
8/2/18	

1	

Convolutions In Reserving 
with a Focus on the BF Method 

2018 CLRS 
Anaheim 
9/7/2018 

2 

Antitrust Notice
The Casualty Actuarial Society is committed to adhering strictly 
to the letter and spirit of the antitrust laws.  Seminars conducted 
under the auspices of the CAS are designed solely to provide a 
forum for the expression of various points of view on topics 
described in the programs or agendas for such meetings.

Under no circumstances shall CAS seminars be used as a 
means for competing companies or firms to reach any 
understanding – expressed or implied – that restricts 
competition or in any way impairs the ability of members to 
exercise independent business judgment regarding matters 
affecting competition.

It is the responsibility of all seminar participants to be aware of 
antitrust regulations, to prevent any written or verbal 
discussions that appear to violate these laws, and to adhere in 
every respect to the CAS antitrust compliance policy.
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What is a Convolution? 

Convolution is a fancy name for the 
structure that is common to almost all of our 
traditional reserving methods. 

Traditional Methods 

 
 
 
 
 
 

h(x+y) = Σ f(x) g(y) 

Premise of Convolution 

  In the real world  h = f × g occurs in 
continuous time. 

  We are unable to measure instantaneous 
quantities, we can only measure over 
intervals. 
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Consequence 
  What we see as a sum of interval 
observations is actually the result of an 
integral process. 

  All of the properties of integrals apply to 
convolution sums. 

  All integration theorems and known solutions 
of the integrals of products can be used 
without proving the special case. 

What We Have Learned So Far 

  Traditional reserving methods have a 
sound theoretical basis. 

Distributions 
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Process vs. Method 

  A Process describes our theory of the way 
that a system works. 

  A Method is a formula or algorithm for 
generating an estimate of the output of the 
system. 

Example: Bornhuetter-Ferguson 

  Method: 
 IBNR(AY) = EL(AY) × (1-1/LDF(age)) 

 
  Process: 

 Inc.(AY,age) = EL(AY) × ΔEmg(age)  
 
The Process describes what happens in 
each cell of the triangle. 

Prospective vs. Retrospective 

  Methods are strictly prospective, while 
processes are also retrospective. 

  If we model our triangle as being 
generated by a particular process then: 
– We can find residuals; 
– We can construct an error distribution. 
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Convolution Process 

  A convolution equation is an expression of 
the belief that the underlying process is 
multiplicative at each instant (in each cell). 

  Every traditional method reflects an 
assumption about the convolutional 
generating process. 

  Traditional (Convolutional) Methods are 
distributional. 

What We Have Learned So Far 

  Traditional reserving methods have a 
sound theoretical basis. 

  Traditional Methods are not deterministic, 
they are distributional. 

CY Trend/Reserve Cycle 
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CY Trend/Reserve Cycle 

CY Trend/Reserve Cycle 

Three Factor Model 

GLMs made a significant advance when 
actuaries began using models with three 
factors, for AY, age, and CY. 
 
Prior to that, it had been shown that two-
factor regression models could be matched 
by selecting an “average of all” development 
patterns. 
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Three Factor Model 

Incremental:     
 ΔPaid(AY,age) = X(AY) Y(CY) Z(age) 

 
GLM:        

 ln(ΔPaid) = ln(X) + ln(Y) + ln(Z) 
 
 

Three Factor Model 

ΔPaid(AY, age) = X(AY) Y(CY) Z(age) 

  X(AY) is an independent variable. 
  Z(age) is a pattern that depends on the 
line of business and data type. 

  Y(CY) the CY Trend/Reserve Cycle is a 
source of variability in the model. 

Three Factor Model 

Incremental:       
 ΔPaid(AY, age) = X(AY) Y(CY) Z(age) 

Reserve:        

 Unpaid  = Σ Σ ΔPaid  
Convolution:       

 Unpaid  = Σ Σ ΔPaid = X * Y * Z  
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GLMs are Convolutions 

The three factor model is still just 
multiplication in the individual cells, which 
we sum to get reserves. It is a convolution. 
 
Can we use the mathematics of 
convolutions to better understand GLM 
models?  
 
 
 
 
 
 

Convolutions Enable the 
Modeling of CY Trend/Reserve 
Cycles 

  A pure exponential trend (constant rate of 
change) does not induce additional 
variability in losses. 

  Only the Reserve Cycle component adds 
to the variability of losses. 

  We can use convolutions to easily find the 
Reserve Cycle component. 

Causes of CY Reserve 
Cycles 

  Changes in the rate of inflation 

  Major court decisions or reform laws 

  Financial shocks 
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What We Have Learned So Far 

  Traditional reserving methods have a 
sound theoretical basis. 

  Traditional Methods are not deterministic, 
they are distributional. 

  GLMs increase accuracy only if they 
model the CY Reserve Cycle (Trend alone 
is not enough). 

How to Find the Cycle Using 
Triangles 

WC Net Paid - US Totals 
(Randomized) 
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Expected Losses 
(Prior Year Ultimates) 

Convolution Process 

h(x+y) = Σ f(x) g(y) 
 
1.  Multiplication 
2.  Sum 
3.  Rotation 

Inverse Process 

Perform three operations on a triangle: 
 
1.  Division 
2.  Difference 
3.  Rotation 
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Cumulative Payment Pattern 
(Divide Out Expected Loss) 

Incremental Payment Pattern 
(Difference Cumulative Pattern) 

CY Incremental Payment Pattern 
(Rotate Incremental Pattern) 
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Incremental Payment Pattern 

CY Cycle 

CY Cycle 
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What We Have Learned So Far 

  Traditional reserving methods have a 
sound theoretical basis. 

  Traditional Methods are not deterministic, 
they are distributional. 

  GLMs increase accuracy only if they 
model the CY Cycle (not Trend). 

  We can find the CY Cycle through a series 
of simple manipulations of a Triangle. 

New Directions 

Alternate Severity 
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All Claims Severity Distribution 

We normally think of severity distributions in 
terms of the reported claims. But when building 
individual claim development models we need 
a separate model for IBNR. 
Instead, if we consider the severity distribution 
of all claims (reported or not) then the 
unreported claims are represented by a point 
mass at zero.  
The mathematics of convolution equations 
allows for the handling of point masses. 

Partial Severities 
(Divide by Ult. Claim Counts) 

Incremental Partial Severities 
(Difference) 
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CY Incremental Partial Severities 
(Rotate) 

Trend-Cycle 

Cycle vs. Trend-Cycle 
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Additive Risk 

Statistical Meaning of Convolution 

  In statistics, convolution is the process by 
which independent distributions are added 
together. 

  This allows us to look at our convolutional 
reserving methods in a completely 
different way, as the sums of distributions. 

Decomposition of Reserve 
Variability 

  BF: 
Reserve Risk = ELR Risk * Emergence Risk 

Freq-Sev:  
Reserve Risk = Freq Risk * Severity Risk 

  3 Factor Model: 
Reserve Risk = Insurance Risk * Inflation Risk 


