and Process Risk are 15 6247 15062 17788

CENO e wN e

K

derived from the 16  140.84 38598 45584
1 P P 17 7733 16038 189.41
& f a H V‘Sj rlance 18 13150 27273 322.10

b 2,074  1.181

Law of Tota

Jeqapls

* Wikipedia:
Var(Y) = ElVar(YIX)] + Var(ElYIX])

* “In actuarial science, specifically credibility theory, the first component is called
the expected value of the process variance (EVPV) and the second is called the
variance of the hypothetical means (VHIM).”

* Retrieved June 25, 2015

* See Majidi and Bardis formula derivations, “A Family of Chain-Ladder Models,”
Variance, Vol 6, Issue 2, pp. 157-158




Recursive projections

with statistics — complete
many squares

 Expected Value

* Parameter Risk — A

2 _ 2 2
A, = x° -3y

A2 =92 -G,° + b2 03 +5,° - A%

* Process Risk—T"
I =x- 5y
I2=9-6,"+b2-17

1 XXX WY 22
2 xxx wy
3 xxx

Parameter estimates

Expected Values

1
2
3 » = 0ch, 28 =yAth,

Parameter Risk

1

3 A, A

Process Risk
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Tricks for

Risk Estimates for
the Total/sum Row

Expected Values

future sum YA Zh=(yyy + Y")*by
Parameter Risk

1

2 A,

3 A, A,
future sum A same formula
Process Risk

1

2 I

3 . I

future sum r, =1,

t directly estimate the 12-36 m

* What if you learned b,, = sum(z) / sum(x) = 2.337

* Why not say the expected 36-month value of x = 77.33 is
77.33 *2.337 = 180.7 (se 44.7)

rather than

77.33 ¥ 2.074 * 1.181 = 189.4 (se 72.1 see above)




x(12mo) y (24 mo) z (36 mo)

. 5 1 12928 21824 330.88
Can you ignore y or not? : e fEEE] e
3 9453 23266 26756
4 7733 16506 20061
S 13029 29619 309.08
e 6 910 3577 953
.
There is important 7 13150 23345 337.82
information in the 24- 8 819 11470 127.00
9 8579 11239 15952
month value 10 5403 16114 8660
. . 11 9419 16968 14521
* The path to ultimate is 12 19087 41601 51495 IBNR
: 13 11853 26372 277.08 1331
important 14 12601 24473 29052 4979
, . 15 6247 15062 14601 461
* It's the journey 16 woss dmsse i sea
17 773 18074 103.41
18 13150 30735 17585
b 2337
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Continue the Journey —

Chain to Ultimate

* Recursive estimates are carried forward to the last pair of

development columns
* Technical considerations

* What to do when there are not enough observations to get a good estimate
of sigma (zero degrees of freedom)
* What to do with a tail

* Mack has recommendations for handling these technicalities

* The ChainLadder package’s MackChainLadder function includes
Mack’s recommendations, as well as others

° Let’s see some examples

California WCIRB Agenda June 2018
Combined Indemnity and Medical Incurred

@ w7 s @ @ T o owm om m w w o W m w m % w8 w0

* triangle creation approach thanks to Dave Bellusci; data entry thanks to Connan Houser
inostics LLCc2018




Litest_ DevToDste Utimate

IBNR MacksE cvlsNg)
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e -
. . e P
MackChainLadder(WCIRB Indemnity + Ee woow
Medical Combined Incurred, tail = 1.025) = E
e Py
ned i
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csuccos %
MackGhanL adder(CaltCindedined) BIR Distiion
Reported industry
IBNR @ 3/31/2018
=$36,196 |
~58%-ile ;
Very close to 1
MackChainLadder N |
central estimate & |
=$36,713 |
|
i
[ L]
5 BR =
origin 1 2 3 4 5 6 7 8 9 10
. 1 358 1,125 1,735 2,218 2,746 3,320 3,466 3,606 3,834 3,901
Chalnl_adder Sample 2 352 1,236 2,170 3,353 3,799 4,120 4,648 4914 5339
: ‘ ’ 3 291 1,292 2,219 3,235 3,98 4,133 4,629 4,909
GL trlangle Genlns 4 311 1,419 2,195 3,757 4,030 4,382 4,588
(in thousands) s 443 1136 2,128 2,898 3403 33873
6 396 1,333 2,181 2,986 3,692
7 441 1,288 2,420 3,483
8 359 1,421 2,864
9 377 1,363
10 344
Genlns Is a triangle first
origin - 1-2 23 34 45 56 6-7 7-8 89 910
pu‘bIIShEd In 1 3.143 1543 1278 1238 1209 1.044 1.04 1063 1.018
Taylor & Ashe paper (1983) | 2 3511 1755 1545 1133 1084 1128 1057 1086
3 4.448 1717 1458 1232 1.037 112 1.061
alnd] repeatedly Stu‘dled In 4 4.568 1547 1712 1.073 1087 1.047
the literature 5 2564 1873 1362 1174 1138
6 3366 1636 1369 1.236
7 2923 1878 1439
8 3.953 2016
9 3.619
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ChainLadder::

plot(Genlns)

Genins Development By Origin

20000 36408 ser0s sev08

1e100
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e period

origin Latest Dev.To.Date Ultimate IBNR

MackS.E CV(IBNR)

1 3,901 100.0% 3,901 0 0
2 5,339 98.3% 5,434 95 72 75.9%
3 4,909 91.3% 5,379 470 119 25.4%
4 4,588 86.6% 5,298 710 132 18.5%
5 3,873 79.7% 4,858 985 261 26.5%
6 3,692 72.2% 5,111 1,419 410 28.9%
7 3,483 61.5% 5,661 2,178 558 25.6%
8 2,864 42.2% 6,785 3,920 875 22.3%
9 1,363 24.2% 5,642 4,279 971 22.7%
10 344 6.9% 4,970 4,626 1,363 29.5%
sum 34,358 53,039 18,681 2,441 13.1%

Safety Levels of

Genlns Carried
IBNR

Mack(Gonins) BNR Distiouton

11



o Wrap-up: What are possible
uses of an IBNR distribution?
o Rather than a distribution, can

Mack/Murphy be used in

predictive analytics?

8/29/2018

What happens when

Mack/Murphy is run
on detail data?

* Suppose xand yare actually
observations from 4
companies in 4 accident years

* Will link ratios from
aggregated data and detail
data always be the same?

* What about the risk statistics?

1 12928
2 1347
3 oas3
4 7133
5 13029
6

7 13150
8 8619
9 79
10 5403
1 9419
12 19087
13 11853
14 12601
15 6247
16 14085

v
21824
255.51
232.66
165.16
296.19

35.77
23345
114.70
11239
161.14
169.68
41601
26372
224.73
150.62
385.98

3455.95

2074

b,

x
436.61

357.09

424.88

447.86

166644

87157

680,11

859.22

1045.05

3455.95

2074

Genlns at the Claim Level

* Hai You generated simulations of over 6000 synthetic claims whose
accident year aggregation is “close in shape” to Genlns

* We pegged the 13% cv as the primary measurement of similarity

* Hai’s claim-characteristic choices included:

* Frequency distribution
« Severity distribution

« Distribution for the number of payments per claim

* Report lag and payment lag

* The purpose of this exercise was to compare the Mack results on the

claim detail with the statistics from the aggregate triangle

12
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IBNR distributions from aggregated
triangles are very similar

Original Genins Aggregated triangle from Hai data

Genlns at the Claim Level:

Claim detail sample in triangle format

Latest Ultimate IBNR Mack.S.E  CV(IBNR)
Genlns 34,358 53,039 18,681 2,441 13.1%
HY.Genlns 32,556 47,866 15,310 2,127 13.9%
HY detail 32,556 40,909 8,353 695 8.3%
3304
= .« Why the IBNR drop?
5538 3,144
5911 1,007

= = Why the CV drop?

* simulated claims by Hai You

Is the weighted average

development factor appropriate?

Dev Factor 12-24
Genlns 3.491
HY.GenlIns 3.413
HY.detail 1.288

What happened to the 12-24
factor from the claim detail?l?

13
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24- vs. 12-Month Data
With 1 56 Prediction Bands

The 12-24 month

a0000

relationship from
the claim detail )

s0000

* Are Chain-Ladder
assumptions
violated by the
detailed data?

EE]
so000

20000

linear regression in R:
1m (y~x)
Coefficients:
(Intercept) x g : . . . .
1330.6 0.96 o woan 00 2000 0000 o000 so000

@, 11

24-vs. 12-Month Data
With 1 se Prediction Bands

The 12-24 month

2000000

relationship from the
Genlns triangle

1500000

* Are Chain-Ladder
assumptions
violated by the
aggregate data?

s00000

Is that the line you
would draw through
that data? 1

0600 1405 2005 30405 40405 52405

Geninsits, 1]

24-vs. 12-Month Data
With 1 se Prediction Bands
Linear Regression

The 12-24 month

2000000

relationship from the
Genlns triangle

1500000

* Rhetorical
question:

Why should this
model not be
considered for
projecting the
12-month value?

v
1000000

s00000

0600 1405 2005 30405 40405 52405
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What'’s next?

* How to model serial correlation?
* ARMA
* Michael Wacek, “The Path of the Ultimate Loss Ratio Estimate”, eForum
* Growth curves
* Sherman; Clark; Guszcza
* Bayes
* Withrich I

« Individual Claim Development with Machine Learning (2017) B |

* Neural Networks Applied to Chain-Ladder Reserving (2018)

8/29/2018

| Reported Development

WCIRB Actuarial Committee

Can InsureTech

Sept3,2014 ©June17,2016 o June 16,2017 o June 15,2018

jump the curve? "

s cgggsssiasanseeaae

* graphics by Kirsten Singer

* Despite all its problems, the Chain-Ladder Mack/Murphy model is
useful

* The regression tale of development is easy to understand
« Distributions help our principals make decisions
* Exciting actuarial analysis in the future
* Combining methods mid-stream
* Al modeling of the path to ultimate
* Stories/models with clarity sell best
* Everybody likes pictures
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Q&A

Thank you for coming!
Dan Murphy
dmurphy@trinostics.com

8/29/2018
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