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1.
Introduction

1.1 This case study begins by using a model of insurer aggregate losses calculate the assets needed to support the insurer’s liabilities.  The model produces the distribution of the total loss arising from post calculation date exposures and unpaid claims liabilities arising from past exposures.  From this distribution, we set the required assets equal to the Tail Value-at-Risk, evaluated at the 99% level (TVaR99%).

1.2 These assets can come from two sources.  The first source is from the policyholders, after the provision for the various reserves and expenses (including reinsurance expenses) are removed.  The second source is the investors, through either a direct contribution to capital or from retained earnings from prior years of operation.  

1.3 In this case study, the risk-based capital charge is defined as:

TVaR99% – Expected Net Losses on Current Business – Net Loss Reserve

1.4 The reserves are set at the expected value of future payments with no discounting for the time value of money.  The size of the reserves to subtract from the assets deserves some discussion.  The loss reserve could be set at the expected present value of future payments.  If a more conservative estimate is desired, an insurer could remove the discount for the time value money, or even require a more conservative estimate.  Ultimately, such a decision is left up to the insurance regulators.

1.5 This case study concentrates on underwriting risk and does not consider other sources of risk.  A complete risk-based capital formula should also consider asset risk and well as the risk of premium deficiency, i.e. the risk that the market will not allow adequate premiums.

1.6 This case study illustrates two ways to calculate the insurance risk portion of the minimum capital requirement for a general insurance company.  The first calculation will be a factor-driven formula where the parameters can be specified by either the regulator, or by the insurer – presumably with the regulator’s approval.  The second calculation will be derived from a more detailed model of the insurer’s underwriting risk.

The working party proposes that the regulator prescribe a factor-based formula as a starting point for a risk-based capital analysis.  Since it is a starting point, it should be subject to the operational constraints.

· Simplicity – The formula can be put on a spreadsheet.  This may allow for some complexity in the formulas, as long as the objective of the formulas is clear.

· Input Availability – The inputs needed for the formula are either readily available, or can be reasonably estimated with the help of the appointed actuary.  

· Conservative – When there is uncertainty in the values of the parameters, the parameters should be chosen to yield a conservative estimate of the required capital.

1.7 The working party proposes that, with the regulator’s approval, an insurer may substitute its own internal model for the factor based formula.  The internal model can be a minor change to the factor-based formula, or a completely different model.  The regulator may want to set standards for internal models.  A set of standards is proposed elsewhere in this report.  

1.8 The case study will cover two different insurance companies each with three different reinsurance strategies. 

2.
The Insurance Companies

1.9 We illustrate the risk-based capital calculations on the hypothetical ABC Insurance Company and the XYZ Insurance Companies.  Table 1 gives premium and loss reserve statistics for these insurance companies.  Here are some additional details about these companies.

· The lines of insurance covered by these insurers are standard personal and commercial lines that are typically written by an insurer in the USA.  In addition, there are separately identified catastrophe coverages. 

· The distribution of losses was generated with the collective risk model.  This model describes the losses in terms of the underlying claim severity and claim count distributions.

· The claim severity distributions for each insurance company are identical.  The claim count distribution for the ABC Insurance Company has a mean that is ten times the mean of the claim count distribution for the XYZ Insurance Company for each line of insurance.  As a consequence, expected loss for ABC is ten times that of XYZ for each line of insurance.   

· Three different reinsurance strategies are considered.  The first strategy is no reinsurance.  The second strategy covers 95% of the losses in excess of $50 million ($5 million) of catastrophe losses for ABC (XYZ), but provides no coverage for the other lines.  The third strategy adds a $1 million limit on the non-catastrophe lines.

Table 1

Statistics for the Sample Insurance Companies

	
	ABC Insurance Company
	XYZ Insurance Company

	Line of Insurance
	Direct Premium
	Loss Reserve
	Direct Premium
	Loss Reserve

	Auto Liability
	430,000,000
	403,110,711
	43,000,000
	40,311,071

	Auto Physical Damage
	325,000,000
	19,455,630
	32,500,000
	1,945,563

	Homeowners
	475,000,000
	162,578,183
	47,500,000
	16,257,818

	Commercial Liability
	130,000,000
	352,190,005
	13,000,000
	35,219,001

	Commercial Property
	200,000,000
	62,204,206
	20,000,000
	6,220,421

	Total
	1,560,000,000
	999,538,735
	156,000,000
	99,953,873


3.
The Loss Model Underlying the Factor Based Formula 

1.10 In this case study, we give an example of a factor-driven risk-based capital formula.  This formula is sensitive to:

1. The volume of business in each line of business;

2. The overall volatility of each line of insurance;

3. The reinsurance provisions; and 

4. The correlation, or dependency structure, between each line of business.

1.11 The formula requires the insurer to input expected losses (and expected future payments for loss reserves) by line of insurance.  Other parameters (specified below) can be determined by either the regulators or the insurers.

The formula is derived from a model that can be visualized as a computer simulation of the losses for each line of insurance.  Using the parameters of the model, it calculates the first two moments of the aggregate loss distribution and then estimates the Tail Value-at-Risk at a selected level , (TVaR%), by assuming that the aggregate loss distribution is lognormal.

1.12 What follows is a more technical description of the model.

Simulation Algorithm Underlying Factor-Based Formula

1. For each line of insurance i, with uncertain claim payments, do the following:

· Select a random number i from a gamma distribution with mean 1 and variance c.

· Select a random claim count Ki from a Poisson distribution with mean i·i where i is the expected claim count for line of insurance i.

· For each i and for k = 1,…,Ki, select a random claim size, Zik, from a lognormal distribution with mean i and standard deviation i.

2. Set 
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 Loss for line of insurance i.
3. Select a random number p, from a uniform (0,1) distribution.  For each line i, select to be the pth percentile of a distribution with E[] = 1 and Var[] = bi.  This gives a multivariate distribution of the ’s in which each coefficient of correlation, ij is equal to 1.  

4. Set 
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 Loss for the insurer.

Here are the formulas used to calculate the first two moments of X.
1. E[Xi] = ii.
2. 
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3. Var[Ki] = i + cii2.  

4. Var[Xi] = ii2 + i2(i + cii2)

5. Var[iXi] = Cov[iXi,iXi] 

= (1+bi)Var[Xi] + E[Xi]2bi = (1+bi)(ii2 + i2(i + cii2)) + bii2i2 

6. For i ≠ j Cov[iXi,jXj] = iijjij
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   (Note that we assume that ij = 1.) 

7. 
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Given the mean and the variance of the insurer’s aggregate loss distribution one can calculate TVaR(X) by the following steps.  This description will make use of formulas for the lognormal distribution in Appendix A in the book, Loss Models by Klugman, Panjer and Willmot
 (KPW).

1. Calculate the parameters of the lognormal distribution that has the same mean and variance of the insurer’s aggregate loss distribution.

2. Calculate the Value-at-Risk at level , VaR(X), (i.e, the th percentile) of the lognormal distribution.

3. Calculate the limited expected value, E[X^ VaR(X)] for the lognormal distribution.

4. Then 
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Using the Poisson distribution to model claim counts and the lognormal distribution to model claim severity are fairly standard assumptions in the actuarial theory of risk and we will not discuss these further.  The role of the “b” and “c” parameters is not standard and thus it deserves some discussion.

1.13 Introductory treatments of insurance mathematics often make the assumption that there are n identical insurance policies each with independent and identically distributed loss random variables Xi.   Let X be the sum of all the Xi’s.  Then the variance of the loss ratio, X/E[X] is given by Var[Xi]/(nE[Xi]).  This model implies that as n increases, the variance of the loss ratio decreases with the result that a very large insurance company can write insurance with minimal risk. 

1.14 Let us now apply the same idea to a line of insurance defined by our model above.
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As i increases, the variance of the loss ratio decreases, but it never decreases below bi + ci + bici.  This means that, unlike the introductory result, an insurer will always be exposed to risk regardless of how many policies it writes in line i.  This model better resembles the real insurance environment because a changing economic environment always makes the outcome of writing insurance uncertain. 

1.15 Meyers, Klinker and Lalonde
 (MKL) show how to estimate the b and c parameters from industry data.  Making the assumption that the b and c parameters are the same for all insurers, they show how to estimate there parameters from the reported loss ratios of several insurers.

1.16 An experienced observer of insurer loss ratios by line of business should be able to develop some intuition about the magnitude of the b and c parameters.  Note that loss ratios for large insurers are less volatile than smaller insurers.  Note that the c parameters affect correlation between individual insurance policies within a line of business, while the b parameters affect correlations between lines of business.  One can also form some intuition about the kind of events that drive insurer loss ratios across lines of business, such as inflation, and the degree to which these events are predictable.

1.17 Simple analyses of industry accident year loss ratios by line of business can provide a rough quantification of bi + ci + bici.  As an example, let’s suppose that one estimates that the standard deviation of the loss ratio (actual loss divided by expected loss) for a line of business can be no smaller than 20% regardless of the size of the insurer.  This would tell us that bi + ci + bici is equal to 0.22 = 0.04.  Suppose further that we estimate the standard deviation of inflationary effects to be 5%.  This means that bi = 0.052 = 0.0025.  Then 0.04 = 0.052 + ci + 0.052·ci which implies that ci = 0.0374.

1.18 The intuitive ideas expressed in the above two paragraphs are formalized in the estimation procedure provided in MKL.         

4.
Calculating the Risk-Based Capital with a Factor Based Formula

1.19 To use the above model to calculate the risk-based capital the regulators, in consultation with the insurers, must determine the following parameters, before the application of the reinsurance, of the loss model for each line of insurance for both current business and unsettled claims for past business.

· The expected value of the lognormal claim severity distribution

· The coefficient of variation, CVi, of the lognormal claim severity distribution 

· The bi and ci parameters

1.20 The parameters used in this case study are given in Table 2 below.

Table 2

Model Parameters for Factor-Based Formula

	Line Namei
	Meani
	CVi
	ci
	bi

	Auto Liability
	6,000
	7
	0.02
	0.003

	AL – Reserve
	18,000
	4
	0.02
	0.003

	Auto Phys Dam
	1,500
	2
	0.01
	0.002

	APD – Reserve
	1,500
	2
	0.01
	0.002

	Homeowners
	4,000
	5
	0.04
	0.010

	HO – Reserve
	5,000
	4
	0.04
	0.010

	Business Liability
	16,000
	16
	0.03
	0.003

	BL – Reserve
	65,000
	10
	0.03
	0.003

	Business Property
	20,000
	12
	0.04
	0.010

	BP – Reserve
	20,000
	12
	0.04
	0.010


Using formulas in Appendix A of KPW, the insurer then calculates the parameters i and i after the application of reinsurance.  The i’s and the i’s for no reinsurance, and for reinsurance covering the excess over $1 million per claim are given in Table 3.

Table 3

Moments of the Claim Severity Distributions

	
	No Reinsurance
	Excess Reinsurance over $1 Million

	Line Name
	
	
	
	

	Auto Liability
	6,000
	42,000
	5,844
	27,821

	AL – Reserve
	18,000
	72,000
	17,522
	52,604

	Auto Phys Dam
	1,500
	3,000
	1,500
	3,000

	APD – Reserve
	1,500
	3,000
	1,500
	3,000

	Homeowners
	4,000
	20,000
	3,975
	16,929

	HO – Reserve
	5,000
	20,000
	4,980
	17,889

	Business Liability
	16,000
	256,000
	13,169
	63,119

	BL – Reserve
	65,000
	650,000
	47,082
	134,818

	Business Property
	20,000
	240,000
	16,825
	70,720

	BP – Reserve
	20,000
	240,000
	16,825
	70,720


The next step is for the insurer to provide estimates of the expected claim counts, i, for each line of insurance.  These estimates are derived by dividing the expected claim severity, i, into the insurer’s estimate of expected losses by line of insurance.  These insurer estimates are based on its volume of business in each line.  Table 4 contains the i’s used in this case study.  These i’s were determined by dividing the i’s in Table 3 into the insurer estimates of its expected losses by line when there is no reinsurance. 

Table 4

Expected Claim Counts

	
	ABC Insurance Company
	XYZ Insurance Company

	Line Name
	Expected Loss
	i
	Expected Loss
	i

	Auto Liability
	350,000,000
	58,333.33
	35,000,000
	5,833.33

	AL - Reserve
	403,110,711
	22,395.04
	40,311,071
	2,239.50

	Auto Phys Dam
	250,000,000
	166,666.67
	25,000,000
	16,666.67

	APD - Reserve
	19,455,630
	12,970.42
	1,945,563
	1,297.04

	Homeowners
	350,000,000
	87,500.00
	35,000,000
	8,750.00

	HO - Reserve
	162,578,183
	32,515.64
	16,257,818
	3,251.56

	Business Liability
	100,000,000
	6,250.00
	10,000,000
	625.00

	BL - Reserve
	352,190,005
	5,418.31
	35,219,001
	541.83

	Business Property
	150,000,000
	7,500.00
	15,000,000
	750.00

	BP - Reserve
	62,204,206
	3,110.21
	6,220,421
	311.02


1.21 Tables 2, 3 and 4 above give all the information necessary to calculate the mean and variance (or standard deviation) of the aggregate loss distributions for each insurer and reinsurance strategy using the formulas provided in the previous section.  The results of these calculations are given in Table 5.

Table 5

Moments of the Aggregate Loss Distributions

	
	ABC Insurance Company
	
	XYZ Insurance Company

	Reinsurance
	None
	XS $1 Million
	
	None
	XS $1 Million

	E[X]
	2,199,538,735
	2,028,476,777
	
	219,953,873
	202,847,678

	StDev[X]
	209,192,020
	186,362,345
	
	27,654,067
	19,462,856


1.22 It is worth noting that while the expected losses for ABC are exactly ten times the corresponding expected losses for XYZ, the standard deviations for ABC are less than ten times the corresponding standard deviations for XYZ.

1.23 Now that we have the means and variances of the aggregate loss distributions we turn to calculating the risk based capital.  Following the formulas outlined in the previous section we calculate the TVaR99% for each insurer and reinsurance strategy.

1.24 As noted above, the TVaR99% was calculated by approximating the aggregate loss distributions with a lognormal distribution with the same first two moments.  The working party did not feel that this was appropriate when the insurer was exposed to catastrophic risk.  Thus the formula determines the final risk-based capital for the underwriting risk by adding a catastrophe probable maximum loss to the TVaR99%.  In this case study we used the 99th percentile of a catastrophe loss distribution generated by the catastrophe model maintained by Applied Insurance Research.   Thus the formula for the risk-based capital is given by:

	TVaR99%  –
	Expected Net Loss

On Current Business
	– Net Loss Reserve
	+  Catastrophe PML


1.25 The final risk-based capital calculations for the various reinsurance strategies are included in Table 6. 

Table 6

Risk-Based Capital from Factor Based Formula

	
	ABC Insurance Company
	
	XYZ Insurance Company

	Reinsurance
	None
	Cat Only
	All Lines
	
	None
	Cat Only
	All Lines

	TVaR99%
	2,821,018,276
	2,821,018,276
	2,580,135,062
	
	304,943,284
	304,943,284
	260,723,343

	Expected Loss
	1,200,000,000
	1,200,000,000
	1,147,246,365
	
	120,000,000
	120,000,000
	114,724,636

	Reserve
	999,538,735
	999,538,735
	881,230,412
	
	99,953,873
	99,953,873
	88,123,041

	Cat PML
	143,000,000
	65,000,000
	65,000,000
	
	14,300,000
	6,500,000
	6,500,000

	Capital
	764,479,541
	686,479,541
	616,658,285
	
	99,289,411
	91,489,411
	64,375,665


1.26 While this factor based formula does involve a number of equations, it can be implemented on a fairly compact spreadsheet.  The necessary mathematical manipulations are doable by a recently trained actuary.

5.
Calculating the Risk-Based Capital with an Internal Risk Management Model

1.27 It should be clear that there are several alternatives to the model underlying the factor based risk-based capital formula.  The working party believes that a model underlying a prescribed risk-based capital should be deliberately conservative.  The working party proposal allows the insurer to use its own model for risk-based capital calculations, subject to standards for risk-based capital formulas.  This section gives an example of such a model.

1.28 The model described here is applied to the ABC and XYZ insurance companies.  It differs from the model used in the factor based formula in the following respects.

· The choices of the claim severity distributions were not conservative.  It uses claim severity distributions that were derived from its own analysis of claim severity.

· The structure of the model is richer.  Random multipliers applied to the claim count distributions across lines allow for a relaxation of the conservative assumption that ij = 1 for all lines of business i and j.

· The model calculates the aggregate loss distribution directly, rather than approximate the aggregate loss distribution with the first two moments.

· Determining the needed assets for the insurer by adding the catastrophe probable maximum loss to the TVAR99% is in essence, adding “worst case scenarios.”  The catastrophe model was incorporated directly into the internal risk-management model.

1.29 Additional details on the construction of this model are given by MKL.   Table 7 gives the risk-based capital charge derived from the internal risk management model for the ABC and XYZ Insurance Companies for the various reinsurance strategies.

Table 7

Risk-Based Capital from Internal Risk Management Model

	
	ABC Insurance Company
	
	XYZ Insurance Company

	Reinsurance
	None
	Cat Only
	All Lines
	
	None
	Cat Only
	All Lines

	TVaR99%
	2,665,306,927
	2,649,246,793
	2,431,822,820
	
	305,543,931
	304,931,938
	245,968,540

	Expected Loss
	1,215,000,000
	1,212,045,992
	1,158,671,051
	
	121,500,000
	121,204,599
	115,867,105

	Reserve
	999,538,735
	999,538,735
	879,134,113
	
	99,953,873
	99,953,873
	87,913,411

	Capital
	450,768,192
	437,662,066
	394,017,656
	
	84,090,057
	83,773,466
	42,188,024


6.
Provisions for Adverse Deviations in Reserves

1.30 The working party also considered methods for including a provision for adverse deviation (PAD) in the reserves.  In this section we give an example of how this might work with the factor based formula.

1.31 Rather than book the reserves for losses at their expected value, this example first calculates the PAD as the tail value-at-risk at the 75% level minus the expected loss for the reserve in each line of insurance.  The PAD calculation is also done for the expected loss in current business.

1.32 Next the PAD is calculated for the insurer in total.  Because of diversification, this PAD is less than the sum of the PADs for each line of business.  The each line of business PAD is adjusted proportionally so that the line of business PADs sum to the overall PAD.

1.33 Note that the total assets for the insurer remain the same, and the expected losses remain the same.  The PAD’s simply shift a portion of the capital over to the insurer’s liabilities.

1.34 The results of these calculations for the ABC and XYZ Insurance Companies are included in Table 8.

Table 8

Risk-Based Capital from Factor Based Formula with Reserve PADs

	
	ABC Insurance Company
	
	XYZ Insurance Company

	Reinsurance
	None
	Cat Only
	All Lines
	
	None
	Cat Only
	All Lines

	TVaR99%
	2,821,018,276
	2,821,018,276
	2,580,135,062
	
	304,943,284
	304,943,284
	260,723,343

	Expected Loss + PAD@75%
	1,343,215,450
	1,343,215,450
	1,282,664,387
	
	137,436,601
	137,436,601
	128,555,154

	Reserve          + PAD@75%
	1,129,887,753
	1,129,887,753
	989,316,751
	
	118,954,857
	118,954,857
	99,750,020

	Cat PML
	143,000,000
	65,000,000
	65,000,000
	
	14,300,000
	6,500,000
	6,500,000

	Capital
	490,915,073
	412,915,073
	373,153,923
	
	62,851,825
	55,051,825
	38,918,169


� Stuart Klugman, Harry Panjer and Gordon Willmot, Loss Models: From Data to Decisions, Wiley 1998. 


� Glenn Meyers, Frederik Klinker and David Lalonde,  “The Aggregation and Correlation of Insurance Exposure.”  To appear in the CAS Forum, Summer 2003.
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