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Strats

In a model-driven business, 
the models are the business
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• We observe some objects 
that have changed over 
time (the circles)

• We observe two new 
objects (the squares)

• What is an estimate of 
their changed values?

𝑦 = 𝑏𝑥 method

𝑏 =
∑ 𝑦

∑ 𝑥

traditional 
average
link ratio

Chain-Ladder
First Link:
The Method
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Let’s play a game

* biased coin idea thanks to https://izbicki.me/blog/how-to-create-an-unfair-coin-and-prove-it-with-math.html
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Original model:
𝑦 = 𝑏𝑥 +  𝑥𝑒

Equivalent model:
𝑦ᇱ = 𝑏𝑥ᇱ + 𝑒

Original model:
𝑦 = 𝑏𝑥 +  𝑥𝑒

Equivalent model:
𝑦ᇱ = 𝑏𝑥ᇱ + 𝑒

Three stats from equivalent 
model’s data are applied to 

original model’s data

Three stats from equivalent 
model’s data are applied to 

original model’s data

Predictions are not 
certain: prediction 
bands

With

* m, v notation c/o Wikipedia (lognormal)
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𝑦ᇱ = 𝑏𝑥ᇱ + 𝑒
where

𝑦ᇱ =
௬

௫

and
𝑥ᇱ =

௫

௫

Chain-Ladder
First Link:
The Model

𝑦 = 𝑏𝑥 + 𝑥𝑒 error term makes it a model

equivalent model Value of b that minimizes

෍ 𝑦ᇱ − 𝑏𝑥′ ଶ

is

𝑏 =  
∑ 𝑥ᇱ 𝑦ᇱ

∑ 𝑥ᇱଶ =

∑
𝑥

𝑥

𝑦

𝑥

∑
𝑥

𝑥

ଶ =
∑ 𝑦

∑ 𝑥
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• Apply the model 

to this skinny triangle

𝑦 = 𝑏𝑥 + 𝑥𝑒

x y
1 129.28 218.24
2 135.47 255.51
3 94.53 232.66
4 77.33 165.16
5 130.29 296.19
6 9.10 35.77
7 131.50 233.45
8 86.19 114.70
9 85.79 112.39

10 54.03 161.14
11 94.19 169.68
12 190.87 416.01
13 118.53 263.72
14 126.01 244.73
15 62.47 150.62
16 140.85 385.98
17 77.33
18 131.50

Chain-Ladder
First Link:
An Example
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𝑏 =
∑ 𝑦

∑ 𝑥
= 2.074

• 2.074 = slope of the 
line through origin

• prediction of new 
initial observations:

77.33 -> 160.4
131.5 -> 272.7

12-24 Month 
Development 
Experience

• --- Parameter risk 
Variability of 
estimated mean

• Process risk 
Variability around 
theoretical mean

• Total risk= Δଶ + Γଶ

Variability of a 
predicted outcome
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Predictions are not 
certain: prediction 
bands

* notation by Ali Majidi
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x y
1 129.28 218.24
2 135.47 255.51
3 94.53 232.66
4 77.33 165.16
5 130.29 296.19
6 9.10 35.77
7 131.50 233.45
8 86.19 114.70
9 85.79 112.39

10 54.03 161.14
11 94.19 169.68
12 190.87 416.01
13 118.53 263.72
14 126.01 244.73
15 62.47 150.62
16 140.85 385.98
17 77.33
18 131.50

Predictions are not 
certain: prediction 
bands With

* ChainLadder package by Markus Gesmann et.al.
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Why does the 
prediction envelope 
fan out only at the 
high end?
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Chain-Ladder 
link 𝑦 = 𝑏𝑥 + 𝑥𝑒 hinthint

• Assumption is, The higher the initial value, the greater the 
variability of the subsequent value

• When might you have less variability the larger the beginning 
value?
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Prediction bands 
without 
square-root-o-
skedasticity

• --- parameter risk
• total risk

𝑦 = 𝑏𝑥 +  𝑒
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• --- parameter risk
• total risk

𝑦 = 𝑎 + 𝑏𝑥 +  𝑒

Prediction bands 
when there’s an 
intercept
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1. What would the graph of the model look like if the simple average is 
the optimal link ratio?
• Does the answer change if “optimal” is a matter of actuarial 

judgment?
2. What could be drivers of a non-zero intercept?
3. How to model the BF method within the Chain-Ladder paradigm?
4. How to model the first column within the Chain-Ladder paradigm?
5. Prove that our game satisfies the assumptions of the model

Homework

𝑦 = 𝑏𝑥 + 𝑥𝑒
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BF est: y = x + ELR*E*(1-p) + error

• What is the 
slope of the 
line?

• What is the 
intercept?

Bornhuetter-
Ferguson
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x (12 mo) y (24 mo) z (36 mo)
1 129.28 218.24 330.88
2 135.47 255.51 359.34
3 94.53 232.66 267.56
4 77.33 165.16 200.61
5 130.29 296.19 309.08
6 9.10 35.77 9.53
7 131.50 233.45 337.82
8 86.19 114.70 127.00
9 85.79 112.39 159.52
10 54.03 161.14 86.60
11 94.19 169.68 145.21
12 190.87 416.01 514.95
13 118.53 263.72
14 126.01 244.73
15 62.47 150.62
16 140.84 385.98
17 77.33
18 131.50

Chain-Ladder 
Second Link: 
Add Another 
Column
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• by = 1.181
• sigma_by = 0.083
• sigmay = 4.1

Chain-Ladder 
Second Link: 
Add Another 
Column

• Orange projections are products of a scalar and 
an estimated parameter
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x (12 mo) y (24 mo) z (36 mo)
1 129.28 218.24 330.88
2 135.47 255.51 359.34
3 94.53 232.66 267.56
4 77.33 165.16 200.61
5 130.29 296.19 309.08
6 9.10 35.77 9.53
7 131.50 233.45 337.82
8 86.19 114.70 127.00
9 85.79 112.39 159.52
10 54.03 161.14 86.60
11 94.19 169.68 145.21
12 190.87 416.01 514.95
13 118.53 263.72 311.45
14 126.01 244.73 289.03
15 62.47 150.62 177.88
16 140.84 385.98 455.84
17 77.33 160.38 189.41
18 131.50 272.73 322.10

b 2.074 1.181

Chain-Ladder predicts the 
future recursively

• Red projections are products of an estimate and 
an estimated parameter

• Formulas for Parameter Risk and Process Risk are 
derived from the 

• Formulas for Parameter Risk and Process Risk can be 
found in slides above

• Wikipedia:
𝑉𝑎𝑟 𝑌 = 𝐸 𝑉𝑎𝑟 𝑌 𝑋 + 𝑉𝑎𝑟(𝐸 𝑌 𝑋 )

• “In actuarial science, specifically credibility theory, the first component is called 
the expected value of the process variance ( ) and the second is called the 
variance of the hypothetical means ( ).”

• Retrieved June 25, 2015

• See Majidi and Bardis formula derivations, “A Family of Chain-Ladder Models,” 
Variance, Vol 6, Issue 2, pp. 157-158
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sidebar
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• Expected Value

• Parameter Risk – 

Δ௬
ଶ = 𝑥ଶ ⋅ 𝜎௕ෞଶ

Δ௭
ଶ = 𝑦ොଶ ⋅ 𝜎௕ෞଶ + 𝑏෠ଶ ⋅ Δ௬

ଶ + 𝜎௕ෞଶ ⋅ Δ௬
ଶ

• Process Risk – 

Γ௬
ଶ = 𝑥 ⋅ 𝜎௫ෞଶ

Γ௭
ଶ = 𝑦ො ⋅ 𝜎௬ෞଶ + 𝑏෠ଶ ⋅ Γ௬

ଶ
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Data
x y z

1 xxx yyy zzz
2 xxx yyy
3 xxx

Parameter estimates

bx by

σb σb

σx σy

Expected Values
x y z

1

2 z^ = yyy*by

3 y^ = xxx*bx z^ = y^*by

Parameter Risk
x y z

1

2 z

3 y z

Process Risk
x y z

1

2 z

3 y z

Recursive projections 
with statistics – complete 
many squares

Trinostics LLC c2018 23

Expected Values
x y z

1

2 yyy z^ = yyy*by

3 y^ = xxx*bx z^ = y^*by

future sum Y^ Z^ = (yyy + Y^)*by

Parameter Risk
x y z

1

2 z

3 y z

future sum y same formula

Process Risk
x y z

1

2 z

3 y z

future sum y Z
2 = z

2 + z
2

Tricks for 
Risk Estimates for 
the Total/sum Row
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Why not directly estimate the 12-36 month link ratio?

• What if you learned bxz = sum(z) / sum(x) = 2.337

• Why not say the expected 36-month value of x = 77.33 is

77.33 * 2.337 = 180.7 (se 44.7)

rather than

77.33 * 2.074 * 1.181 = 189.4 (se 72.1 see above)
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x (12 mo) y (24 mo) z (36 mo)
1 129.28 218.24 330.88
2 135.47 255.51 359.34
3 94.53 232.66 267.56
4 77.33 165.16 200.61
5 130.29 296.19 309.08
6 9.10 35.77 9.53
7 131.50 233.45 337.82
8 86.19 114.70 127.00
9 85.79 112.39 159.52

10 54.03 161.14 86.60
11 94.19 169.68 145.21
12 190.87 416.01 514.95 IBNR
13 118.53 263.72 277.03 13.31
14 126.01 244.73 294.52 49.79
15 62.47 150.62 146.01 -4.61
16 140.84 385.98 329.18 -56.80
17 77.33 180.74 103.41
18 131.50 307.35 175.85

b 2.337

Can you ignore y or not?

• There is important 
information in the 24-
month value

• The path to ultimate is 
important

• It’s the journey

• Recursive estimates are carried forward to the last pair of 
development columns

• Technical considerations
• What to do when there are not enough observations to get a good estimate 

of sigma (zero degrees of freedom)
• What to do with a tail

• Mack has recommendations for handling these technicalities
• The ChainLadder package’s MackChainLadder function includes 

Mack’s recommendations, as well as others
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Continue the Journey –
Chain to Ultimate

($M) 15 27 39 51 63 75 87 99 111 123 135 147 159 171 183 195 207 219 231 243 255 267 279 291 303 315 327 339 351 363 375 389
1986 2,510 2,513 2,521 2,528 2,537 2,545 2,551 2,554 2,555 2,552 2,557
1987 2,834 2,841 2,854 2,853 2,864 2,870 2,877 2,881 2,884 2,882 2,885
1988 3,055 3,066 3,073 3,084 3,089 3,098 3,101 3,106 3,109 3,111 3,108
1989 3,568 3,577 3,593 3,604 3,617 3,629 3,629 3,633 3,633 3,633 3,633
1990 1,943 1,945 1,945 1,945 1,947 1,947 4,041 4,034 4,035 4,037 4,037
1991 4,671 4,688 4,704 4,715 4,720 4,729 4,733 4,740 4,742 4,740 4,738
1992 3,739 3,749 3,765 3,769 3,776 3,787 3,794 3,800 3,798 3,796 3,800
1993 2,993 3,015 3,026 3,034 3,055 3,077 3,080 3,083 3,082 3,075 3,078
1994 3,093 3,103 3,133 3,151 3,169 3,180 3,191 3,199 3,202 3,197 3,193
1995 3,240 3,288 3,316 3,328 3,346 3,370 3,361 3,372 3,373 3,368 3,366
1996 3,645 3,683 3,709 3,729 3,754 3,771 3,787 3,795 3,795 3,798 3,797
1997 4,333 4,387 4,428 4,454 4,480 4,493 4,504 4,504 4,493 4,487 4,483
1998 5,359 5,419 5,478 5,516 5,554 5,590 5,618 5,655 5,658 5,663 5,655
1999 5,923 6,025 6,091 6,149 6,205 6,242 6,286 6,302 6,302 6,296 6,286
2000 6,768 6,867 6,950 7,041 7,113 7,185 7,237 7,267 7,266 7,247 7,246
2001 9,536 9,791 10,001 10,196 10,338 10,461 10,586 10,635 10,628 10,632 10,614
2002 9,442 9,715 9,935 10,134 10,323 10,463 10,561 10,611 10,604 10,613 10,617
2003 8,439 8,782 9,054 9,329 9,576 9,758 9,893 9,977 9,992 10,000 10,014
2004 5,996 6,364 6,665 6,971 7,196 7,372 7,529 7,586 7,623 7,628 7,623
2005 4,606 4,976 5,338 5,678 5,959 6,154 6,293 6,386 6,418 6,445 6,470
2006 4,158 4,759 5,221 5,609 5,928 6,174 6,360 6,459 6,538 6,570 6,591
2007 2,999 4,296 5,109 5,670 6,085 6,445 6,681 6,852 6,947 7,009 7,039
2008 2,996 4,391 5,319 5,936 6,394 6,726 6,934 7,067 7,136 7,189
2009 2,823 4,283 5,150 5,816 6,250 6,542 6,695 6,794 6,858
2010 2,919 4,421 5,425 6,048 6,445 6,680 6,833 6,925
2011 2,921 4,464 5,362 5,928 6,263 6,437 6,543
2012 3,124 4,654 5,490 5,952 6,276 6,454
2013 3,358 4,859 5,602 6,072 6,309
2014 3,448 4,963 5,823 6,282
2015 3,695 5,306 6,113
2016 3,824 5,392
2017 3,350
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California WCIRB Agenda June 2018
Combined Indemnity and Medical Incurred

* triangle creation approach thanks to Dave Bellusci; data entry thanks to Connan Houser
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Latest Dev.To.Date Ultimate IBNR Mack.S.E CV(IBNR)
1986 2,557 0.976 2,621 64 35 55%
1987 2,885 0.974 2,963 78 38 49%
1988 3,108 0.974 3,192 84 40 47%
1989 3,633 0.974 3,729 96 43 45%
1990 4,037 0.974 4,147 110 46 42%
1991 4,738 0.973 4,871 133 50 38%
1992 3,800 0.972 3,910 110 45 41%
1993 3,078 0.971 3,170 92 40 44%
1994 3,193 0.970 3,292 99 42 42%
1995 3,366 0.904 3,724 358 1,024 286%
1996 3,797 0.903 4,207 410 1,096 268%
1997 4,483 0.901 4,973 490 1,204 246%
1998 5,655 0.900 6,283 628 1,378 219%
1999 6,286 0.899 6,994 708 1,467 207%
2000 7,246 0.898 8,070 824 1,598 194%
2001 10,614 0.896 11,846 1,232 2,025 164%
2002 10,617 0.895 11,869 1,252 2,028 162%
2003 10,014 0.892 11,224 1,210 1,958 162%
2004 7,623 0.889 8,572 949 1,657 175%
2005 6,470 0.886 7,304 834 1,506 181%
2006 6,591 0.880 7,489 898 1,529 170%
2007 7,039 0.873 8,066 1,027 1,599 156%
2008 7,189 0.864 8,323 1,134 1,630 144%
2009 6,858 0.850 8,064 1,206 1,599 133%
2010 6,925 0.835 8,291 1,366 1,627 119%
2011 6,543 0.815 8,029 1,486 1,597 108%
2012 6,454 0.790 8,175 1,721 1,617 94%
2013 6,309 0.755 8,353 2,044 1,641 80%
2014 6,282 0.710 8,854 2,572 1,703 66%
2015 6,113 0.645 9,476 3,363 1,782 53%
2016 5,392 0.546 9,883 4,491 1,842 41%
2017 3,350 0.372 8,994 5,644 1,759 31%
sum 182,245 218,958 36,713 18,023 49%
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MackChainLadder(WCIRB Indemnity + 
Medical Combined Incurred, tail = 1.025)
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Reported industry 
IBNR @ 3/31/2018

= $36,196
~58%-ile

Very close to 
MackChainLadder
central estimate

= $36,713
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origin 1 2 3 4 5 6 7 8 9 10
1 358 1,125 1,735 2,218 2,746 3,320 3,466 3,606 3,834 3,901
2 352 1,236 2,170 3,353 3,799 4,120 4,648 4,914 5,339
3 291 1,292 2,219 3,235 3,986 4,133 4,629 4,909
4 311 1,419 2,195 3,757 4,030 4,382 4,588
5 443 1,136 2,128 2,898 3,403 3,873
6 396 1,333 2,181 2,986 3,692
7 441 1,288 2,420 3,483
8 359 1,421 2,864
9 377 1,363

10 344

origin 1-2 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10
1 3.143 1.543 1.278 1.238 1.209 1.044 1.04 1.063 1.018
2 3.511 1.755 1.545 1.133 1.084 1.128 1.057 1.086
3 4.448 1.717 1.458 1.232 1.037 1.12 1.061
4 4.568 1.547 1.712 1.073 1.087 1.047
5 2.564 1.873 1.362 1.174 1.138
6 3.366 1.636 1.369 1.236
7 2.923 1.878 1.439
8 3.953 2.016
9 3.619

ChainLadder sample
GL triangle ‘GenIns’
(in thousands)
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ChainLadder::
plot(GenIns)

Trinostics LLC c2018 32

origin Latest Dev.To.Date Ultimate IBNR Mack.S.E CV(IBNR)
1 3,901 100.0% 3,901 0 0
2 5,339 98.3% 5,434 95 72 75.9%
3 4,909 91.3% 5,379 470 119 25.4%
4 4,588 86.6% 5,298 710 132 18.5%
5 3,873 79.7% 4,858 985 261 26.5%
6 3,692 72.2% 5,111 1,419 410 28.9%
7 3,483 61.5% 5,661 2,178 558 25.6%
8 2,864 42.2% 6,785 3,920 875 22.3%
9 1,363 24.2% 5,642 4,279 971 22.7%

10 344 6.9% 4,970 4,626 1,363 29.5%
sum 34,358 53,039 18,681 2,441 13.1%
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Safety Levels of 
GenIns Carried 
IBNR
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• Suppose x and y are actually 
observations from 4 
companies in 4 accident years

• Will link ratios from 
aggregated data and detail 
data always be the same?

• What about the risk statistics?

What happens when 
Mack/Murphy is run 
on detail data?

x y x y
1 129.28 218.24 436.61 871.57
2 135.47 255.51
3 94.53 232.66
4 77.33 165.16
5 130.29 296.19 357.09 680.11
6 9.10 35.77
7 131.50 233.45
8 86.19 114.70
9 85.79 112.39 424.88 859.22

10 54.03 161.14
11 94.19 169.68
12 190.87 416.01
13 118.53 263.72 447.86 1045.05
14 126.01 244.73
15 62.47 150.62
16 140.85 385.98
17 77.33
18 131.50

1666.44 3455.95 1666.44 3455.95

bdetail = 2.074 baggregated = 2.074

• Hai You generated simulations of over 6000 synthetic claims whose 
accident year aggregation is “close in shape” to GenIns

• We pegged the 13% cv as the primary measurement of similarity

• Hai’s claim-characteristic choices included:
• Frequency distribution
• Severity distribution
• Distribution for the number of payments per claim
• Report lag and payment lag

• The purpose of this exercise was to compare the Mack results on the 
claim detail with the statistics from the aggregate triangle
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GenIns at the Claim Level
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Original GenIns Aggregated triangle from Hai data
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IBNR distributions from aggregated 
triangles are very similar
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ClaimNo 12 24 36 48 60 72 84 96 108 120
1 3,446 3,446 3,446 3,446 3,446 3,446 3,446 3,446 3,446 3,446
2 889 1,144 1,144 1,144 3,735 3,735 3,735 3,735
1445 1,786 1,918 1,918 1,918 1,918 1,918 1,918 1,918
1446 3,468 3,468 8,936 13,350 13,350
2560 10,521 14,840 24,152 24,955 24,955 24,955
2561 12,309 12,309 12,309 12,309 12,309 12,309
3303 6,639 21,736 24,078 24,078
3304 1,089 1,089 3,463
3305 852 852 852
4330 9,102 9,102 9,102
5538 3,144 3,144
5911 1,007
6289 273
6300 1,425

Latest Ultimate IBNR Mack.S.E CV(IBNR)
GenIns 34,358 53,039 18,681 2,441 13.1%
HY.GenIns 32,556 47,866 15,310 2,127 13.9%
HY detail 32,556 40,909 8,353 695 8.3%

GenIns at the Claim Level:
Claim detail sample in triangle format

* simulated claims by Hai You
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Dev Factor 12-24
GenIns 3.491
HY.GenIns 3.413
HY.detail 1.288

Is the weighted average 
development factor appropriate?
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The 12-24 month 
relationship from 
the claim detail

• Are Chain-Ladder 
assumptions 
violated by the
detailed data?

linear regression in R:
lm(y~x)
Coefficients:
(Intercept)   x
1330.6       0.96
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The 12-24 month 
relationship from the 
GenIns triangle

• Are Chain-Ladder 
assumptions 
violated by the
aggregate data?
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The 12-24 month 
relationship from the 
GenIns triangle

• Rhetorical 
question:

Why should this 
model not be 
considered for 
projecting the 
12-month value?
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• How to model serial correlation?
• ARMA
• Michael Wacek, “The Path of the Ultimate Loss Ratio Estimate”, eForum

• Growth curves
• Sherman; Clark; Guszcza

• Bayes
• Wüthrich

• Individual Claim Development with Machine Learning (2017)
• Neural Networks Applied to Chain-Ladder Reserving (2018)
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What’s next?
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* graphics by Kirsten Singer

Can InsureTech
jump the curve?
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Summary

• Despite all its problems, the Chain-Ladder Mack/Murphy model is 
useful

• The regression tale of development is easy to understand
• Distributions help our principals make decisions

• Exciting actuarial analysis in the future
• Combining methods mid-stream
• AI modeling of the path to ultimate

• Stories/models with clarity sell best
• Everybody likes pictures
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Q&A

Thank you for coming!
Dan Murphy
dmurphy@trinostics.com


